


PEM Fuel Cell Modeling 
and Simulation 
Using MATLAB®



This page intentionally left blank



PEM Fuel Cell 
Modeling and 
Simulation 
Using MATLAB®

Colleen Spiegel

AMSTERDAM • BOSTON • HEIDELBERG • LONDON
NEW YORK • OXFORD • PARIS • SAN DIEGO

SAN FRANCISCO • SINGAPORE • SYDNEY • TOKYO
Academic Press is an imprint of Elsevier



Cover images courtesy of Getty Images, Corbis and iStockphoto

Academic Press is an imprint of Elsevier
30 Corporate Drive, Suite 400, Burlington, MA 01803, USA
525 B Street, Suite 1900, San Diego, California 92101-4495, USA
84 Theobald’s Road, London WC1X 8RR, UK

Copyright © 2008, Elsevier Inc. All rights reserved.

MATLAB® is a registered trademark of The MathWorks, Inc.

No part of this publication may be reproduced or transmitted in any form or by any means, 
electronic or mechanical, including photocopy, recording, or any information storage and 
retrieval system, without permission in writing from the publisher.

Permissions may be sought directly from Elsevier’s Science & Technology Rights
Department in Oxford, UK: phone: (+44) 1865 843830, fax: (+44) 1865 853333, E-mail: 
permissions@elsevier.com. You may also complete your request online via the Elsevier 
homepage (http://elsevier.com), by selecting “Support & Contact” then “Copyright and 
Permission” and then “Obtaining Permissions.”

Library of Congress Cataloging-in-Publication Data
Spiegel, Colleen.
 PEM fuel cell modeling and simulation using Matlab / Colleen Spiegel.
  p. cm.
 Includes index.
 ISBN 978-0-12-374259-9
 1. Proton exchange membrane fuel cells–Design and construction. 2. Proton exchange 
membrane fuel cells–Computer simulation. 3. Fuel cells–Design and construction. 
4. MATLAB. I. Title. 
 TK2931.S66 2008
 621.31′2429–dc22

2008006621

British Library Cataloguing-in-Publication Data
A catalogue record for this book is available from the British Library.

ISBN: 978-0-12-374259-9

For information on all Academic Press publications
visit our Web site at www.books.elsevier.com

Printed in the United States of America
08 09 10 11 9 8 7 6 5 4 3 2 1

Working together to grow 
libraries in developing countries

www.elsevier.com  |  www.bookaid.org  |  www.sabre.org



Contents

Acknowledgments ix

 1. An Introduction to Fuel Cells 1
1.1 Introduction 1
1.2 What Is a Fuel Cell? 2
1.3 Why Do We Need Fuel Cells? 4
1.4 History of Fuel Cells 6
1.5 Mathematical Models in the Literature 8
1.6 Creating Mathematical Models 12
 Chapter Summary 13
 Problems 14
 Bibliography 14

 2. Fuel Cell Thermodynamics 15
2.1 Introduction 15
2.2 Enthalpy 16
2.3 Specifi c Heats 18
2.4 Entropy 27
2.5 Free Energy Change of a Chemical Reaction 33
2.6 Fuel Cell Reversible and Net Output Voltage 44
2.7 Theoretical Fuel Cell Effi ciency 44
 Chapter Summary 47
 Problems 47
 Bibliography 47

 3. Fuel Cell Electrochemistry 49
3.1 Introduction 49
3.2 Basic Electrokinetics Concepts 49
3.3 Charge Transfer 51
3.4 Activation Polarization for Charge Transfer Reactions 53
3.5 Electrode Kinetics 54
3.6 Voltage Losses 64



vi Contents

3.7 Internal Currents and Crossover Currents 74
 Chapter Summary 75
 Problems 75
 Bibliography 76

 4. Fuel Cell Charge Transport 77
4.1 Introduction 77
4.2 Voltage Loss Due to Charge Transport 77
4.3 Electron Conductivity of Metals 88
4.4 Ionic Conductivity of Polymer Electrolytes 89
 Chapter Summary 94
 Problems 96
 Bibliography 96

 5. Fuel Cell Mass Transport 97
5.1 Introduction 97
5.2 Fuel Cell Mass Balances 98
5.3 Convective Mass Transport from Flow Channels 
 to Electrode 108
5.4 Diffusive Mass Transport in Electrodes 110
5.5 Convective Mass Transport in Flow Field Plates 114
5.6 Mass Transport Equations in the Literature 120
 Chapter Summary 124
 Problems 124
 Bibliography 125

 6. Heat Transfer 127
6.1 Introduction 127
6.2 Basics of Heat Transfer 128
6.3 Fuel Cell Energy Balances 132
6.4 Fuel Cell Heat Management 156
 Chapter Summary 164
 Problems 164
 Bibliography 165

 7. Modeling the Proton Exchange Structure 167
7.1 Introduction 167
7.2 Physical Description of the Proton Exchange Membrane 168
7.3 Types of Models 171
7.4 Proton Exchange Membrane Modeling Example 177
 Chapter Summary 192
 Problems 193
 Bibliography 193

 8. Modeling the Gas Diffusion Layers 197
8.1 Introduction 197
8.2 Physical Description of the Gas Diffusion Layer 198



Contents vii

8.3 Basics of Modeling Porous Media 199
8.4 Modes of Transport in Porous Media 202
8.5 Types of Models 210
8.6 GDL Modeling Example  215
 Chapter Summary 236
 Problems 236
 Bibliography 239

 9. Modeling the Catalyst Layers 243
9.1 Introduction 243
9.2 Physical Description of the PEM Fuel Cell Catalyst 
 Layers 245
9.3 General Equations 246
9.4 Types of Models 248
9.5 Heat Transport in the Catalyst Layers 255
 Chapter Summary 262
 Problems 265
 Bibliography 265

 10. Modeling the Flow Field Plates 269
10.1 Introduction 269
10.2 Flow Field Plate Materials 271
10.3 Flow Field Design 272
10.4 Channel Shape, Dimensions, and Spacing 275
10.5 Pressure Drop in Flow Channels 276
10.6 Heat Transfer from the Plate Channels to the Gas 283
 Chapter Summary 296
 Problems 296
 Bibliography 297

 11. Modeling Micro Fuel Cells 299
11.1 Introduction 299
11.2 Micro PEM Fuel Cells in the Literature 301
11.3 Microfl uidics 307
11.4 Flow Rates and Pressures 313
11.5 Bubbles and Particles 314
11.6 Capillary Effects 315
11.7 Single- and Two-Phase Pressure Drop 316
11.8 Velocity in Microchannels 318
 Chapter Summary 330
 Problems 330
 Bibliography 332

 12. Modeling Fuel Cell Stacks 335
12.1 Introduction 335
12.2 Fuel Cell Stack Sizing 335



viii Contents

12.3 Number of Cells 337
12.4 Stack Confi guration 338
12.5 Distribution of Fuel and Oxidants to the Cells 340
12.6 Stack Clamping 346
 Chapter Summary 359
 Problems 360
 Bibliography 360

 13. Fuel Cell System Design 365
13.1 Introduction 365
13.2 Fuel Subsystem 366
 Chapter Summary 390
 Problems 390
 Bibliography 391

 14. Model Validation 393
14.1 Introduction 393
14.2 Residuals 393
14.3 Normal Distribution of Normal Random Errors 398
14.4 Missing Terms in the Functional Part of the Model 401
14.5 Unnecessary Terms in the Model 405
 Chapter Summary 407
 Problems 408
 Bibliography 408

Appendix A 409

Appendix B 411

Appendix C 413

Appendix D 415

Appendix E 417

Appendix F 419

Appendix G 427

Appendix H 429

Appendix I 431

Appendix J 433

Index 435



Acknowledgments

To my husband, Brian, who always encourages me to pursue all of my 
dreams.

To my son, Howard, who had to endure many days and nights wondering 
what his mother is doing in that offi ce. Maybe this text will be of use to 
you one day?

To my parents, Chris and Shirley, and my in-laws, Mark and Susan 
(pseudo parents), for helping to watch Howard while I completed this 
text.

To my aunt, Maureen, who helped me to become the person that I am.

To Dr. Shekhar Bhansali, who encouraged me to pursue my passion.

To all of the other friends, scientists, engineers, and colleagues that had a 
positive infl uence in my life.

Thank you very much. Your infl uence has had a positive impact on my 
life.



This page intentionally left blank



CHAPTER 1

An Introduction to Fuel Cells

1.1 Introduction

Fuel cells are set to become the power source of the future. The interest in 
fuel cells has increased during the past decade due to the fact that the use 
of fossil fuels for power has resulted in many negative consequences. Some 
of these include severe pollution, extensive mining of the world’s resources, 
and political control and domination of countries that have extensive 
resources. A new power source is needed that is energy effi cient, has low 
pollutant emissions, and has an unlimited supply of fuel. Fuel cells are now 
closer to commercialization than ever, and they have the ability to fulfi ll 
all of the global power needs while meeting the effi cacy and environmental 
expectations.

Polymer electrolyte membrane (PEM) fuel cells are the most popular 
type of fuel cell, and traditionally use hydrogen as the fuel. PEM fuel cells 
also have many other fuel options, which range from hydrogen to ethanol 
to biomass-derived materials. These fuels can either be directly fed into the 
fuel cell, or sent to a reformer to extract pure hydrogen, which is then 
directly fed to the fuel cell.

There are only 30 additional years left of the supply of fossil fuels for 
energy use. Changing the fuel infrastructure is going to be costly, but steps 
should be taken now to ensure that the new infrastructure is implemented 
when needed. Since it is impossible to convert to a new economy overnight, 
the change must begin slowly and must be motivated by national govern-
ments and large corporations. Instead of using fossil fuels directly, they can 
be used as a “transitional” fuel to provide hydrogen that can be fed directly 
into the fuel cells. After the transition to the new economy has begun, 
hydrogen can then be obtained from cleaner sources, such as biomass, 
nuclear energy, and water. This chapter discusses fuel cell basics and intro-
duces the modeling of fuel cells with the following topics:
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• What is a PEM fuel cell?
• Why do we need fuel cells?
• The history of fuel cells
• Mathematical models in the literature
• Creating mathematical models

These introductory fuel cell topics are discussed to help the reader to appre-
ciate the relevance that fuel cell modeling has in addressing the global 
power needs.

1.2 What Is a Fuel Cell?

A fuel cell consists of a negatively charged electrode (anode), a positively 
charged electrode (cathode), and an electrolyte membrane. Hydrogen is 
oxidized on the anode and oxygen is reduced on the cathode. Protons are 
transported from the anode to the cathode through the electrolyte mem-
brane, and the electrons are carried to the cathode over the external circuit. 
In nature, molecules cannot stay in an ionic state, therefore they immedi-
ately recombine with other molecules in order to return to the neutral 
state. Hydrogen protons in fuel cells stay in the ionic state by traveling 
from molecule to molecule through the use of special materials. The protons 
travel through a polymer membrane made of persulfonic acid groups with 
a Tefl on backbone. The electrons are attracted to conductive materials and 
travel to the load when needed. On the cathode, oxygen reacts with protons 
and electrons, forming water and producing heat. Both the anode and 
cathode contain a catalyst to speed up the electrochemical processes, as 
shown in Figure 1-1.

A typical PEM fuel cell (proton exchange membrane fuel cell) has the 
following reactions:

Anode: H2 (g) → 2H+ (aq) + 2e−

Cathode: 1/2O2 (g) + 2H+ (aq) + 2e− → H2O (l)
Overall: H2 (g) + 1/2O2 (g) → H2O (l) + electric energy + waste heat

Reactants are transported by diffusion and/or convection to the catalyzed 
electrode surfaces where the electrochemical reactions take place. The 
water and waste heat generated by the fuel cell must be continuously 
removed and may present critical issues for PEM fuel cells.

The basic PEM fuel cell stack consists of a proton exchange membrane 
(PEM), catalyst and gas diffusion layers, fl ow fi eld plates, gaskets and end 
plates as shown in Table 1-1: The actual fuel cell layers are the PEM, gas 
diffusion and catalyst layers. These layers are “sandwiched” together using 
various processes, and are called the membrane electrode assembly (MEA). 
A stack with many cells has MEAs “Sandwiched” between bipolar fl ow 
fi eld plates and only one set of end plates.
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FIGURE 1-1. A single PEM fuel cell confi guration.

Some advantages of fuel cell systems are as follows:

• Fuel cells have the potential for a high operating effi ciency.
• There are many types of fuel sources, and methods of supplying fuel 

to a fuel cell.
• Fuel cells have a highly scalable design.
• Fuel cells produce no pollutants.
• Fuel cells are low maintenance because they have no moving parts.
• Fuel cells do not need to be recharged, and they provide power 

instantly when supplied with fuel.

Some limitations common to all fuel cell systems include the 
following:

• Fuel cells are currently costly due to the need for materials with 
specifi c properties. There is an issue with fi nding low-cost replace-
ments. This includes the need for platinum and Nafi on material.
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• Fuel reformation technology can be costly and heavy and needs 
power in order to run.

• If another fuel besides hydrogen is fed into the fuel cell, the perfor-
mance gradually decreases over time due to catalyst degradation and 
electrolyte poisoning.

1.3 Why Do We Need Fuel Cells?

Power traditionally relies upon fossil fuels, which have several limitations: 
(1) they produce large amounts of pollutants, (2) they are of limited supply, 
and (3) they cause global confl ict between regions. Fuel cells can power 
anything from a house to a car to a cellular phone. They are especially 
advantageous for applications that are energy-limited. For example, power 
for portable devices is limited, therefore, constant recharging is necessary 
to keep a device working.

Table 1-2 compares the weight, energy, and volume of batteries to a 
typical PEM fuel cell. As shown in the Table 1-1, the fuel cell system can 
provide a similar energy output to batteries with a much smaller system 
weight and volume. This is especially advantageous for portable power 
system. Future markets for fuel cells include the portable, transportation 
and stationary sectors (basically every sector!). Each market needs fuel cells 
for varying reasons, as described in sections 1.3.1 to 1.3.3.

TABLE 1-1
Basic PEM Fuel Cell Components

Component Description Common Types

Proton exchange 
membrane

Enables hydrogen protons to 
travel from the anode to the 
cathode.

Persulfonic acid membrane 
(Nafi on 112, 115, 117)

Catalyst layers Breaks the fuel into protons and 
electrons. The protons combine 
with the oxidant to form water 
at the fuel cell cathode. The 
electrons travel to the load.

Platinum/carbon catalyst

Gas diffusion 
layers

Allows fuel/oxidant to travel 
through the porous layer, while 
collecting electrons

Carbon cloth or Toray 
paper

Flow fi eld plates Distributes the fuel and oxidant 
to the gas diffusion layer

Graphite, stainless steel 

Gaskets Prevent fuel leakage, and helps to 
distribute pressure evenly

Silicon, Tefl on

End plates Holds stack layers in place Stainless steel, graphite, 
polyethylene, PVC
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1.3.1 Portable Sector
One of the major future markets for fuel cells is the portable sector. There 
are numerous portable devices that would use fuel cells in order to power 
the device for longer amounts of time. Some of these devices include 
laptops, cell phones, video recorders, ipods, etc. Fuel cells will power 
a device as long as there is fuel supplied to it. The current trend in elec-
tronics is the convergence of devices, and the limiting factor of these 
devices is the amount of power required. Therefore, power devices that can 
supply greater power for a longer period of time will allow the development 
of new, multifunctional devices. The military also has a need for high-
power, long-term devices for soldiers’ equipment. Fuel cells can easily 
be manufactured with greater power and less weight for military applica-
tions. Other military advantages include silent operation and low heat 
signatures.

1.3.2 Transportation Market
The transportation market will benefi t from fuel cells because fossil fuels 
will continue to become scarce, and because of this, there will be inevi-
table price increases. Legislation is becoming stricter about controlling 
environmental emissions. There are certain parts of countries that are 
passing laws to further reduce emissions and to sell a certain number of 
zero emission vehicles annually. Fuel cell vehicles allow a new range of 
power use in smaller vehicles and have the ability to be more fuel effi cient 
than vehicles that are powered by other fuels.

1.3.3 Stationary Sector
Large stationary fuel cells can produce enough electricity to power a house 
or business. These fuel cells may also make enough power to sell back to 
the grid. This fuel cell type is especially advantageous for businesses and 
residences where no electricity is available. Fuel cell generators are also 
more reliable than other generator types. This can benefi t companies by 
saving money when power goes down for a short time.

TABLE 1-2
General Fuel Cell Comparison with Other Power Sources

Weight Energy Volume

Fuel cell  9.5 lb 2190 Whr 4.0 L
Zinc-air cell 18.5 lb 2620 Whr 9.0 L
Other battery types 24 lb 2200 Whr 9.5 L



6 PEM Fuel Cell Modeling and Simulation Using MATLAB®

1.4 History of Fuel Cells

William Grove is credited with inventing the fi rst fuel cell in 18391. Fuel 
cells were not investigated much during the 1800s and most of the 1900s. 
Extensive fuel cell research began during the 1960s at NASA. During the 
past decade, fuel cells have been extensively researched and are fi nally 
nearing commercialization.

A summary of fuel cell history is given in Figure 1-2.
The process of using electricity to break water into hydrogen and 

oxygen (electrolysis) was fi rst described in 1800 by William Nicholson 
and Anthony Carlisle2. William Grove invented the fi rst fuel cell in 
1839, using the idea from Nicholson and Carlisle to “recompose water.” 
He accomplished this by combining electrodes in a series circuit, with 
separate platinum electrodes in oxygen and hydrogen submerged in a dilute 
sulfuric acid electrolyte solution. The gas battery, or “Grove cell,” gener-
ated 12 amps of current at about 1.8 volts3. Some of the other individuals 
who contributed to the invention of fuel cells are summarized as follows:

FIGURE 1-2. The history of fuel cells.
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• Friedrich Wilhelm Ostwald (1853–1932), one of the founders of 
physical chemistry, provided a large portion of the theoretical under-
standing of how fuel cells operate. In 1893, Ostwald experimentally 
determined the roles of many fuel cell components4.

• Ludwig Mond (1839–1909) was a chemist who spent most of his 
career developing soda manufacturing and nickel refi ning. In 1889, 
Mond and his assistant Carl Langer performed numerous experi-
ments using a coal-derived gas. They used electrodes made of thin, 
perforated platinum and had many diffi culties with liquid electro-
lytes. They achieved 6 amps per square foot (the area of the elec-
trode) at 0.73 volt5.

• Charles R. Alder Wright (1844–1894) and C. Thompson developed 
a similar fuel cell around the same time. They had diffi culties in 
preventing gases from leaking from one chamber to another. This 
and other causes prevented the battery from reaching voltages as 
high as 1 volt. They thought that if they had more funding, they 
could create a better, robust cell that could provide adequate elec-
tricity for many applications6.

• Louis Paul Cailleteton (1832–1913) and Louis Joseph Colardeau 
(France) came to a similar conclusion but thought the process was 
not practical due to needing “precious metals.” In addition, many 
papers were published during this time saying that coal was so 
inexpensive that a new system with a higher effi ciency would not 
decrease the prices of electricity drastically7.

• William W. Jacques (1855–1932) constructed a “carbon battery” in 
1896. Air was injected into an alkali electrolyte to react with a 
carbon electrode. He thought he was achieving an effi ciency of 82% 
but actually obtained only an 8% effi ciency8.

• Emil Baur and students (1873–1944) (Switzerland) conducted many 
experiments on different types of fuel cells during the early 1900s. 
Their work included high-temperature devices and a unit that used 
a solid electrolyte of clay and metal oxides9.

• Thomas Grubb and Leonard Niedrach invented PEM fuel cell tech-
nology at General Electric in the early 1960s. GE developed a small 
fuel cell for the U.S. Navy’s Bureau of Ships (Electronics Division) 
and the U.S. Army Signal Corps. The fuel cell was fueled by hydro-
gen generated by mixing water and lithium hydride. It was compact, 
but the platinum catalysts were expensive.

NASA initially researched PEM fuel cell technology for Project Gemini 
in the early U.S. space program. Batteries were used for the preceding 
Project Mercury missions, but Project Apollo required a power source that 
would last a longer amount of time. Unfortunately, the fi rst PEM cells 
developed had repeated diffi culties with the internal cell contamination 
and leakage of oxygen through the membrane. GE redesigned their fuel cell, 



8 PEM Fuel Cell Modeling and Simulation Using MATLAB®

and the new model performed adequately for the rest of the Gemini fl ights. 
The designers of Project Apollo and the Space Shuttle ultimately chose to 
use alkali fuel cells.

GE continued to work on PEM fuel cells in the 1970s, and designed 
PEM water electrolysis technology, which led to the U.S. Navy Oxygen 
Generating Plant. The British Royal Navy used PEM fuel cells in the early 
1980s for their submarine fl eet, and during the past decade, PEM fuel cells 
have been researched extensively by commercial companies for transporta-
tion, stationary, and portable power markets.

Based upon the research, development, and advances made during 
the past century, technical barriers are being resolved by a world network 
of scientists. Fuel cells have been used for over 40 years in the space 
program, and the commercialization of fuel cell technology is rapidly 
approaching.

1.5 Mathematical Models in the Literature

Fuel cell modeling is helpful for fuel cell developers because it can lead 
to fuel cell design improvements, as well as cheaper, better, and more 
effi cient fuel cells. The model must be robust and accurate and be able 
to provide solutions to fuel cell problems quickly. A good model should 
predict fuel cell performance under a wide range of fuel cell operating 
conditions. Even a modest fuel cell model will have large predictive power. 
A few important parameters to include in a fuel cell model are the cell, 
fuel and oxidant temperatures, the fuel or oxidant pressures, the cell 
potential, and the weight fraction of each reactant. Some of the pa-
rameters that must be solved for in a mathematical model are shown in 
Figure 1-3.

The necessary improvements for fuel cell performance and operation 
demand better design, materials, and optimization. These issues can only 
be addressed if realistic mathematical process models are available. There 
are many published models for PEM fuel cells in the literature, but it is 
often a daunting task for a newcomer to the fi eld to begin understanding 
the complexity of the current models. Table 1-3 shows a summary of 
equations or characteristics of fuel cell models presented in recent 
publications.

The fi rst column of Table 1-3 shows the number of dimensions the 
models have in the literature. Most models in the early 1990s were one 
dimensional, models in the late 1990s to early 2000s were two dimensional, 
and more recently there have been a few three dimensional models for 
certain fuel cell components. The second column specifi es that the model 
can be dynamic or steady-state. Most published models have steady-state 
voltage characteristics and concentration profi les. The next column of 
Table 1-3 presents the types of electrode kinetic expressions used. Simple 
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Tafel-type expressions are often employed. Certain papers use Butler-
Volmer–type expressions, and a few other models use more realistic, 
complex multistep reaction kinetics for the electrochemical reactions. The 
next column compares the phases used for the anode and cathode struc-
tures. It is well known that there are two phases (liquid and gas) that coexist 
under a variety of operating conditions. Inside the cathode structure, water 
may condense and block the way for fresh oxygen to reach the catalyst 
layer.

An important feature of each model is the mass transport descriptions 
of the anode, cathode, and electrolyte. Several mass transport models are 
used. Simple Fick diffusion models and effective Fick diffusion models 
typically use experimentally determined effective transport coeffi cients 
instead of Fick diffusivities, and do not account for convective fl ow contri-
butions. Therefore, many models use Nernst-Planck mass transport expres-
sions that combine Fick’s diffusion with convective fl ow. The convective 
fl ow is typically calculated from Darcy’s law using different formulations 
of the hydraulic permeability coeffi cient. Some models use Schlogl’s for-
mulations for convective fl ow instead of Darcy’s law, which also accounts 

e- e-

O2
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O2
-

O2
-

O2
-

e-

e-
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FIGURE 1-3. Parameters that must be solved for in a mathematical model.



TABLE 1-3
Comparison of Recent Mathematical Models

No. of 
Dimensions

Dyn/SS Anode and 
Cathode 
Kinetics

Anode and 
Cathode Phase

Mass 
Transport 
(Anode and 
Cathode)

Mass 
Transport 
(Electrolyte)

Membrane 
Swelling 

Energy 
Balance

one 
dimension, 
two 
dimension, 
or three 
dimension

Dynamic or 
steady- 
state

Tafel-type 
expressions, 
Butler-
Volmer, 
complex 
kinetics 
equations

Gas, liquid, 
combination 
of gas and 
liquid

Effective 
Fick’s 
diffusion, 
Nernst-
Planck, 
Nernst-
Planck + 
Schlogl, 
Maxwell-
Stefan 

Nernst-Planck 
+ Schlogl, 
Nernst-
Planck + 
drag 
coeffi cient, 
Maxwell-
Stefan, 
Effective 
Fick’s 
diffusion

Empirical or 
thermodynamic 
models

Isothermal or 
full energy 
balance
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for electroosmotic fl ow, and can be used for mass transport inside the PEM. 
A very simple method of incorporating electroosmotic fl ow in the mem-
brane is by applying the drag coeffi cient model, which assumes a proportion 
of water and fuel fl ow to proton fl ow. Another popular type of mass trans-
port description is the Maxwell-Stefan formulation for multicomponent 
mixtures. This has been used for gas-phase transport in many models, but 
this equation would be better used for liquid–vapor–phase mass transport. 
Very few models use this equation for both phases. Surface diffusion models 
and models derived from irreversible thermodynamics are seldom used. 
Mass transport models that use effective transport coeffi cients and drag 
coeffi cients usually only yield a good approximation to experimental data 
under a limited range of operating conditions.

The second to last column of Table 1-3 shows that the swelling of 
polymer membranes is modeled through empirical or thermodynamic 
models for PEM fuel cells. Most models assume a fully hydrated PEM. In 
certain cases, the water uptake is described by an empirical correlation, and 
in other cases a thermodynamic model is used based upon the change of 
Gibbs free energy inside the PEM based upon water content.

The last column notes whether the published model includes 
energy balances. Most models assume an isothermal cell operation and 
therefore have no energy balances included. However, including energy 
balance equations is an important parameter in fuel cell models because 
the temperature affects the catalyst reactions and water management in 
the fuel cell.

A model is only as accurate as its assumptions allow it to be. The 
assumptions need to be well understood in order to understand the model’s 
limitations and to accurately interpret its results. Common assumptions 
used in fuel cell modeling are:

• Ideal gas properties
• Incompressible fl ow
• Laminar fl ow
• Isotropic and homogeneous electrolyte, electrode, and bipolar mate-

rial structures
• A negligible ohmic potential drop in components
• Mass and energy transport is modeled from a macroperspective 

using volume-averaged conservation equations

The concepts presented in this chapter can be applied to all fuel cell types, 
regardless of the fuel cell geometry. Even simple fuel cell models will 
provide tremendous insight into determining why a fuel cell system per-
forms well or poorly. The physical phenomenon that occurs in a fuel cell 
can be represented by the solution of the equations presented throughout 
the book, especially in Chapters 2 through 11.
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1.6 Creating Mathematical Models

The basic steps used for creating a mathematical model are the same regard-
less of the system being modeled. The details vary somewhat from method 
to method, but an understanding of the common steps, combined with the 
required method, provides a framework in which the results from almost 
any method can be interpreted and understood. The basic steps of the 
model-building process are:

1. Model selection
2. Model fi tting
3. Model validation

These three basic steps are used iteratively until an appropriate model for the 
data has been developed. In the model selection step, plots of the data, process 
knowledge, and assumptions about the process are used to determine the 
form of the model to be fi t to the data. Then, using the selected model and 
data, an appropriate model-fi tting method is used to estimate the unknown 
parameters in the model. When the parameter estimates have been made, the 
model is then carefully assessed to see if the underlying assumptions of the 
analysis appear reasonable. If the assumptions seem valid, the model can be 
used to answer the scientifi c or engineering questions that initiated the mod-
eling effort. If the model validation identifi es problems with the current 
model, however, then the modeling process is repeated using information 
from the model validation step to select and/or fi t an improved model.

1.6.1 A Variation on the Basic Steps
The three basic steps of process modeling assume that the data have already 
been collected and that the same data set can be used to fi t all of the can-
didate models. Although this is often the case in model-building situations, 
one variation on the basic model-building sequence comes up when addi-
tional data are needed to fi t a newly hypothesized model based on a model 
fi t to the initial data. In this case, two additional steps—experimental 
design and data collection—can be added to the basic sequence between 
model selection and model-fi tting. Figure 1-4 shows the basic model-fi tting 
sequence with the integration of the related data collection steps into the 
model-building process.

Considering the model selection and fi tting before collecting the initial 
data is also a good idea. Without data in hand, a hypothesis about what the 
data will look like is needed in order to guess what the initial model should 
be. Hypothesizing the outcome of an experiment is not always possible, but 
efforts made in the earliest stages of a project often maximize the effi ciency 
of the whole model-building process and result in the best possible models 
for the process. The remainder of this book is devoted to the background 
theory and modeling of the fuel cell layers to help one to better understand 
the fuel cell system, and to create an accurate overall fuel cell model.
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Chapter Summary

While the fuel cell is a unique and fascinating system, accurate system 
selection, design, and modeling for prediction of performance are needed 
to obtain optimal performance and design. In order to make strides in per-
formance, cost, and reliability, one must possess an interdisciplinary under-
standing of electrochemistry, materials, manufacturing, and mass and heat 
transfer. The remaining chapters in this book will provide the necessary 

Select model based 
upon current data 

or results

Is new data needed 
to fit model?

Design new 
experiment

Collect new 
data

Fit model using 
parameter estimation 
method suggested by 

data or process 
knowledge

Validate model

Does new model 
describe data?

Start

End

Yes

Yes

No

No

FIGURE 1-4. Model-building sequence.
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bases in these areas in order to create models to provide the required fuel 
cell information and predictions in order to improve fuel cell designs.

Problems

• Describe the differences between a fuel cell and a battery.
• William Grove is usually credited with the invention of the fuel cell. In 

what way does his gaseous voltaic battery represent the fi rst fuel cell?
• Describe the functions of each layer in a fuel cell stack.
• Briefl y describe the history of PEM fuel cells.
• Why does society need fuel cells, and what can they be used for?
• What type of kinetics and mass transport equations would you use to 

model a PEM fuel cell stack operating at 80 °C?
• What type of kinetics and mass transport equations would you use to 

model an air-breathing PEM fuel cell stack operating at 22 °C?

Endnotes

[1] Collecting the History of Fuel Cells. Smithsonian Institution. Last updated 
December 2005. Available at: http://americanhistory.si.edu/fuelcells/index
.htm. Accessed September 15, 2006.

[2] Ibid.
[3] Ibid.
[4] Ibid.
[5] Ibid.
[6] Ibid.
[7] Ibid.
[8] Ibid.
[9] Ibid.
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CHAPTER 2

Fuel Cell Thermodynamics

2.1 Introduction

Thermodynamics is the study of energy changing from one state to another. 
The predictions that can be made using thermodynamic equations are 
essential for understanding and modeling fuel cell performance since fuel 
cells transform chemical energy into electrical energy. Basic thermody-
namic concepts allow one to predict states of the fuel cell system, such 
as potential, temperature, pressure, volume, and moles in a fuel cell. The 
specifi c topics to be covered in this chapter are:

• Enthalpy
• Specifi c heats
• Entropy
• Free energy change of a chemical reaction
• Fuel cell reversible and net output voltage
• Theoretical fuel cell effi ciency

The fi rst few concepts relate to reacting systems in fuel cell analysis: 
absolute enthalpy, specifi c heat, entropy, and Gibbs free energy. The abso-
lute enthalpy includes both chemical and sensible thermal energy1. Chem-
ical energy or the enthalpy of formation (hf) is associated with the energy 
of the chemical bonds, and sensible thermal energy (Δhs) is the enthalpy 
difference between the given and reference state. The next important prop-
erty is specifi c heat, which is a measure of the amount of heat energy 
required to increase the temperature of a substance by 1 °C (or another 
temperature interval). Entropy is another important concept, which is a 
measure of the quantity of heat that shows the possibility of conversion 
into work. Gibbs free energy is the amount of useful work that can be 
obtained from an isothermal, isobaric system when the system changes 
from one set of steady-state conditions to another. The maximum fuel cell 
performance is then examined through the reversible voltage. The net 
output voltage is the actual fuel cell voltage after activation, ohmic, and 
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concentration losses (which are explained in more detail in Chapters 3–5). 
Finally, the maximum effi ciency of fuel cells is examined and demon-
strated.

2.2 Enthalpy

When analyzing thermodynamic systems, the sum of the internal energy 
(U) and the product of pressure (P) and volume (V) appears so frequently 
that it has been termed “enthalpy” (H), and is denoted as2:

 H = U + pV (2-1)

The values for the internal energy and enthalpy can be obtained from 
thermodynamic tables when the temperature and pressure are known. 
When dealing with two-phase liquid-vapor mixtures (as in fuel cells), the 
specifi c internal energy and specifi c enthalpy can be calculated by Equa-
tions 2-1 and 2-3, respectively:

 u = (1 − x)uf + xug = uf + x(ug − uf) (2-2)

 h = (1 − x)hf + xhg = hf + x(hg − hf) (2-3)

Sometimes the increase in enthalpy during vaporization (hg − hf) is 
calculated under the heading hfg. The use of Equations 2-1 and 2-2 is 
illustrated in Example 2-1.

EXAMPLE 2-1: Calculating the Enthalpy of Water

Water is in a state with a pressure of 1 psi and a temperature of 
100 °C.

(a) Calculate the enthalpy.
  From Appendix H, v = 1.696 m3/kg and u = 2 506.7 kJ/kg, then:

H = U + pV

H
kJ
kg

N
m

m
kg

kJ
N m

= + ⎛
⎝

⎞
⎠

⎛
⎝⎜

⎞
⎠⎟ ⋅

⎛
⎝⎜

⎞
⎠⎟

2506 7 6894 76 1 696
1

102

3

3
. . .

H
kJ
kg

= + =2506 7 11 69 2518 4. . .

Using MATLAB to solve:
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%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

% EXAMPLE 2-1: Calculating the Enthalpy of Water

% UnitSystem SI

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

% Inputs

V = 1.696; % Specifi c Volume (m3/kg)
U = 2 506.7; % Specifi c Internal Energy (kJ/kg)
% Conversions
% 1 psi = 6 894.76 N/m^2
% 1 kJ = 1000 N*m
P = 6 894.76/1000; % Conversion to get to the correct units
H = U + p ∗ V

(b)  If the water is heated to 80 °C, calculate the enthalpy with a 
specifi c internal energy of 400 kJ/kg:

Looking at Appendix H, the given internal energy value falls between 
uf and ug at 80 °C, therefore, the state is a two-phase liquid-vapor mixture. 
The quality of the mixture can be found from Equation 2-2 as follows:

x
u u
u u

f

g

= −
−

= −
−

= =400 334 86
2482 2 400

65 14
2082 2

0 0313
.

.
.

.
.

With the values from Appendix H:

h = (1 − x)hf + xhg

h = (1 − 0.031 3) ∗ 334.91 + 0.031 3 ∗ 2 643.7

h
kJ
kg

= + =324 43 82 75 407 14. . .

% Inputs

U = 400; % Specifi c Internal Energy (kJ/kg)
Uf = 334.86;
Ug = 2 482.2;
Hf = 334.91;
Hg = 2 643.7;
X = (u − uf)/(ug − u)
H = ((1 − x) ∗ hf) + (x ∗ hg)
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The tables for specifi c internal energy and enthalpy data are given in 
Appendices H–J. The values of u, h, and s were not obtained directly from 
measurements but were calculated from other data that were more easily 
obtained from experiments. When using these properties with energy bal-
ances (see Chapter 6), the differences between the values at each state are 
more important than the actual values.

The enthalpy of formation for a substance is the amount of heat 
absorbed or released when one mole of the substance is formed from its 
elemental substances at the reference state. The enthalpy of substances 
in their naturally occurring state is defi ned as zero at the reference state 
(reference state is typically referred to as Tref = 25 °C and Pref = 1 atm). For 
example, hydrogen and oxygen at reference state are diatomic molecules 
(H2 and O2) and, therefore, the enthalpy of formation for H2 and O2 at 
Tref = 25 °C and Pref = 1 atm is equal to zero. The enthalpy of formation is 
typically determined by laboratory measurements, and can be found in 
various thermodynamic tables. Appendix B lists some values for the most 
common fuel cell substances.

2.3 Specifi c Heats

Another property that is important in thermodynamics and the study of 
fuel cells are the specifi c heats—which are useful when using the ideal gas 
model, which is introduced in Equation 2-12. The specifi c heats (or heat 
capacities) can be defi ned for pure, compressible substances as the partial 
derivatives of u(T,v) and h(T,p):

 c
u
Tv

v

= ∂
∂

 (2-4)

 c
h
Tp

p

= ∂
∂

 (2-5)

where v and p are the variables that are held constant when differentiating. 
cv is a function of v and T, and cp is a function of T and p. The specifi c heat 
is available in many thermodynamic property tables, and Appendices C, D, 
and E show the specifi c heats for some of the common fuel cell substances. 
These values are obtained through spectrographic measurements, or through 
exacting property measurements. The ratio of the heat capacities is called 
the specifi c heat ratio (k), and can be defi ned by:

 k
c
c

p

v

=  (2-6)
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The values cp, cv, and k are all very usual in thermodynamics and 
energy balances (see Chapter 6 because they relate the temperature change 
of a system to the amount of energy added by heat transfer). The specifi c 
heat values for hydrogen, oxygen, and water as a function of temperature 
are shown in Figure 2-1.

The values for v, u, and h can be obtained at liquid states using satu-
rated liquid data. In order to simplify evaluations involving liquids and 
solids, the specifi c volume is often assumed to be constant and the specifi c 
internal energy is assumed to vary only with temperature. When a sub-
stance is defi ned in this manner, it is called “incompressible.” Because 
the values for v, u, and h vary only slightly with changes in pressure at a 
fi xed temperature, the following can be assumed for most engineering 
calculations:

 v(T,p) ≈ vf(T) (2-7)

 u(T,p) ≈ uf(T) (2-8)

Therefore, substituting these back into Equation 2-1, after deriving:

 h(T,p) ≈ uf(T) + pvf(T) ≈ hf(T) + vf(T)[p − psat(T)] (2-9)
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FIGURE 2-1. Specifi c heat values for hydrogen, oxygen, and water as a function of 
temperature.
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When a substance is modeled as incompressible, the specifi c heats are 
assumed to be equal, cp = cv. The changes in specifi c internal energy and 
specifi c enthalpy between two states are a function of temperature and can 
be calculated using the specifi c heat at a constant temperature:

 u u c T dT
T

T

p2 1

1

2

− = ∫ ( )  (2-10)

 h h c T dT v p p
T

T

p2 1 2 1

1

2

− = + −∫ ( ) ( )  (2-11)

where cp(T) is the specifi c heat at a constant pressure.
The temperature/pressure/specifi c volume relationship for gases at 

many states can be given approximately by the ideal gas law:

 pv = RT (2-12)

where p is the pressure, v is the specifi c volume, T is the temperature, and 
R is the ideal gas constant. With v = V/n, the more familiar version of the 
equation can be expressed as:

 pV = nRT (2-13)

When the ideal gas model is used, the specifi c internal energy and 
specifi c enthalpy depend only upon temperature; therefore:

 u T u T c T dT
T

T

v2 2 1 1

1

2

( ) ( ) ( )− = ∫  (2-14)

 h T h T c T dT
T

T

p2 2 1 1

1

2

( ) ( ) ( )− = ∫  (2-15)

The relationship between the ideal gas–specifi c heats can be expressed 
by:

 cp(T) = cv(T) + R (2-16)

There are several alternative specifi c heat equations that are avail-
able in the literature. One that is easy to integrate is the polynomial 
form:

 
c
R

T T T Tp = + + + +α β γ δ ε2 3 4  (2-17)



Fuel Cell Thermodynamics 21

The values for a, b, g, d, and e are listed in many thermodynamics 
texts, and can be found on the NIST website. Specifi c heats are painstak-
ingly obtained from property measurements. Using the ideal gas tables, 
enthalpy can be obtained from:

 Δ Δh h c dTT

T

p= + ∫298 15

298 15

.

.

 (2-18)

where h298.15 is the enthalpy at a reference temperature. The specifi c heat 
is available in many thermodynamic property tables, and Appendices D 
through F show the specifi c heats for some of the common fuel cell sub-
stances. The average specifi c heat can be approximated as a linear function 
of temperature:

 c c
T T

p p
ref= +⎛

⎝
⎞
⎠2

 (2-19)

where c–p is the average specifi c heat at a constant pressure, T is the given 
temperature, and Tref = 25 °C.

The enthalpy of dry gas is

 hg = cpgt (2-20)

where hg is the enthalpy of dry gas, J/g, Cpg is the specifi c heat of gas, J/gK, 
and T is the temperature in °C.

When dealing with two-phase liquid-vapor mixtures, Equations 2-16 
through 2-20 are useful. The enthalpy of the water vapor is

 hv = cpvt + hfg (2-21)

where hfg is the heat of evaporation, 2500 J/g at 0 °C. Enthalpy of the moist 
gas is then:

 hvg = cpgt + x(cpvt + hfg) (2-22)

and the unit is J/g dry gas.
The enthalpy of liquid water is

 hw = cpwt (2-23)

If the gas contains both water and vapor, the enthalpy can be found 
by:

 hvg = cpgt + xv(cpvt + hfg) + xwcpwt (2-24)
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where xv is the water vapor content and xw is the liquid water content. The 
total water content thus is

 x = xv + xw (2-25)

Air going into the cell is typically humidifi ed to prevent drying of the 
membrane near the cell inlet. Air enters the cell relatively dry. At lower 
temperatures, smaller amounts of water are required to humidify the cell 
than at higher temperatures. As the cell’s air is heated up and the pressure 
increases, it needs more and more water.

EXAMPLE 2-2: Calculating the Enthalpy of H2, O2, and Water

Determine the absolute enthalpy of H2, O2, and water (H2O) at the pres-
sure of 1 atm at a temperature of (a) 25 °C using Appendix F, (b) 80 °C 
using Appendix F, and (c) 300 to 1000 K using increments of 50, using 
Equation 2-17. (d) Plot the hydrogen and oxygen enthalpy as a function 
of temperature. Calculate the absolute enthalpy for the vapor and liquid 
form if applicable.

(a)  For T = 25 °C = 298 K, from Appendix F, the enthalpy of forma-
tion at 25 °C and 1 atm is hfH2 = 0, hfO2 = 0, hfH2O(l) = −285,826 
(J/mol), hfH2O(g) = −241,826 (J/mol).

(b)  For T = 80 °C = 353 K, the average temperature is (298 + 353)/2 
= 325.5 K. From Appendix D, after interpolation and converting 
to a per mol basis:

c
kJ

kgK
kg

kmol
kJ

kmolKp H, 2 14 3682 2 016 28 9663= × =. . .

c
kJ

kgK
kg

kmol
kJ

kmolKp O, 2 0 9231 31 999 29 5383= × =. . .

c
kJ

kmolKp H O g, 2 33 8638( ) .=

For liquid water from Appendix E:

c
kJ

kgK
kg

kmol
kJ

kmolKp H O l, 2 4 1821 18 015 75 3403( ) . . .= × =

Using MATLAB, the inputs are:
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%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

% EXAMPLE 2-2: Calculating the Enthalpy of H2, O2, and Water

% UnitSystem SI

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

% Inputs

T = 353; % Temperature (K)
T_ref = 298; % Reference Temperature (K)
T_av = (T + T_ref)/2; % Average Temperature (K)
m_H2 = 2.016; % Moles of Hydrogen
m_O2 = 31.999; % Moles of Oxygen
m_H2O = 18.015; % Moles of H2O
hf_H2 = 0; % Enthalpy at standard state
hf_O2 = 0; % Enthalpy at standard state
hf_H2Ol = −285 826; % Enthalpy at standard state of water in liquid phase(J/mol)
hf_H2Og = −241 826; % Enthalpy at standard state of water in gas phase(J/mol)

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

One method of obtaining the interpolated specifi c heat values is 
using MATLAB’s “interp1” function. The columns in the tables in 
Appendices D and E can be put into MATLAB as vectors, and the 
“interp1” function will interpolate between data points to get the 
required value. This is shown in MATLAB by:

% Interpolate values from Appendix D

T_table = [250 300 350 400 450 500 550 600 650 700 750 800 900 1000];
Cp_H2_table = [14.051 14.307 14.427 14.476 14.501 14.513 14.530 14.546 14.571 

14.604 14.645 14.695  .  .  .  14.822 14.983];
Cp_O2_table = [0.913 0.918 0.928 0.941 0.956 0.972 0.988 1.003 1.017 1.031 1.043 

1.054 1.074 1.090];
Cp_H2Og_table = [33.324 33.669 34.051 34.467 34.914 35.390 35.891 36.415 

36.960 37.523 38.100  .  .  .  38.690 39.895 41.118];

% From Appendix E

T_table2 = 273 : 20 : 453;
Cp_H2Ol_table = [4.217 8 4.181 8 4.178 4 4.184 3 4.196 4 4.216 1 4.250 4.283 4.342 

4.417];

% Calculate specifi c heats (KJ/kgK)

Cp_H21 = interp1(T_table,Cp_H2_table,T_av);
Cp_O21 = interp1(T_table,Cp_O2_table,T_av);
Cp_H2Og1 = interp1(T_table,Cp_H2Og_table,T_av);
Cp_H2Ol1 = interp1(T_table2,Cp_H2Ol_table,T_av);
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% Convert to a per mole basis

Cp_H2 = Cp_H21 ∗ m_H2;
Cp_O2 = Cp_O21 ∗ m_O2;
Cp_H2Og = Cp_H2Og1;
Cp_H2Ol = Cp_H2Ol1 ∗ m_H2O;

The absolute enthalpy is determined as follows:

h h c T T
J

molH f H p H ref2 2 2 0 28 954 353 298 1593 1= + − = + × − =, , ( ) . ( ) .

h h c T T
J

molO f O p O ref2 2 2 0 29 535 353 298 1624 6= + − = + × − =, , ( ) . ( ) .

h h c T TH O l f H O l p H O l ref2 2 2 285 75 321 353 2( ) ( ) ( )( ) , . (= + − = − + × −, , 826 998

281

)

,= − 680.0
J

mol

h h c T TH O g f H O g p H O g ref2 2 2 241 33 845 353 2( ) ( ) ( )( ) , . (= + − = − + × −, , 826 998

239 960 0

)

, .= − J
mol

% Determine absolute enthalpy

h_H2 = hf_H2 + Cp_H2 ∗ (T − T_ref)
h_O2 = hf_O2 + Cp_O2 ∗ (T − T_ref)
h_H2Ol = hf_H2Ol + Cp_H2Ol ∗ (T − T_ref)
h_H2Og = hf_H2Og + Cp_H2Og ∗ (T − T_ref)

(c)  Inserting Equation 2-17 into Equation 2-18, and integrating with 
respect to temperature, yields:

h h R T T T T
T

T

2 1
2 3 4

1

2

− = + + + +∫ α β γ δ ε

h h R T T T T T T T T T2 1 2 1 2
2

1
2

2
3

1
3

2
4

1
4

2
5

2 3 4 5
− = − + − + − + − +α β γ δ ε

( ) ( ) ( ) ( ) ( −−⎡
⎣⎢

⎤
⎦⎥

T1
5)

One very useful feature of using a programming language to obtain 
the solution to problems is the ability to perform numerous calculations 
simultaneously. The solution to (c) can be made simple in MATLAB using 
“loops.” Loops enable the programmer to repeat a calculation for a number 
of inputted values. In this particular calculation, the enthalpies will be 
found for a temperature range of 300 to 1000 K, with increments of 50.

Using MATLAB, the inputs are:
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%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

% EXAMPLE 2-2: Calculating the Enthalpy of H2, O2, 
and Water

% UnitSystem SI

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

% Inputs

R = 8.314; % Ideal Gas Constant
T = 300 : 50 : 1000;  % Temperature range from 300 K to 1000 K with increments 

 of 50

Create the temperature loop:

% Create Temperature Loop

I = 0; % Initialization of loop variable
for T = 300 : 50 : 1000;  % Temperature range from 300 K to 1200 K with 

 increments of 50
I = I + 1; % Loop variable

The enthalpy calculations are in the temperature loop:

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

% Enthalpy Calculations

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

% Hydrogen enthalpy calculations

hf_h = 0; % Hydrogen enthalpy at the standard state
hs_h = R ∗ (((3.057 ∗ T) + ((1/2) ∗ 2.677E-3 ∗ T^2) − ((1/3) ∗ 5.810E-6 ∗ T^3) + 
 ((1/4) ∗ 5.521E-9 ∗ T^4) − ((1/5) ∗ 1.812E-..12 ∗ T^5)) − (3.057 ∗ 298 + 
 ((1/2) ∗ 2.677E-3 ∗ 298^2) − ((1/3) ∗ 5.810E-6 ∗ 298^3) + ((1/4) ∗ 5.521E-9 ∗ 298^4) −
 ((1/5) ∗ 1.812E-12 ∗ 298^5)));
H_hydrogen = (hf_h + hs_h); % Enthalpy of Hydrogen

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

% Oxygen enthalpy calculations

hf_o = 0; % Oxygen enthalpy at the standard state
hs_o = R ∗ (((3.626 ∗ T) − ((1/2) ∗ 1.878E-3 ∗ T^2) + ((1/3) ∗ 7.055E-6 ∗ T^3) − 
 ((1/4) ∗ 6.764E-9 ∗ T^4) + ((1/5) ∗ 2.156E-12 ∗ T^5)) − (3.626 ∗ 298 − 
 ((1/2) ∗ 1.878E-3 ∗ 298^2) + ((1/3) ∗ 7.055E-6 ∗ 298^3) − ((1/4) ∗ 6.764E-9 ∗ 298^4) + 
 ((1/5) ∗ 2.156E-12 ∗ 298^5)));
H_oxygen = (hf_o + hs_o); % Enthalpy of Oxygen
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%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

% Water enthalpy calculations

hf_w = −241 820; % Water enthalpy at the standard state
hs_w = R ∗ (((4.070 ∗ T) − ((1/2) ∗ 1.108E-3 ∗ T^2) + ((1/3) ∗ 4.152E-6 ∗ T^3) − 
 ((1/4) ∗ 2.964E-9 ∗ T^4) + ((1/5) ∗ 0.807E-12 ∗ T^5)) − (4.070 ∗ 298) − 
 ((1/2) ∗ 1.108E-3 ∗ 298^2) + ((1/3) ∗ 4.152E-6 ∗ 298^3) − ((1/4) ∗ 2.964E-9 ∗ 298^4) + 
 ((1/5) ∗ 0.807E-12 ∗ 298^5));
H_water = (hf_w + hs_w) % Enthalpy of Water

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

In order to save the new calculated values at each temperature, new 
variables have to be created as follows:

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

% Create new variables to save the new calculated values for 
hydrogen, oxygen, and water enthalpy at each temperature 
increment

Hydrogen_Enthalpy(i) = H_hydrogen;
Oxygen_Enthalpy(i) = H_oxygen;
Water_Enthalpy(i) = H_water;
Temperature(i) = T;
end % End Loop

(d)  The following MATLAB code can be used to plot the hydrogen 
and oxygen enthalpy as a function of temperature:

fi gure1 = fi gure(‘Color’,[1 1 1]);
hdlp = plot(Temperature,Hydrogen_Enthalpy,Temperature,Oxygen_Enthalpy);
title(‘Hydrogen and Oxygen Enthalpies’,‘FontSize’,12,‘FontWeight’,‘Bold’)
xlabel(‘Temperature (K)’,‘FontSize’,12,‘FontWeight’,‘Bold’);
ylabel(‘Hydrogen and Oxygen Enthalpies (KJ/kg)’,‘FontSize’,12,‘FontWeight’,‘Bold’);
set(hdlp,‘LineWidth’,1.5);
grid on;

The hydrogen and oxygen enthalpies as a function of temperature are 
plotted in Figure 2-2. Another simple method of accomplishing this is 
MATLAB is through airways and matrices. There will be many examples 
throughout this book that will use this method.

Example 2-2 shows that as the temperature increases, the specifi c heat 
at constant temperature increases very slowly. Specifi c heat is a very weak 
function of temperature. The increase in specifi c heat is the smallest for 
H2, which is the smallest molecule in the periodic table compared with all 
of the other elements.
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2.4 Entropy

Entropy can be defi ned loosely as the amount of “disorder” in a system, 
and can be expressed as:

 S S
Q
T

rev

2 1
1

2

− =
⎡

⎣
⎢

⎤

⎦
⎥∫δ

int

 (2-26)

This is valid for any reversible process that links two states. Entropy 
is calculated in the same way that enthalpy was calculated—using the 
properties v, u, and h.

When dealing with two-phase liquid-vapor mixtures as in fuel cells, 
the specifi c entropy can be calculated in the same manner as enthalpy:

 s = (1 − x)sf + xsg = sf + x(sg − sf) (2-27)
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FIGURE 2-2. Hydrogen and oxygen enthalpies as a function of temperature.
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EXAMPLE 2-3: Calculating the Entropy of Water

If the water is heated to 80 °C, calculate the entropy with a specifi c 
internal energy of 400 kJ/kg:

Looking at Appendix B, the given internal energy value falls between 
uf and ug at 80 °C; therefore, the state is a two-phase liquid-vapor mixture. 
The quality of the mixture can be found from Equation 2-2 as follows:

x
u u
u u

f

g

= −
−

= −
−

= =400 334 86
2482 2 400

65 14
2082 2

0 0313
.

.
.

.
.

With the values from Appendix B:

s = (1 − x)sf + xsg

s = (1 − 0.0313) ∗ 1.075 3 + 0.031 3 ∗ 7.612 2

h
kJ

kgK
= + =1 0417 0 2381 1 2798. . .

Using MATLAB to solve:

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

% EXAMPLE 2-3: Calculating the Entropy of Water

% UnitSystem SI

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

% Inputs (From Appendix B)

U = 400; % Specifi c Internal Energy (kJ/kg)
Uf = 334.86;
Ug = 2 482.2;
Sf = 1.075 3;
Sg = 7.612 2;

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

% Calculate the mole fraction of the mixture

X = (u − uf)/(ug − u)

% Calculate the enthalpy

S = ((1 − x) ∗ sf) + (x ∗ sg)
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Like enthalpy, the values for v, u, and h vary only slightly with 
changes in pressure at a fi xed temperature; therefore, the following can be 
assumed for most engineering calculations:

 s(T,p) ≈ sf(T) (2-28)

When a pure, compressible system undergoes an internally reversible 
process in the absence of gravity and overall system motion, an energy 
balance can be written as:

 dQint rev = dU + dWint rev (2-29)

In a simple compressible system, the work can be defi ned as:

 dWint rev = p · dV (2-30)

Substituting equations 2-30 into 2-29, one obtains:

 TdS = dU − pdV (2-31)

Another useful equation can be obtained by substituting equation 
2-1:

 TdS = dH − Vdp (2-32)

Although these equations have been obtained by considering an inter-
nally reversible process, the entropy change calculated by these equations 
is valid for the change in any process of the system, reversible or irrevers-
ible, between two equilibrium states.

When the ideal gas model is used, the specifi c entropy depends 
only upon temperature and can be derived from Equations 2-31 and 2-32, 
therefore:

 s T v s T v c T
dT
T

R
v
vT

T

v2 2 2 1 1 1
2

11

2

( ) ( ) ( ), , ln− = +∫  (2-33)

 s T p s T p c T
dT
T

R
p
pT

T

p2 2 2 1 1 1
2

11

2

( ) ( ) ( ), , ln− = +∫  (2-34)

Like enthalpy, the entropy can be obtained from using the ideal gas 
tables:

 Δ Δs s c dTT

T

p= + ∫298 15

298 15

.

.

 (2-35)

where s298.15 is the entropy at a reference temperature.
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EXAMPLE 2-4: Calculating the Entropy of H2, O2, and Water

Determine the absolute entropy of H2, O2, and water (H2O) at the pres-
sure of 1 atm at a temperature of 300 to 1000 K using increments of 50, 
using Equation 2-17. Plot the hydrogen and oxygen enthalpy as a func-
tion of temperature. Calculate the absolute enthalpy for the vapor and 
liquid form if applicable.

(a) As seen previously, the specifi c heat can be calculated by:

c
R

T T T Tp = + + + +α β γ δ ε2 3 4

Inserting Equation 2-17 into Equation 2-34 and integrating with 
respect to temperature yields:

s s R
T T T T

T
dT

T

T

2 1

2 3 4

1

2

− =
+ + + +⎛

⎝⎜
⎞
⎠⎟∫

α β γ δ ε
,

s s R
T
T

T T T T T T T T2 1
2

1
2 1 2

2
1
2

2
3

1
3

2
4

1
4

2 3 4
− = + − + − + − + −α β γ δ ε

ln ( ) ( ) ( ) ( ))⎡
⎣⎢

⎤
⎦⎥

As shown previously in Example 2-2, a very useful feature of using 
a programming language to obtain the solution to problems is the ability 
to perform numerous calculations simultaneously. This solution is again 
obtained in MATLAB using “loops.” Loops enable the programmer to 
repeat a calculation for a number of inputted values. In this particular 
calculation, the enthalpies will be found for a temperature range of 300 
to 1000 K, with increments of 50.

Using MATLAB, the inputs are:

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

% EXAMPLE 2-4: Calculating the Entropy of H2, O2, and Water

% UnitSystem SI

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

% Inputs

R = 8.314 % Ideal Gas Constant
T = 300 : 50 : 1 000  % Temperature range from 300 K to 1000 K with increments 

 of 50

Create the temperature loop:
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% Create Temperature Loop
i = 0; % Initialization of loop variable
for T = 300 : 50 : 1000;  % Temperature range from 300 K to 1200 K with 

 increments of 50
i = i + 1; % Loop variable

The enthalpy calculations are in the temperature loop:

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

% Enthalpy Calculations

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

% hydrogen entropy calculations
sf_h = 130.57;
st_h = log(24.42) + 22.26E-3 ∗ (T − 298) − 24.2E-6 ∗ (T^2 − 298^2) + 15.3E-9 ∗ 

(T^3 − 298^3) − 3.78E-12 ∗ (T^4 − 298^4);
S_hydrogen = (sf_h + st_h);

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

% oxygen entropy calculations
sf_o = 205.03;
st_o = log(30.15) − 15.6E-3 ∗ (T − 298) + 29.33E-6 ∗ (T^2 − 298^2) − 18.7E-9 ∗ 

(T^3 − 298^3) + 4.48E-12 ∗ (T^4 − 298^4);
S_oxygen = (sf_o + st_o);

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

% water entropy calculations
sf_w = 188.72;
st_w = log(33.84) − 9.216E-3 ∗ (T-298) + 17.26E-6 ∗ (T^2-298^2) − 8.21E-9 ∗ (T^3-

298^3) + 1.67E-12 ∗ (T^4-298^4);
S_water = (sf_w + st_w);

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

In order to save the new calculated values at each temperature, new 
variables have to be created as follows:

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

% Create new variables to save the new calculated values for 
hydrogen, oxygen and water entropy at each temperature 
increment
Hydrogen_Entropy(i) = S_hydrogen;
Oxygen_Entropy(i) = S_oxygen;
Water_Entropy(i) = S_water;
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Temperature(i) = T;
end % End Loop

(b)  The following MATLAB code can be used to plot the hydrogen 
and oxygen enthalpy as a function of temperature:

fi gure1 = fi gure(‘Color’,[1 1 1]);
hdlp = plot(Temperature,Hydrogen_Entropy,Temperature,Oxygen_Entropy,

Temperature,Water_Entropy);
title(‘Hydrogen, Oxygen and Water Entropies’,‘FontSize’,12,‘FontWeight’,‘Bold’)
xlabel(‘Temperature (K)’,‘FontSize’,12,‘FontWeight’,‘Bold’);
ylabel(‘Entropies (KJ/kgK)’,‘FontSize’,12,‘FontWeight’,‘Bold’);
set(hdlp,‘LineWidth’,1.5);
grid on;
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Figure 2-3 shows the plot of hydrogen and oxygen entropies as a function 
of temperature.

FIGURE 2-3. Hydrogen and oxygen entropies as a function of temperature.
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2.5 Free Energy Change of a Chemical Reaction

The conversion of the free energy change associated with a chemical reac-
tion directly into electrical energy is the electrochemical energy conver-
sion. This free energy change is a measure of the maximum electrical work 
(Welec) a system can perform at a constant temperature and pressure from 
the reaction. This is given by the negative change in Gibbs free energy 
change (ΔG) for the process, and can be expressed in molar quantities as:

 Welec = −ΔG (2-36)

The Gibbs free energy is the energy required for a system at a constant 
temperature with a negligible volume, minus any energy transferred to the 
environment due to heat fl ux. This equation is valid at any constant tem-
perature and pressure for most fuel cell systems. From the second law of 
thermodynamics, the change in free energy, or maximum useful work, can 
be obtained when a “perfect” fuel cell operating irreversibly is dependent 
upon temperature. Thus, Welec, the electrical power output, is

 Welec = ΔG = ΔH − TΔS (2-37)

where G is the Gibbs free energy, H is the heat content (enthalpy of forma-
tion), T is the absolute temperature, and S is entropy. The Gibbs free energy 
will be equal to the enthalpy if the change in entropy is zero. As can be 
seen by the defi nition of the Gibbs free energy function, it is a linearly 
decreasing function with temperature, but the trend is complicated by the 
temperature dependence of the enthalpy and entropy terms. The TΔS term 
grows faster with increasing T than the ΔH term because it has a stronger 
dependence upon temperature, as it is of the form T∗ln(T/T), whereas the 
enthalpy is simply (T − T).

The potential of a system to perform electrical work by a charge, Q 
(coulombs), through an electrical potential difference, E in volts, is3:

 Welec = EQ (2-38)

If the charge is assumed to be carried out by electrons:

 Q = nF (2-39)

where n is the number of moles of electrons transferred and F is the Faraday 
constant (96,485 coulombs per mole of electrons). Combining the last three 
equations to calculate the maximum reversible voltage provided by the 
cell:

 ΔG = −nFEr (2-40)
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where n is the number of moles of electrons transferred per mol of fuel 
consumed, F is Faraday’s constant, and Er is the standard reversible 
potential.

The relationship between voltage and temperature is derived by 
taking the free energy, linearizing about the standard conditions of 
25 °C, and assuming that the enthalpy change ΔH does not change with 
temperature:

 

E
G
nF

H T S
nF

E
dE
dT

T
S

nF
T

r
rxn

r

= − = − −

= ⎛
⎝⎜

⎞
⎠⎟ − = −

Δ Δ Δ

Δ Δ
( ) ( )25 25

 (2-41)

where Er is the standard-state reversible voltage, and ΔGrxn is the standard 
free energy change for the reaction. The change in entropy is negative; 
therefore, the open circuit voltage output decreases with increasing tem-
perature. The fuel cell is theoretically more effi cient at low temperatures. 
However, mass transport and ionic conduction are faster at higher tem-
peratures, and this more than offsets the drop in open-circuit voltage4.

For any chemical reaction

jA + kB → mC + nD

The change in Gibbs free energy between the products and reactants 
is

 ΔG = mGc + nGD − jGA − kGB (2-42)

In the case of a hydrogen–oxygen fuel cell under standard-state 
conditions:

H g O g H O l2 2 2
1
2

( ) ( ) ( )+ →

(ΔH = −285.8kJ/mol; ΔG = −237.3kJ/mol)

E
kJ mol

mol C mol
VH O2 2

237 3
2 96 485

1 229/
. /
, /

.= −
∗

=

At standard temperature and pressure, this is the highest voltage 
obtainable from a hydrogen–oxygen fuel cell. Most fuel cell reactions have 
voltages in the 0.8- to 1.5-V range. To obtain higher voltages, several cells 
have to be connected together in series.

Fuel cells can operate at any pressure, and often it is advantageous to 
operate the fuel cell at pressures above atmospheric. The typical range for 
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fuel cells is atmospheric pressure to 6 to 7 bars. The change in Gibbs free 
energy as related to pressure can be written as:

 dG = VmdP (2-43)

where Vm is the molar volume (m3/mol), and P is the pressure in Pascals. 
For an ideal gas5:

 PVm = RT (2-44)

Therefore:

 dG RT
dP
P

=  (2-45)

After integration:

 G G RT
P
P

= + ⎛
⎝⎜

⎞
⎠⎟0

0

ln  (2-46)

where G0 is the Gibbs free energy at standard pressure and temperature 
(25 °C and 1 atm), and P0 is the standard pressure (1 atm), which is a form 
of the Nernst equation.

If Equation 2-42 is substituted into the Equation 2-466:

 G G RT

P
P
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where P is the partial pressure of the reactant or product species, and P0 is 
the reference pressure.

For the hydrogen–oxygen fuel cell reaction, the Nernst equation 
becomes

 G G RT
P P
P
H O

H O

= + ⎛
⎝⎜

⎞
⎠⎟0

0 5
2 2

2

ln
.

 (2-48)

Therefore, the cell potential as a function of temperature and pressure 
is:

 E
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nF
T S
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P P
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H O

H O
, ln= −⎛

⎝
⎞
⎠ +

⎛
⎝⎜

⎞
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Δ Δ 2 2

2

0 5.

 (2-49)
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For nonstandard conditions, the reversible voltage of the fuel cell may 
be calculated from the energy balance between the reactants and the prod-
ucts7. Equation 2-49 reduces to the common form of the Nernst equation:

 E E
RT
nFt r

i
i
vi= − ⎡

⎣⎢
⎤
⎦⎥

∏ln α  (2-50)

where R is the ideal gas constant, T is the temperature, ai is the activity of 
species i, vi is the stoichiometric coeffi cient of species i, and Er is the stan-
dard-state reversible voltage, which is a function of temperature and pres-
sure.

The hydrogen–oxygen fuel cell reaction is written as follows using the 
Nernst equation:

 E E
RT

F
a

r
H O

H O

= −
2

2

2 2

1 2ln
α α /  (2-51)

where E is the actual cell voltage, Er is the standard-state reversible voltage, 
R is the universal gas constant, T is the absolute temperature, N is the 
number of electrons consumed in the reaction, and F is Faraday’s constant. 
If the fuel cell is operating under 100 °C, the activity of water can be set to 
1 because liquid water is assumed. At a pressure of 1.00 atm absolute (as it 
is at sea level on a normal day), with an effective concentration of 1.00 mol 
of H+ per liter of the acid electrolyte, the ratio of 1.001/2 : 1.00 = 1, and 
ln 1 = 0. Therefore, E = Er. The standard electrode potential is that which is 
realized when the products and reactants are in their standard states.

At standard temperature and pressure, the theoretical potential of a 
hydrogen–air fuel cell can be calculated as follows:

E
J mol K

C mol
= − ∗ ∗

∗ ∗
1 229

8 314 298 15
2 96 485 0 211 2

.
. ( /( )) .

, ( / ) . /
ln

1
1

== 1 219. V

The potential between the oxygen cathode where the reduction occurs 
and the hydrogen anode at which the oxidation occurs will be 1.229 V at 
standard conditions with no current fl owing. When a load connects the two 
electrodes, the current will fl ow as long as there is hydrogen and oxygen 
gas to react. If the current is small, the effi ciency of the cell (measured in 
voltages) could be greater than 0.9 V, with an effi ciency greater than 90%. 
This effi ciency is much higher than the most complex heat engines such 
as steam engines or internal combustion engines, which can only reach a 
maximum 60% thermal effi ciency.

Figure 2-4 illustrates the decrease in Nernst voltage with increasing 
temperature. By analyzing the Nernst equation, one can see why this trend 
occurs:



Fuel Cell Thermodynamics 37

E
G

nF
R T
nF

a a
a

G
nF

R T
nF

P
P

OCV
u

v v

v
u

a

o
a b

c
=

−
+ ⎡

⎣⎢
⎤
⎦⎥

=
−

+

⎛
⎝⎜

⎞
⎠⎟Δ Δ

ln ln

γ
HH

c

o O

u

P
P

G
nF

R T
nF

G
nF

2 2

1 2

1

γ⎛
⎝⎜

⎞
⎠⎟

⎡

⎣

⎢
⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
⎥

=
−

+ =
−

/

Δ Δ
ln[1]

The pressure dependence is nullifi ed because both the anode and 
cathode are at 1 atm for our simple example. Further, the activity of the 
water is set to the relative humidity at the reaction site, which is unity 
because the water is being created at the cathode catalyst layer and does 
not limit the reaction in any way.

By assuming the gases are ideal (the activities of the gases are equal 
to their partial pressures, and the activity of the water phase is equal to 
unity), Equation 2-50 can be written as:
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FIGURE 2-4. Nernst voltage as a function of temperature.
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where pi is the partial pressure of species i, and p0 is the reference pressure. 
For ideal gases or an estimate for a nonideal gas, partial pressure of species 
A, pA* can be expressed as a product of total pressure PA and molar fraction 
xA of the species:

 pA* = xAPA (2-53)

If the molar fraction for the fuel is unknown, it can be estimated by 
taking the average of the inlet and outlet conditions8:
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 (2-54)

where zA is the stoichiometric fl ow rate, xAnode is the molar ratio of species 
2 : 1 in dry gas, and xC,Anode is:

 x
P
PC Anode

sat

A
, =  (2-55)

The molar fractions are simply ratios of the saturation pressure 
(Psat) at the certain fuel cell temperature to the anode and cathode 
pressures.

The water saturation temperature is a function of cell operating 
temperature. For a PEM hydrogen–oxygen fuel cell, Psat can be calculated 
using9:

log10Psat = −2.1794 + 0.02953 ∗ T − 9.1837 × 10−5 ∗ T2 + 1.4454 × 10−7 ∗ T3

  (2-56)

where T is the cell operating temperature in °C.
If the current is large, the cell voltage falls fairly rapidly due to various 

nonequilibrium effects. The simplest of these effects is the voltage 
drop due to the internal resistance of the cell itself. According to 
Ohm’s law, the voltage drop is equal to the resistance times the current 
fl owing. At maximum current density of 1 amp/cm2, the cell can drop 
0.5 V.
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EXAMPLE 2-5: Calculating Reversible Cell Potential

Determine the reversible cell potential as a function of temperature at 
40 °C and 1 atm. Assume that Tref = 25 °C. The reaction is

H O H O2 2 2
1
2

+ →

The entropy for the fuel cell reaction at the standard reference 
temperature and pressure, and the reversible cell potential is:

ΔG = ΔH − TΔS
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For liquid water at T = 25 °C and 1 atm:

Δs T P
nF

J mol fuel K
mol e mol fuel C

ref( ) . /( _ )
_ / _ ,

, − − ∗
×−

165 25
2 96 487 // _

. /
mol e

V K−
−= − ×0 8460 10 3

Therefore, the desired expression is

E T P V
V
K

T Tr ref( ) . ., = − × ∗ −( )−1 229 0 8460 10 3

For every degree of temperature increase, reversible cell potential 
is reduced by 0.846 0 mV. At a temperature of 40 °C:

E V
V
K

K Vr( . . ( ) .40 1 229 0 8460 10 40 25 1 2163,1) = − × ∗ − =−
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The reversible potential is reduced from 1.229 V to 1.216 V when 
the temperature increases from 25 °C to 40 °C.

Using MATLAB to solve:

% EXAMPLE 2-5: Calculating the Reversible Cell Potential

% UnitSystem SI

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

% Inputs

hf_H2 = 0; % Enthalpy of formation at standard state (J/mol)
hf_O2 = 0; % Enthalpy of formation at standard state (J/mol)
hf_H2Ol = −285826; % Enthalpy of formation at standard state (J/mol)
sf_H2 = 130.68; % Entropy of formation at standard state (J/mol)
sf_O2 = 205.14; % Entropy of formation at standard state (J/mol)
sf_H2Ol = 69.92; % Entropy of formation at standard state (J/mol)
T_ref = 298; % Reference temperature
T = 313; % Given temperature
n = 2; % mol e- per mole fuel
F = 96487; % Faraday’s constant
S = −163.25; % (J/mol fuel K) for liquid H2O

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

% Calculate Gibbs Free Energy
delH = hf_H2Ol − (hf_H2 + ((1/2) ∗ hf_O2));
delS = sf_H2Ol − (sf_H2 + ((1/2) ∗ sf_O2));
delG = delH − (T_ref ∗ delS)

% Calculate reversible voltage

Er = delG/(n ∗ F);
Sr = S/(n ∗ F);

% Expression for reversible voltage

E = Er − Sr ∗ (T − T_ref)

EXAMPLE 2-6: Calculating Reversible Cell Potential

Determine the reversible cell potential for the following reaction:

H g O g H O l2 2 2
1
2

( ) ( ) ( )+ →

The molar fraction of H2 in the fuel stream is 0.5 and the molar 
fraction of O2 in the oxidant stream is 0.21. The remaining species are 
chemically inert.



Fuel Cell Thermodynamics 41

Since the fuel cell operates at the standard temperature and pres-
sure, T = 25 °C and P is 1 atm. Because the reactant streams are not pure, 
the reversible cell potential for the reaction is

E T P E T P
RT
nF

Kr i r( ) ( ), , ln= −

The molar fraction of the reactants are XH2 = 0.5 and XO2 = 0.21, 
and K can be calculated as follows:
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The reversible cell potential at standard pressure and temperature 
when pure H2 and O2 are used as reactants is 1.229 V.
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The cell potential is decreased as a result of dilute reactant products 
but not as drastically decreased as one would expect.

Using MATLAB to solve:

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

% EXAMPLE 2-6: Calculating the Reversible Cell Potential

% UnitSystem SI

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

% Inputs

R = 8.314; % Ideal gas constant (J/molK)
T = 298; % Temperature
N = 2; % mol e- per mole fuel
F = 96487; % Faraday’s constant
Er = 1.229; % Reversible cell potential (v)
x_H2 = 0.5; % mole fraction of H2
x_O2 = 0.21; % mole fraction of O2

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

% Expression for reversible voltage

E = Er − (R ∗ T/(n ∗ F)) ∗ log((x_H2^ (− 1) ∗ (x_O2^(−1/2)))
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EXAMPLE 2-7: Calculating Reversible Cell Potential

Determine the inlet and outlet Nernst potential for the following 
reaction:

H O H O g2 2 2
1
2

+ → ( )

at a temperature of 25 °C and 80 °C and a pressure of 1 atm. Assume the 
fuel is pure H2 and O2 from the air supplied to the cell. The H2 utiliza-
tion is zero, the oxygen utilization is 0.5, and the reactant product water 
is formed on the oxidant side.

The inlet and outlet Nernst potential can be calculated based upon 
the reactant composition at the cell inlet and outlet. The reversible cell 
potential at the cell inlet is

E T P E T P
RT
nF

xr i r O in( ) ( ) /, , ln ,= − −
2
1 2

At the cell inlet: XH2,in = 1, XO2,in = 0.21, XN2,in = 0.79, PO2,in + PN2,in 
= 1 atm.

From Example 5-5, Er (25 °C, 1 atm) = 1.185 V.
Calculating ΔG at 353 K and 1 atm, it is

E
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The inlet Nernst potential is
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At the cell outlet, XH2,out = 1, XO2,out = 0.095, PO2,out + PH2O,out + PN2,out 
= Pout = Pin = 1 atm.

The Nernst potential becomes
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E T P E T P
RT
nF

Xr O out r O out( ) ( ) /, , ln, ,2 2
1 2= − −

Er(25,1) = 1.185 − 0.012 84 × ln 0.0951/2 = 1.170V

Er(353,1) = 1.170 5 − 0.015 2 × ln 0.0951/2 = 1.1645V

Using MATLAB to solve:

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

% EXAMPLE 2-7: Calculating the Reversible Cell Potential

% UnitSystem SI

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

% Inputs

R = 8.314; % Ideal gas constant (J/molK)
T = 298; % Temperature
N = 2; % mol e- per mole fuel
F = 96487; % Faraday’s constant
x_O2in = 0.21; % mole fraction of O2 at the inlet
x_O2out = 0.095; % mole fraction of O2 at the outlet
hf_H2 = 0; % Enthalpy of formation at standard state (J/mol)
hf_O2 = 0; % Enthalpy of formation at standard state (J/mol)
hf_H2Ol = −285826; % Enthalpy of formation at standard state (J/mol)
sf_H2 = 130.68; % Entropy of formation at standard state (J/mol)
sf_O2 = 205.14; % Entropy of formation at standard state (J/mol)
sf_H2Ol = 69.92; % Entropy of formation at standard state (J/mol)
T_ref = 353; % Reference temperature

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

% Expression for reversible voltage

% Calculate Gibbs Free Energy

delH = hf_H2Ol − (hf_H2 + ((1/2) ∗ hf_O2));
delS = sf_H2Ol − (sf_H2 + ((1/2) ∗ sf_O2));
delG = delH − (T_ref ∗ delS)

% Calculate reversible voltage

Er = − delG/(n ∗ F);

% Expression for reversible voltage at the inlet

E_in = Er − (R ∗ T_ref/(n ∗ F)) ∗ log((x_O2in^(−1/2)))

% Expression for reversible voltage at the outlet

E_out = Er − (R ∗ T_ref/(n ∗ F)) ∗ log((x_O2out^(−1/2)))
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2.6 Fuel Cell Reversible and Net Output Voltage

If the total energy based upon the higher heating value could be converted 
into electrical energy, then a theoretical potential of 1.48 V per cell could 
be obtained. The theoretical potential based upon the lower heating value 
is also shown. Because of the TΔS limitation, the maximum theoretical 
potential of the cell is 1.229 V. This is the voltage that could be obtained 
if the free energy could be converted entirely to electrical energy without 
any losses.

The maximum electrical energy output, and the potential difference 
between the cathode and anode, is achieved when the fuel cell is operated 
under the thermodynamically reversible condition. This maximum possi-
ble cell potential is the reversible cell potential. The net output voltage of 
a fuel cell at a certain current density is the reversible cell potential minus 
the irreversible potential that is discussed in this section, and can be 
written as10:

 V(i) = Vrev − Virrev (2-57)

where Vrev = Er is the maximum (reversible) voltage of the fuel cell, 
and Virrev is the irreversible voltage loss (overpotential) occurring at the 
cell.

The actual work in the fuel cell is less than the maximum useful work 
because of other irreversibilities in the process. These irreversibilities (irre-
versible voltage loss) are the activation potential (uact), ohmic overpotential 
(uohmic), and concentration overpotential (uconc). This is shown by the follow-
ing equation:

 Virrev = uact + uohmic + uconc (2-58)

The variables in Equation 2-58 are discussed in more detail in 
Chapters 3 through 5. Chapter 3 covers fuel cell electrochemistry and 
discusses activation potential, Chapter 4 covers fuel cell charge transport 
and discusses ohmic overpotential, and Chapter 5 covers fuel cell mass 
transport and concentration overpotential. Virrev in Equation 2-58 is substi-
tuted into Equation 2-57 to account for the irreversible voltage losses to 
obtain an accurate fuel cell net output voltage. Figure 2-5 illustrates the 
fuel cell voltage losses that need to be considered when designing fuel 
cells.

2.7 Theoretical Fuel Cell Effi ciency

The effi ciency of a chemical process must be evaluated differently than the 
conventional heat engine. Effi ciency can be defi ned in two ways:
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hΔG ≡ (actual useful work)/(maximum useful work) = (power × time)/ΔG

hΔH ≡ (actual useful work)/(maximum useful work) = (power × time)/ΔH

Since ΔG = ΔH − T ΔS, hΔH < hΔG for the same power output.
Effi ciency of an ideal fuel cell based upon heat content ΔH is obtained 

by dividing maximum work out by the enthalpy input, so the fuel cell 
effi ciency is

 hfuel_cell = ΔG/ΔH (2-59)

Using the standard free energy and enthalpy given previously (ΔG = 
−237.2 kJ/mol, ΔH = −285.8 kJ/mol) shows that the maximum thermody-
namic effi ciency under standard conditions is 83%.

The fuel cell directly converts chemical energy into electrical energy. 
The maximum theoretical effi ciency can be calculated using the following 
equation:

 hmax = 1 − T ∗ ΔS/ΔH (2-60)
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FIGURE 2-5. Hydrogen–oxygen fuel cell performance curve at equilibrium.
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Therefore, even an ideal fuel cell operating reversibly and isothermally 
will have an effi ciency ranging from 60% to 90%. The heat quantity T ΔS 
is exchanged with the surroundings.

The effi ciency is not a major function of device size. Energy consumed 
is measured in terms of the higher heating value of the fuel used. In other 
words, for hydrogen:

 η = = =power
power

n FV
n H

FVout

in

electrons output

hydrogen HHV

outp

Δ
2 uut

HHVHΔ
 (2-61)

where nelectrons and nhydrogen are the fl ow rates in moles per second, F is Far-
aday’s constant, Voutput is the voltage of the cell output, and ΔHHHV is 
−285.8 kJ/mol. The higher heating value enthalpy can be converted to an 
equivalent voltage of 1.481 V11 so that

 h = Voutput/1.481V (2-62)

This equivalent voltage concept is very useful in calculating effi ciency 
and waste heat. The waste heat generated is simply

 Q = nΔHHHV(1 − h) (2-63)

And the maximum effi ciency is a thermodynamically limited 83%. 
(If the assumption that water stays in the liquid form is incorrect, the waste 
heat that must be rejected decreases because the vaporization of water cools 
the stack.) Heat generation is curved in great detail in Chapter 6.

2.7.1 Energy Effi ciency
Fuel consumption rates can be calculated simply as a function of current 
density and Faraday’s constant:

 n n
i
FA reacted B reacted, ,= =

2
 (2-64)

The mass continuity of two reactants:

 nA,in = nA,reacted + nA,out (2-65)

where nA,in is the molar fl ow rate to the fuel cell, and nA,out is the molar 
fl ow rate from the fuel cell. The energy effi ciency of the fuel cell is

 n
W

n n HHVEnergy
FC

A reacted A out A

=
+ ×( ), ,

 (2-66)
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The fuel consumption rates are explained in greater detail in Chapters 
4 and 9, which includes calculations for all fuel cell operating conditions, 
and greater detail about the PEM fuel cell catalyst layer.

Chapter Summary

The study of thermodynamics and its relation to fuel cells is very important 
for predicting fuel cell performance. The determination of fuel cell poten-
tial and effi ciency depends heavily on the evaluation of thermodynamic 
properties. Some of the important properties explored in this chapter include 
the enthalpy, specifi c heat, entropy, Gibbs free energy, reversible voltage, 
net output voltage, and the fuel cell effi ciency. These thermodynamic con-
cepts allow one to predict states of the fuel cell system, such as potential, 
temperature, pressure, volume, and moles in a fuel cell. Learning and apply-
ing these concepts are the bases of all fuel cell modeling and analysis, and 
is essential for understanding the remainder of this book.

Problems

• Calculate the theoretical cell potential for a hydrogen–oxygen fuel cell 
operating at 50 °C with the reactant gases at 3 atm and 35 °C with liquid 
water as a product.

• Calculate and compare the differences in theoretical cell potential 
between three hydrogen–oxygen fuel cells: (1) operating at 25 °C and 
1 atm, (2) operating at 50 °C and 2 atm, and (3) operating at 75 °C and 
3 atm.

• Determine the inlet and outlet Nernst potential, as well as the associ-
ated Nernst loss for the following reaction:

H O H O l2 2 2
1
2

+ → ( )

 at a temperature of 80 °C and a pressure of 3 atm. Assume pure O2 and 
H2; the reaction product water is formed at the oxidant side.

• For the reaction in the above problem, what are the reversible cell effi -
ciency and the cell current effi ciency if the cell operates at a cell voltage 
of 0.65 V and a current of 0.7 A with a fuel fl ow of 4 mL/min?

• For the reaction given below, what is the amount of entropy generation, 
the amount of cell potential loss, and the amount of waste heat at 25 °C 
and 1 atm, if the cell operates at a cell voltage of 0.7 V?

H O H O l2 2 2
1
2

+ → ( )
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CHAPTER 3

Fuel Cell Electrochemistry

3.1 Introduction

The thermodynamic concepts covered in Chapter 2 allow one to calculate 
the theoretical performance for a fuel cell reaction potential difference 
between the anode and cathode, and the fuel cell energy conversion effi -
ciency. However, thermodynamics cannot provide information on how fast 
a reaction occurs in order to produce electric current, how reactants create 
products, how to predict the reaction rate to produce electric current in the 
cell, and how much energy loss occurs during the actual electrochemical 
reaction. This chapter covers the electrochemistry needed in order to predict 
or model basic electrode kinetics, activation overpotential, currents, and 
potentials in a fuel cell. The specifi c topics to be covered are:

• Basic electrokinetics concepts
• Charge transfer
• Activation polarization for charge transfer reations
• Electrode kinetics
• Voltage losses
• Internal currents and crossover currents

It is essential to understand the underlying reaction process occurring 
at the anode and cathode when modeling fuel cells. The electrochemical 
reactions control the rate of power generation, and are the cause of activa-
tion voltage losses. A lot of progress has been made in the area of electrode 
kinetics, but there is still a lot of work that needs to be developed in order 
to fully understand the actual complex anode and cathode kinetics. This 
chapter introduces the basics of electrochemical kinetics, and discusses 
activation polarization in detail.

3.2 Basic Electrokinetics Concepts

All electrochemical processes involve the transfer of electrons between an 
electrode and a chemical species with a change in Gibbs free energy. The 
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electrochemical reaction occurs at the interface between the electrode and 
the electrolyte, as shown in Figure 3-1.

The overall PEM fuel cell reactions were introduced in Chapter 1.2. 
Although these reactions do not seem overly complicated, the actual reac-
tions proceed through many steps and intermediate species. For example, 
for the anodic reaction, the following elementary reactions are important1:

 H2 ⇔ Had + Had (3-1)

 Had ⇔ H+ + e− (3-2)

The fi rst reaction is a dissociative chemisorption step known as a Tafel 
reaction, and the second reaction is a charge transfer “Volmer” reaction. 
Equation 3-1 suggests that the hydrogen fi rst absorbs on the electrode 
surface, and then dissociates into the H atoms. Equation 3-2 actually pro-
duces the proton and electron. The fi rst reaction takes into consideration 
that the reacting species must fi rst be absorbed on the electrode surface 

Electrolyte 
Layer

Catalyst Layer 
(Carbon supported 

catalyst)

Gas Diffusion Layer 
(Electrically 

conductive fibers)

Hydrogen

electronse- e-

H+

Water

FIGURE 3-1. Fuel cell electrochemical reactions at the electrolyte and electrode.
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before the chemical reaction can occur. The rate of the electrode reaction 
may be infl uenced by the diverse absorbed species and the number of vacant 
sites. The surface coverage can be defi ned as the fraction of the electrode 
surface covered by adsorbed species2:

 θi
i ad

j
i ad s

C

C
=

∑
,

,( )
 (3-3)

where “ad” is the species that is absorbed on the electrode surface, and “s” 
is the concentration, Ci,ad is at the saturation of the electrode surface. The 
reaction rate equations can be written more descriptively to include the 
metal adsorption sites (M)3:
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Therefore, the expression for the rate of reaction can be written as 
follows4:

 w″Had
 = −k2,fqH + k2,bCH+Ce−(1 − qH) (3-6)

where (1 − qH) is the metal surface not covered by adsorbed hydrogen. The 
equations presented in this section begin to illustrate some of the factors 
involved with the electrochemical reactions occurring at the electrode/
electrolyte interface.

3.3 Charge Transfer

The quickness of the electrochemical reaction to proceed is dependent 
upon the rate that electrons are created or consumed. Therefore, the current 
is a direct measure of the electrochemical reaction rate. From Faraday’s 
law, the rate of charge transfer is:

 i
dQ
dt

=  (3-7)

where Q is the charge and t is the time. If each electrochemical reaction 
results in the transfer of n electrons per unit of time, then

 
dN
dt

i
nF

=  (3-8)
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where dN/dt is the rate of the electrochemical reaction (mol/s) and F is 
Faraday’s constant (96,400 C/mol). Integrating this equation gives

 
0

t

idt Q nFN∫ = =  (3-9)

Equation 3-9 states that the total amount of electricity produced is 
proportional to the number of moles of material times the number of elec-
trons times Faraday’s constant.

EXAMPLE 3-1: Hydrogen Consumed and Current Produced

A hydrogen–oxygen fuel cell with the reaction

H2 + O2 → H2O

is operating at 60 °C and 3 atm. The fuel cell runs for 120 hours. How 
much current does the fuel cell produce at a fl ow rate of 5 sccm? How 
many moles of H2 are consumed?

H2 can be treated as an ideal gas; the molar fl ow rate is related to 
the volumetric fl ow rate via the ideal gas law:

dN
dt

P dV dt
RT

=
( / )

dN
dt

atm L
L atm molK K

=
×

×
= ×

3 0 005
333 15

5 49 10
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.

min)
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−−4 2molH
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Since 2 moles of electrons are transferred for every mole of H2 gas 
reacted, n = 2.

i nF
dN
dt
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s
A= = × ∗ ×⎛
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The total amount of electricity produced is calculated by integrat-
ing the current load over the operation time.

Q i t A hours
hr

Ctot = = ∗ ∗⎛
⎝

⎞
⎠ =1 1 1 77 120

3600
762( . ) ,

sec
1

900

The total number of moles of H2 processed by the fuel cell is
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N
Q
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Using MATLAB to solve:

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

% EXAMPLE 3-1: Calculating the Enthalpy of Water

% UnitSystem SI

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

% Inputs

R = 0.082; % Ideal gas constant (L/atm/molK)
T = 333.15; % Temperature
dV_dt = 0.005; % Volumetric fl ow rate (L/min)
P = 3; % atm
n = 2; % mol e- per mole fuel
F = 96487; % Faraday’s constant
T = 120 ∗ 3600; % Convert to seconds

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

% Convert volumetric fl ow rate to molar fl ow rate

dN_dt = P ∗ dV_dt/(R ∗ T);

% Calculate the total current

i = n ∗ F ∗ dN_dt ∗ (1/60);

% Total amount of electricity produced

Q = i ∗ t

% The total number of moles of hydrogen

N_H2 = Q/(n ∗ F)

3.4 Activation Polarization for Charge Transfer Reactions

An electrochemical reaction occurring at the electrode takes the following 
form:

 Ox e Rek+ ← →⎯  (3-10)

where Ox is the oxidized form of the chemical species, and Re is the 
reduced form of the chemical species. If the potential of the electrode 
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is made more negative than the equilibrium potential, the reaction will 
form more Re. If the potential of the electrode is more positive than the 
equilibrium potential, it will create more Ox5. The forward and backward 
reactions take place simultaneously. The reactant consumption is pro-
portional to the surface concentration6. For the forward reaction, the 
fl ux is:

 jf = kfCOx (3-11)

where kf is the forward reaction rate coeffi cient, and COx is the surface 
concentration of the reactant species.

The backward reaction of the fl ux is described by:

 jB = kbCRd (3-12)

where kb is the backward reaction rate coeffi cient, and CRd is the surface 
concentration of the reactant species.

These reactions either consume or release electrons. The net current 
generated is the difference between the electrons released and consumed7:

 i = nF(kfCOx − kbCRd) (3-13)

The net current should equal zero at equilibrium because the reaction 
will proceed in both directions simultaneously at the same rate8. This reac-
tion rate at equilibrium is called the exchange current density, which can 
be expressed as:

 K
k
k

C
C

f

b

B

A

= =  (3-14)

3.5 Electrode Kinetics

Most rate constants in electrolyte reactions vary with temperature where 
ln k is 1/T. The fi rst person to recognize this relationship was Arrhenius, 
who said that it can expressed in the following form:

 k A
E

RT
A= −⎛

⎝
⎞
⎠exp  (3-15)

where EA is the activation energy and represents an energy barrier of height 
EA. The exponential expresses the probability of overcoming the energy 
barrier, and A is related to the number of attempts to overcome the barrier. 
According to the Transition State Theory, an energy barrier needs to be 
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overcome for the reaction to proceed10. An illustration of the Gibbs free 
energy function with the distance from the interface is shown in Figure 
3-2. The magnitude of the energy barrier to be overcome is equal to the 
Gibbs free energy change between the reactant and product11. The height 
of the maximum is identifi ed as the activation energy for the forward (EA,f) 
or backward (EB,f) reaction, respectively.

EA is also known as the standard internal energy when the transition 
between the minima and maxima occurs—which is during the transition 
state. If EA is designated as the standard internal energy of activation ΔE, 
then the standard enthalpy of activation, ΔH, can be expressed as ΔE = 
Δ(PV). Since Δ(PV) is usually negligible, ΔH ~ ΔE. When the standard 
enthalpy of activation is introduced into the equation:

 k A
H T S
RT
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⎞
⎠⎟exp

Δ Δ
 (3-16)

Then:
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FIGURE 3-2. Gibbs free energy change compared with distance from the 
interface9.
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where ΔG is the standard free energy of activation when considering the 
reaction, where the substances are at thermal equilibrium.

The concentration of each substance can be calculated from the stan-
dard energies of activation. For each substance12:
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 (3-18)

where C0 is the concentration of the standard-state, and aA and a ± are 
the dimensionless activity coeffi cients for A and the standard-state, 
respectively.

The activated complexes decay into A or B according to a rate con-
stant, k, and can be grouped into four categories13:

1. Those created from A, and converting back into A
2. Those converting into B
3. Those converting into A
4. Those created from B, converting back to A

The rate of transforming A into B can be expressed as:

 kf[A] = fABk′[Complex] (3-19)

where k′ is the combined rate constant. This can apply also for B convert-
ing to A. Since kf[A] = kb[B] at equilibrium, fAB and fBA should ideally be the 
same; therefore, they can be estimated to each be 1/2. If Equation 3-18 is 
substituted into Equation 3-19, then13:

 k
k G

RTf
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2

exp
Δ  (3-20)

where k is the transmission coeffi cient and represents the fractions fAB 

and fBA. The quantity 
κk
2

 depends upon the shape of the energy surface 

in the region of the complex, but for simple cases, this can be estimated 
using Boltzmann’s and Plank’s constants, and expressed in the following 
form:

 k
k T

h
G

RT
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−⎛
⎝⎜

⎞
⎠⎟exp

Δ
 (3-21)

where kB is the Boltzmann’s constant (1.38049 × 10−23 J/K), h is Plank’s 
constant (6.621 × 10−34 Js), and ΔG is the Gibbs energy of activation (kJ/mol). 
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Equation 3-21 is valid for a system at a certain temperature and pressure 
and is not dependent upon reactant and product concentrations. The change 
in Gibbs free energy due to the reaction equilibrium is illustrated in 
Figure 3-3.

3.5.1 Butler-Volmer Model of Electrode Kinetics
The potential of an electrode affects the kinetics of reactions occurring at 
its surface. The way that kf and kb depend upon potential can be used to 
control reactivity. In the previous section, it was illustrated that reactions 
can be visualized in terms of reaction progress on an energy surface. When 
electrodes are considered, the shape of the surface is a function of electrode 
potential.

If the potential is changed to a new value, ΔE, the relative energy of 
the electron on the electrode changes by −FΔE = −F(E − E0); therefore, the 
curve moves up or down that amount. Figure 3-4 shows the effect for a 
positive E. The Gibbs free energy can be considered to consist of both 
chemical and electrical terms because it occurs in the presence of an elec-
trical fi eld13,14. For a reduction reaction:

 ΔG = ΔGAC + aRdFE (3-22)

For an oxidation reaction:

 ΔG = ΔGAC − aOxFE (3-23)

where ΔGAC is the activated complex of the Gibbs free energy, a is the 
transfer coeffi cient, F is Faraday’s constant, and E is the potential.

The transfer coeffi cient is a measure of symmetry of the energy barrier. 
This can be illustrated by considering the geometry of the curves at the 
intersection region as shown in Figure 3-5. The angles can be defi ned by15:

 tan q = aFE/x (3-24)

 tan f = (1 − a)FE/x (3-25)

Therefore,

 α θ
φ θ

=
+

tan
tan tan

 (3-26)

If the intersection is symmetrical or at equilibrium, f = q and a = 1/2. 
If the reaction is not at equilibrium, 0 ≤ a < 1/2 or 1/2 < a ≤ 1.

There is some confusion in the literature between the transfer coef-
fi cient (a) and the symmetry factor (b). The symmetry factor is typically 
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FIGURE 3-3. Gibbs free energy change due to the reaction equilibrium16.
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used for single-step reactions, but since the typical process is multistep, an 
experimental parameter called the transfer coeffi cient18 is used.

The value of a is typically between 0 and 1, and more specifi cally, 
between 0.3 to 0.7 for most electrochemical reactions depending upon the 
activation barrier19. The transfer coeffi cient is usually approximated by 0.5 
in the absence of actual measurements. The relationship between aRd and 
aox is

 α αRd Ox
times

n
v

− =  (3-27)

where n is the number of electrons transferred, and vtimes is the number of 
times the stoichiometric step must take place for the reaction to occur20.

The forward and backward oxidation reaction rate coeffi cients are

 k k
FE

RTf f
Rd=

−⎡
⎣⎢

⎤
⎦⎥0, exp

α
 (3-28)
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 k k
FE

RTb b
Ox= −⎡

⎣⎢
⎤
⎦⎥0, exp

α
 (3-29)

If these equations are introduced into Equation 3-7, the net current 
is

 i nF k C
FE

RT
k C

FE
RTf Ox

Rd
b Rd

Ox=
−⎡

⎣⎢
⎤
⎦⎥

− ⎡
⎣⎢

⎤
⎦⎥{ }0 0, ,exp exp

α α
 (3-30)

Since the reaction proceeds in both directions simultaneously, the net 
current at equilibrium is equal to zero22. The exchange current density is 
the rate at which these reactions proceed at equilibrium:

 i nFk C
FE

RT
nFk C

FE
RTf Ox

Rd r
b Rd

Ox r
0 0 0=

−⎡
⎣⎢

⎤
⎦⎥

=
−⎡

⎣⎢
⎤
⎦⎥, ,exp exp

α α
 (3-31)

The exchange current density measures the readiness of the electrode 
to proceed with the chemical reaction. It is a rate constant for electro-
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chemical reactions, and is a function of temperature, catalyst loading, and 
catalyst-specifi c surface area. The higher the exchange current density, the 
lower the barrier is for the electrons to overcome, and the more active the 
surface of the electrode. The exchange current density can usually be deter-
mined experimentally by extrapolating plots of log i versus uact to uact = 0. 
The higher the exchange current density, the better the fuel cell perfor-
mance. The effective exchange current density at any temperature and 
pressure is given by the following equation:

 i i a L
P

P
E
RT

T
T

ref
c c

r

r
ref

c

ref
0 0 1= ⎛

⎝⎜
⎞
⎠⎟ − −⎛

⎝⎜
⎞
⎠⎟

⎡
⎣⎢

⎤
⎦⎥

γ

exp  (3-32)

where i0
ref is the reference exchange current density per unit catalyst surface 

area (A/cm2), ac is the catalyst-specifi c area, Lc is the catalyst loading, Pr is 
the reactant partial pressure (kPa), Pr

ref is the reference pressure (kPa), g is 
the pressure coeffi cient (0.5 to 1.0), Ec is the activation energy (66 kJ/mol 
for O2 reduction on Pt), R is the gas constant [8.314 J/(mol ∗ K)], T is the 
temperature, K, and Tref is the reference temperature (298.15 K).

Manipulating these equations slightly gives the current-overpotential 
equation:

 i i
C
C

nF RT
c

c
nF RTR

R
act

P

p

act= − − −0 0 0
1

*
*

exp
*

*
exp(( /( )) ( ) /( ))α υ α υ  (3-33)

where cR* and cP* are arbitrary concentrations, and i0 is measured as the 
reference reactant and product concentration values cR

0* and cP
0*. The fi rst 

term describes the cathodic compartment at any potential, and the next 
term gives the anodic contribution. Sometimes this equation is called the 
Butler-Volmer equation, although the most common form of the Butler-
Volmer equation is shown by Equation 3-33.

If the currents are kept low so that the surface concentrations do not 
differ much from the bulk values, then the Butler-Volmer equation 
becomes:

 i i
F E E
RT

F E E
RT

Rd r Ox x=
− −⎡

⎣⎢
⎤
⎦⎥

−
−⎡

⎣⎢
⎤
⎦⎥{ }0 exp exp

α α( ) ( )
 (3-34)

The Butler-Volmer equation is valid for both anode and cathode reac-
tion in a fuel cell. It states that the current produced by an electrochemical 
reaction increases exponentially with activation overpotential23. This equa-
tion also says that if more current is required from a fuel cell, voltage will 
be lost. The Butler-Volmer equation applies to all single-step reactions, and 
some modifi cations to the equation must be made in order to use it for 
multistep approximations.
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If the exchange current density is low, the kinetics become sluggish, 
and the activation overpotential will be larger for any particular net current 
as shown in Figure 3-6. If the exchange current is very large, the system 
will supply large currents with insignifi cant activation overpotential. If a 
system has an extremely small exchange current density, no signifi cant 
current will fl ow unless a large activation overpotential is applied. The 
exchange current can be viewed as an “idle” current for charge exchange 
across the interface. If only a small net current is drawn from the fuel cell, 
only a tiny overpotential will be required to obtain it. If a net current is 
required that exceeds the exchange current, the system has to be driven to 
deliver the charge at the required rate, and this can only be achieved by 
applying a signifi cant overpotential. When this occurs, this is a measure of 
the system’s ability to deliver a net current with signifi cant energy loss.

The Butler-Volmer equation can also be written as:

 i i
nF
RT

i
nF
RT

act act= ⎡
⎣⎢

⎤
⎦⎥

− ⎡
⎣⎢

⎤
⎦⎥0 0exp exp

α υ α υ
 (3-35)
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where i is the current density per unit catalyst surface area (A/cm2), i0 is the 
exchange current density per unit catalyst surface area (A/cm2), uact is the 
activation polarization (V), n is the number electrons transferred per reaction 
(−), R is the gas constant [8.314 J/(mol ∗ K)], and T is the temperature (K). The 
transfer coeffi cient is the change in polarization that leads to a change in 
reaction rate for fuel cells and is typically assumed to be 0.5. Figure 3-7 
illustrates the effect of the transfer coeffi cient on the activation losses.

When a = 0.5, the equation can be rearranged to give:

 i i
nF

RT
act= ⎡

⎣⎢
⎤
⎦⎥

2
2

0 sin h
α υ

 (3-36)

In order to obtain the activation polarization based upon the Butler-
Volmer equation; the equation needs to be rearranged to give υact:

 υact
RT
nF

i
i

= ⎡
⎣⎢

⎤
⎦⎥

−2
2

1

0

sin h  (3-37)
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Therefore, the activation polarization is expected to increase more 
rapidly at low current densities, and less at higher current densities.

3.6 Voltage Losses

Typical voltage losses seen in a fuel cell are illustrated in Figure 3-8. The 
single fuel cell provides a voltage dependent on operating conditions such 
as temperature, applied load, and fuel/oxidant fl ow rates. As fi rst shown in 
Chapter 2, the standard measure of performance for fuel cell systems is the 
polarization curve, which represents the cell voltage behavior against oper-
ating current density.

When electrical energy is drawn from the fuel cell, the actual cell 
voltage drops from the theoretical voltage due to several irreversible loss 
mechanisms. The loss is defi ned as the deviation of the cell potential (Virrev) 
from the theoretical potential (Vrev) as fi rst mentioned in Chapter 2.

 V(i) = Vrev − Virrev (3-38)

The actual voltage of a fuel cell is lower than the theoretical model 
due to species crossover from one electrode through the electrolyte and 
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internal currents. The three major classifi cations of losses that result in 
the drop from open-circuit voltage is (1) activation polarization, (2) ohmic 
polarization, and (3) concentration polarization24. Therefore, the operating 
voltage of the cell can be represented as the departure from ideal voltage 
caused by these polarizations:

 V(i) = Vrev − uact_anode − uact_cath − uohmic − uconc_anode − uconc_cath (3-39)

where uact, uohmic, uconc represent activation, ohmic (resistive), and mass 
concentration polarization. As seen in Equation 3-39, activation and 
concentration polarization occur at both the anode and cathode, while 
the resistive polarization represents ohmic losses throughout the fuel 
cell.

The equation for the fuel cell polarization curve is the relationship 
between the fuel cell potential and current density, as illustrated in Figure 
3-9, and can be written as:
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The shorter version of the equation is

 E E
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 (3-41)

The voltage overpotential required to overcome the energy barrier for 
the electrochemical reaction to occur is activation polarization. As described 
previously this type of polarization dominates losses at low current density 
and measures the catalyst effectiveness at a given temperature. This type 
of voltage loss is complex because it involves the gaseous fuel, the solid 
metal catalyst, and the electrolyte. The catalyst reduces the height of the 
activation barrier, but a loss in voltage remains due to the slow oxygen 
reaction. The total activation polarization overpotential often ranges from 
0.1 to 0.2 V, which reduces the maximum potential to less than 1.0 V even 
under open-circuit conditions25. Activation overpotential expressions can 
be derived from the Butler-Volmer equation. The activation overpotential 
increases with current density and can be expressed as:

 ΔV E E
RT

F
i
i

act r= − = ⎛
⎝⎜

⎞
⎠⎟α

ln
0

 (3-42)

where i is the current density, and i0, is the reaction exchange current 
density.
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The activation losses can also be expressed simply as the Tafel 
equation:

 ΔVact = a + b ln(i) (3-43)

where

a
RT

F
i b

RT
F

= − = −
α α

ln and( )0

The equation for the anode and cathode activation overpotential can 
be represented by:

 υ υ
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 (3-44)

where n is the number of exchange protons per mole of reactant, F is 
Faraday’s constant, and a is the charge transfer coeffi cient used to describe 
the amount of electrical energy applied to change the rate of the electro-
chemical reaction26. The exchange current density, io, is the electrode activ-
ity for a particular reaction at equilibrium. In PEM fuel cells, the anode io 
for hydrogen oxidation is very high compared to the cathode io for oxygen 
reduction; therefore, the cathode contribution to this polarization is often 
neglected. Intuitively, it seems like the activation polarization should 
increase linearly with temperature based upon Equation 3-44, but the 
purpose of increasing temperature is to decrease activation polarization. In 
Figure 3-9, increasing the temperature would cause a voltage drop within 
the activation polarization region.

The ohmic and concentration polarization regions are discussed in 
detail in Chapter 4 (Fuel Cell Charge Transport) and Chapter 5 (Fuel Cell 
Mass Transport), respectively.

EXAMPLE 3-2: Using the Activation Overpotential Equation

Use the activation overpotential equation derived from the Butler-Volmer 
equation to calculate and plot the activation losses for a fuel cell operat-
ing at a current density of 0.7 A/cm2, a = 0.5, and an exchange current 
density of 10−6.912 at (1) a temperature range from 300 to 400 K and (2) a 
current density from 0 to 1 A at increments of 0.01 and a temperature 
of 300 K.

The activation overpotential equation derived from the Butler-
Volmer equation is:

ΔV
RT

F
i
i

act = ⎛
⎝⎜

⎞
⎠⎟α

ln
0

Using MATLAB to solve:



Fuel Cell Electrochemistry 67

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

% EXAMPLE 3-2: Using the Activation Overpotential Equation

% UnitSystem SI

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

% Inputs
R = 8.314; % Ideal gas constant (J/molK)
F = 96 487; % Faraday’s constant
Alpha = 0.5; % Transfer coeffi cient
io = 10^-6.912; % Exchange current density

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

% Part a: Constant Current Density of 0.7 A with a temperature 
range from
i = 0.7; % Current
T = 300:400; % Temperature

% Activation Losses
B = R .∗ T./(2 .∗ Alpha .∗ F);
V_act = b .∗ log10(i./io); % Tafel equation
fi gure1 = fi gure(‘Color’,[1 1 1]);
hdlp = plot(T,V_act);
title(‘Activation Losses as a Function of Temperature’,‘FontSize’,14,‘FontWeight’,

‘Bold’)
xlabel(‘Temperature (K)’,‘FontSize’,12,‘FontWeight’,‘Bold’);
ylabel(‘Activation Loss (Volts)’,‘FontSize’,12,‘FontWeight’,‘Bold’);
set(hdlp,‘LineWidth’,1.5);
grid on;

% Part b: Constant temperature of 300 K with a current density 
range from

% 0-1 A
i2 = 0:0.01:1; % range of current
T2 = 300; % Temperature

% Activation Losses
b2 = R .∗ T2./(2 .∗ Alpha .∗ F);
V_act2 = b2 .∗ log10(i2 ./ io); % Tafel equation
fi gure2 = fi gure(‘Color’,[1 1 1]);
hdlp = plot(i2,V_act2);
title(‘Activation Losses as a Function of Current Density’,‘FontSize’,14,‘FontWeight’,

‘Bold’)
xlabel(‘Current density (A/cm^2)’,‘FontSize’,12,‘FontWeight’,‘Bold’);
ylabel(‘Activation Loss (Volts)’,‘FontSize’,12,‘FontWeight’,‘Bold’);
set(hdlp,‘LineWidth’,1.5);
grid on;
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Figures 3-9 and 3-10 generated from the code in Example 3-2.
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FIGURE 3-9. Activation losses as a function of temperature.

EXAMPLE 3-3: Calculating the Voltage Losses for a 
Polarization Curve

A 25-cm2 active area hydrogen–air fuel cell stack has 20 cells, and oper-
ates at a temperature of 60 °C. Both the hydrogen and air are fed to the 
fuel cell at a pressure of 3 atm. Create the polarization and fuel cell 
power curve for this fuel cell stack.

Some useful parameters for creating the polarization curve are: 
the transfer coeffi cient, a, is 0.5, the exchange current density, i0, is 
10−6.912 A/cm2, the limiting current density, iL, is 1.4 A/cm2, the amplifi -
cation constant (a1) is 0.085, the Gibbs function in liquid form, Gf,liq, is 
−228,170 J/mol, the constant for mass transport, k, is 1.1, and the inter-
nal resistance, R, is 0.19 Ωcm2. The theoretical voltage, activation losses, 
ohmic losses, and concentration losses will need to be calculated for this 
example. The basic calculations for ohmic and concentration losses will 
be introduced in this example, but will be discussed in further detail in 
Chapters 4 and 5.
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(a)  The fi rst step in creating the polarization curve is to calculate 
the Nernst voltage and voltage losses. To calculate the Nernst 
voltage for this example, the partial pressures of water, hydro-
gen, and oxygen will be used. First calculate the saturation 
pressure of water:

log P T T TH O c c c2 2 1794 0 02953 9 1837 10 1 4454 105 2 7 3= − + ∗ − × ∗ + × ∗− −. . . .

llog PH O2 2 1794 0 02953 60 9 1837 10 60
1 4454 10 60

5 2

7

= − + ∗ − × ∗ +
× ∗

−

−

. . .
. 33 0 467= .

Calculate the partial pressure of hydrogen:

pH2
 = 0.5 ∗ (PH2

/exp(1.653 ∗ i/(TK
1.334))) − PH2O = 1.265

Calculate the partial pressure of oxygen:

pO2
 = (Pair/exp(4.192 ∗ i/(TK

1.334))) − PH2O = 2.527
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FIGURE 3-10. Activation losses as a function of current density.
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The voltage losses will now be calculated. The activation losses are 
estimated using the Tafel equation:

V b
i
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b
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F
act

o

= − ∗ ⎛
⎝⎜

⎞
⎠⎟ =

∗
∗ ∗

log where
2 α

The ohmic losses (see Chapter 4) are estimated using Ohm’s law:

Vohmic = −(i ∗ r)

The mass transport (or concentration losses—see Chapter 5) can be 
calculated using the following equation:
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i
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To insure that there are no negative values calculated for Vconc 
for the MATLAB program, the mass transport losses will only be 

calculated if 1 0− ⎛
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i
iL

, else Vconc = 0.

The Nernst voltage can be calculated using the following 
equation:
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Since all of the voltage losses had a (−) in front of each equation, 
the actual voltage is the addition of the Nernst voltage plus the voltage 
losses:

V = ENernst + Vact + Vohmic + Vconc

Using MATLAB to solve:

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

% EXAMPLE 3-3: Calculating the Voltage Losses for a 
Polarization Curve

% UnitSystem SI

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

% Inputs

R = 8.314; % Ideal gas constant (J/molK)
F = 96487; % Faraday’s constant (Coulombs)
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Tc = 80; % Temperature in degrees C
P_H2 = 3; % Hydrogen pressure in atm
P_air = 3; % Air pressure in atm
A_cell=100; % Area of cell
N_cells=90; % Number of Cells
r = 0.19; % Internal Resistance (Ohm-cm^2)
Alpha = 0.5; % Transfer coeffi cient
Alpha1 = 0.085; % Amplifi cation constant
io = 10^-6.912; % Exchange Current Density (A/cm^2)
il = 1.4; % Limiting current density (A/cm2)
Gf_liq = −228170; % Gibbs function in liquid form (J/mol)
k = 1.1; % Constant k used in mass transport

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

% Convert degrees C to K

Tk = Tc + 273.15;

% Create loop for current

loop = 1;
i = 0;
for N = 0:150
i = i + 0.01;

% Calculation of Partial Pressures

% Calculation of saturation pressure of water

x = −2.1794 + 0.02953 .∗ Tc-9.1837 .∗ (10.^-5) .∗ (Tc.^2) + 1.4454 .∗ (10.^-
7) .∗ (Tc.^3);

P_H2O = (10.^x)

% Calculation of partial pressure of hydrogen

pp_H2 = 0.5 .∗ ((P_H2)./(exp(1.653 .∗ i./(Tk.^1.334)))-P_H2O)

% Calculation of partial pressure of oxygen

pp_O2 = (P_air./exp(4.192 .∗ i/(Tk.^1.334)))-P_H2O

% Activation Losses

b = R .∗ Tk./(2 .∗ Alpha .∗ F);
V_act = -b .∗ log10(i./io); % Tafel equation

% Ohmic Losses

V_ohmic = -(i .∗ r);



72 PEM Fuel Cell Modeling and Simulation Using MATLAB®

% Mass Transport Losses

term = (1-(i./il));
if term > 0
V_conc = Alpha1 .∗ (i.^k) .∗ log(1-(i./il));
else
V_conc = 0;
end

% Calculation of Nernst voltage

E_nernst = -Gf_liq./(2 .∗ F) − ((R .∗ Tk) .∗ log(P_H2O./(pp_H2 .∗ (pp_O2.^0.5))))./
(2 .∗ F)

% Calculation of output voltage

V_out = E_nernst + V_ohmic + V_act + V_conc;
if term < 0
V_conc = 0;
break
end
if V_out < 0
V_out = 0;
break
end
fi gure(1)
title(‘Fuel cell polarization curve’)
xlabel(‘Current density (A/cm^2)’);
ylabel(‘Output voltage (Volts)’);
plot(i,V_out,’*’)
grid on
hold on
disp(V_out)

% Calculation of power

P_out = N_cells .∗ V_out .∗ i .∗ A_cell;
fi gure(2)
title(‘Fuel cell power’)
xlabel(‘Current density (A/cm^2)’);
ylabel(‘Power(Watts)’);
plot(i,P_out,’*’);
grid on
hold on
disp(P_out);
end
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FIGURE 3-11. Polarization curve generated in MATLAB for Example 3-3.

Figures 3-11 and 3-12 are the polarization and power curve generated 
from the code for Example 3-3. This polarization curve will not exactly 
match the actual polarization curve for this fuel cell stack—but it is a good 
start. The topics and code introduced in Chapters 7–10 will add to these 
basic concepts, and will enable one to create even more accurate polariza-
tion curves.

3.7 Internal Currents and Crossover Currents

Although it is typically assumed that the electrolyte is not electrically 
conductive and impermeable to gases, some hydrogen and electrons diffuse 
through the electrolyte. The hydrogen molecules that diffuse through the 
electrolyte result in a decrease in the actual electrons that travel to the 
load. These losses are usually very small during fuel cell operation, but can 
be signifi cant when the fuel cell operates at low current densities, or when 
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it is at open circuit voltage. If the total electrical current is the sum of the 
current that can be used and the current that is lost, then:

 i = iext + iloss (3-45)

The current density (A/cm2) in the fuel cell is i = i/A. If the total 
current density is used in Equation 3-42, then:

 E E
RT

F
i i

i
r

ext loss= −
+⎛

⎝⎜
⎞
⎠⎟α

ln
0

 (3-46)

Hydrogen crossover and internal currents have different effects in the 
fuel cell. Hydrogen that diffuses through the electrolyte typically will form 
water and reduce the cell potential. Hydrogen crossover is a function of 
the electrolyte properties, such as permeability, thickness, and partial 
pressure27.
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FIGURE 3-12. Power curve generated in MATLAB for Example 3-3.
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Chapter Summary

Understanding the reactions at the fuel cell anode and cathode is critical 
when modeling fuel cells. This chapter covered the basic electrochemistry 
needed to predict electrode kinetics, activation losses, currents, and poten-
tials in a fuel cell. The electrochemical reactions control the rate of power 
generation and are the main cause of activation voltage losses. The activa-
tion overvoltage is the voltage loss due to overcoming the catalyst activa-
tion barrier in order to convert products into reactants. The equations 
presented in this chapter help to predict how fast the reactants are con-
verted into electric current, and how much energy loss occurs during the 
actual electrochemical reaction. In order to calculate the actual fuel cell 
voltage, the concepts in this chapter will be combined with the fuel cell 
charge and mass transport concepts in Chapters 4 and 5.

Problems

• (a) If a portable electronic device draws 2 A of current at a voltage of 
12 V, what is the power requirement for the device? (b) You would like 
to design a device to have an operating lifetime of 72 hours. Assuming 
100% fuel utilization, what is the minimum amount of H2 fuel (in 
grams) required?

• A hydrogen–air fuel cell has the following polarization curve parameters: 
i0 = 0.005, a = 0.5, and Ri = 0.20 Ohm-cm2. The fuel cell operates at 60 °C 
and 2 bar. (a) Calculate the cell voltage at 0.7 A/cm2. (b) Calculate the 
voltage gain if the cell is going to be operated at 3 bar.

• Calculate the expected current density at 0.65 V if an MEA is prepared 
with a catalyst-specifi c area of 600 cm2/mg and with Pt loading of 1 mg/
cm2, where the cell operates at 50 °C and 200 kPa. The cathode exchange 
current density is 1 × 10−10 A/cm2 of platinum surface. What potential 
gain may be expected at the same current density if the Pt loading on 
the cathode is increased to 2 mg/cm2?

• A hydrogen/air fuel cell operates at 25 °C and 1 atm. The exchange 
current density at these conditions is 0.002 mA/cm2 of the electrode 
area. Pt loading is 0.5 mg/cm2 and the charge transfer coeffi cient is 0.5. 
The electrode area is 16 cm2. (a) Calculate the theoretical fuel cell poten-
tial at these conditions. (b) The open-circuit voltage for this fuel cell is 
1.0 V. Calculate the current density loss due to hydrogen crossover or 
internal currents.

• What is the limiting current density of a 100-cm2 fuel cell with a hydro-
gen fl ow rate of 1 g/s?
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CHAPTER 4

Fuel Cell Charge Transport

4.1 Introduction

The electrochemical reactions that occur in the fuel cell catalyst layers are 
one of the most important concepts to understand when trying to model a 
fuel cell. In addition to the activation losses, there are also losses during 
the transport of charge through the fuel cell. Electronic charge transport 
describes the movement of charges from the electrode where they are pro-
duced, to the load where they are consumed. The two major types of 
charged particles are electrons and ions, and both electronic and ionic losses 
occur in the fuel cell. The electronic loss between the bipolar, cooling, and 
contact plates is due to the degree of contact that the plates make with 
each other due to the compression of the fuel cell stack. Ionic transport is 
far more diffi cult to predict and model than fuel cell electron transport. 
The ionic charge losses occur in the fuel cell membrane when H+ ions travel 
through the electrolyte. This chapter will cover the fuel cell electronic and 
ionic charge transport and voltage losses due to transport resistance. The 
specifi c topics to be covered are:

• Voltage loss due to charge transport
• Electron conductivity of metals
• Ionic conductivity of polymer electrolytes

Charge transport resistance results in a voltage loss for fuel cells called 
ohmic loss. Common methods of reducing ohmic losses include making 
electrolytes as thin as possible, and employing high conductivity materials 
that are well connected to each other.

4.2 Voltage Loss Due to Charge Transport

Every material has an intrinsic resistance to charge fl ow. The material’s 
natural resistance to charge fl ow causes ohmic polarization, which results 
in a loss in cell voltage. All fuel cell components contribute to the total 
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electrical resistance in the fuel cell, including the electrolyte, the catalyst 
layer, the gas diffusion layer, bipolar plates, interface contacts, and terminal 
connections. The reduction in voltage is called “ohmic loss,” and includes 
the electronic (Relec) and ionic (Rionic) contributions to fuel cell resistance. 
This can be written as:

 uohmic = iRohmic = i(Relec + Rionic) (4-1)

Rionic dominates the reaction in Equation 4-1 because ionic transport 
is more diffi cult than electronic charge transport. Rionic represents the ionic 
resistance of the electrolyte, and Relec includes the total electrical resistance 
of all other conductive components, including the bipolar plates, cell inter-
connects, and contacts.

The material’s ability to support the fl ow of charge through the mate-
rial is its conductivity. The electrical resistance of the fuel cell components 
is often expressed in the literature as conductance (s), which is the recipro-
cal of resistance:

 σ =
i

Rohmic

 (4-2)

where the total cell resistance (Rohmic) is the sum of the electronic and ionic 
resistance. Resistance is characteristic of the size, shape, and properties of 
the material, as expressed by Equation 4-3:

 R
L
A

cond

cond

=
σ

 (4-3)

where Lcond is the length (cm) of the conductor, Acond is the cross-sectional 
area (cm2) of the conductor, and s is the electrical conductivity (ohm−1 cm−1). 
The current density, j, (A/cm2), can be defi ned as:

 j
i

Acell

=  (4-4)

or

 j = ncarriersqndrift = sx (4-5)

where Acell is the active area of the fuel cell, ncarriers is the number of charge 
carriers (carriers/cm3), q is the charge on each carrier (1.6 × 10−19 C), vdrift is 
the average drift velocity (cm/s) where the charge carriers move, and x is 
the electric fi eld. The general equation for conductivity is:

 σ ν
ξ

= nq  (4-6)



Fuel Cell Charge Transport 79

The term 
v
ξ

 can be defi ned as the mobility, ui. A more specifi c 

equation for material conductivity can be characterized by two major 
factors: the number of carriers available, and (2) the mobility of those car-
riers in the material, which can be written as:

 si = (|zi| ∗ F) ∗ ci ∗ ui (4-7)

where ci is the number of moles of charge carriers per unit volume, ui is 
the mobility of the charge carriers within the material, zi is the charge 
number (valence electrons) for the carrier, and F is Faraday’s constant.

Fuel cell performance will improve if the fuel cell resistance is 
decreased. The fuel cell resistance changes with area. When studying ohmic 
losses, it is helpful to compare resistances on a per-area basis using current 
density. Ohmic losses can be calculated from current density using Equa-
tion 4-8:

 uohmic = j(ASRohmic) = j(AcellRohmic) (4-8)

where ASRohmic is area-specifi c resistance of the fuel cell. The conduction 
mechanisms are different for electronic versus ionic conduction. In a metal-
lic conductor, valence electrons associated with the atoms of the metal 
become detached and are free to move around in the metal. In a typical 
ionic conductor, the ions move from site to site, hopping to ionic charge 
sites in the material. The number of charge carriers in an electronic con-
ductor is much higher than an ionic conductor. Electron and ionic transport 
is shown in Figures 4-1 and 4-2.
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FIGURE 4-1. Electron transport in a metal.
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FIGURE 4-2. Ionic transport in a polymer membrane.

Therefore, with increasing land area, or decreasing channel area, the 
contact resistance losses will decrease and the voltage for a given current 
will be higher. This concept is illustrated in Figure 4-3.

As mentioned previously, one of the most effective ways for reducing 
ohmic loss is to either use a better ionic conductor for the electrolyte layer, 
or a thinner electrolyte layer. Thinner membranes are advantageous for 
PEM fuel cells because they keep the anode electrode saturated through 
“back” diffusion of water from the cathode. At very high current densities 
(fast fl uid fl ows), mass transport causes a rapid dropoff in the voltage, 
because oxygen and hydrogen simply cannot diffuse through the electrode 
and ionize quickly enough, therefore, products cannot be moved out at the 
necessary speed1.

Since the ohmic overpotential for the fuel cell is mainly due to ionic 
resistance in the electrolyte, this can be expressed as:

 υ δ
σ

δ
σohmic ohmic cell

thick

fuelcell

thickiR jA
A

j
= = ⎛

⎝⎜
⎞
⎠⎟

=  (4-9)
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where Acell is the active area of the fuel cell, dthick is the thickness of the 
electrolyte layer, and s is the conductivity. As seen from Equation 4-9 and 
Figure 4-4, the ohmic potential can be reduced by using a thinner electro-
lyte layer, or using a higher ionic conductivity electrolyte.

Table 4-1 shows a summary and comparison of electronic and ionic 
conductors and the fuel cell components that are classifi ed under each 
type.

TABLE 4-1
Comparison of Electronic and Ionic Conduction for Fuel Cell Components

Materials Conductivity Fuel Cell Components

Electronic Conductors
Metals 103 to 107 Bipolar plates, gas diffusion layer, 

contacts, interconnects, end plates
Semiconductors 10−3 to 104 Bipolar plates, end plates
Ionic Conductors
Solid/polymer electrolytes 10−1 to 103 PEMFC Nafi on electrolyte
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The total fuel cell ohmic losses can be written as:

 υ
σ σ σohmic

a

a

e

e

c

c

jA R iA
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∑  (4-10)

where l is the length or thickness of the material. The fi rst term in Equa-
tion 4-9 applies to the anode, the second to the electrolyte, and the third 
to the cathode. In the bipolar plates, the “land area” can vary depending 
upon fl ow channel area. As the land area is decreased, the contact resistance 
increases since the land area is the term in the denominator of the contact 
resistance:

 R
R
A

and A Land Areacontact
contact

contact
contact= ≈  (4-11)
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EXAMPLE 4-1: Calculating the Ohmic Voltage Loss

Determine the ohmic voltage loss for a 100 cm2 PEMFC that has an 
electrolyte membrane with a conductivity of 0.20 Ω−1 cm−1 and a thick-
ness of 50 microns (mm). The current density is 0.7 A/cm2 and Relec for 
the fuel is 0.005 Ω. Plot the ohmic voltage losses for electrolyte thick-
nesses of 25, 50, 75, 100, and 150 microns (mm).

First, calculate Rionic based upon electrolyte dimensions to calculate 
uohmic. The current of the fuel cell is

I = iA = 0.7A/cm2 × 100cm2 = 70A

R
L
A

cm
cm cm

= =
∗

= ×− −
−

σ
0 0050

0 10 100
5 10

1 1 2
4.

( . ) ( )Ω
Ω

uohmic = I(Relec + Rionic) = 70A ∗ (0.005Ω + 5 × 10−4Ω) = 0.385V

If this equation is calculated for thinner and thicker membranes, 
one will notice that the ohmic loss is reduced with thinner mem-
branes.

Using MATLAB to solve:

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

% EXAMPLE 4-1: Calculating the Ohmic Voltage Loss

% UnitSystem SI

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

% Inputs

i = 0.7; % Current density (A/cm^2)
A = 100; % Area (cm^2)
L = 0.005 0; % Electrolyte thickness (cm)
sigma = 0.1; % Conductivity (ohms/cm)
R_elec = 0.005; % Electrical resistance (ohms)

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

% Calculate the total current

I = I ∗ A;

% Calculate the total ionic resistance

R_ohmic = L / (sigma ∗ A);
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% Calculate the Ohmic Voltage Loss

V_ohm = I. ∗ (R_elec + R_ohmic)
i = 0:0.01:1; % Current range
L1 = 0.002 5; % Electrolyte thickness of 25 microns
L2 = 0.005 0; % Electrolyte thickness of 50 microns
L3 = 0.01; % Electrolyte thickness of 100 microns
L4 = 0.015; % Electrolyte thickness of 150 microns

% Calculate the total current

I = I ∗ A;

% Calculate the ohmic voltage loss

R_ionic1 = L1/(sigma ∗ A); V_ohm1 = I .∗ (R_elec + R_ionic1);
R_ionic2 = L2/(sigma ∗ A); V_ohm2 = I .∗ (R_elec + R_ionic2);
R_ionic3 = L3/(sigma ∗ A); V_ohm3 = I .∗ (R_elec + R_ionic3);
R_ionic4 = L4/(sigma ∗ A); V_ohm4 = I .∗ (R_elec + R_ionic4);

% Plot the ohmic loss as a function of electrolyte thickness

fi gure1 = fi gure(‘Color’,[1 1 1]);
hdlp = plot(i,V_ohm1,i,V_ohm2,i,V_ohm,i,V_ohm3,i,V_ohm4);
title(‘Ohmic Loss as a Function of Electrolyte Thickness’,‘FontSize’,14,‘FontWeight’,

‘Bold’)
xlabel(‘Current Density (A/cm^2)’,‘FontSize’,12,‘FontWeight’,‘Bold’);
ylabel(‘Ohmic Loss (V)’,‘FontSize’,12,‘FontWeight’,‘Bold’);
legend(‘L = 0.0025’,‘L = 0.0050’,‘L = 0.0075’,‘L = 0.001’,‘L = 0.015’)
set(hdlp,‘LineWidth’,1.5);
grid on;

Figure 4-5 illustrates the ohmic loss as a function of electrolyte thick-
ness when the current density is 0.8 A/cm2 and the active area is 25 cm2.

EXAMPLE 4-2: Calculating the Ohmic Voltage Loss

Calculate the ohmic voltage losses for two fuel cell sizes at a current 
density of 0.7 A/cm2: (a) A1 = 16 cm2, R1 = 0.05 Ω; (b) A2 = 49 cm2, R2 = 
0.02 Ω; (c) for A = 1 to 100 cm2, R1 = 0.05. Plot the ohmic loss as a func-
tion of fuel cell area.

(a)

ASR1 = R1A1 = (0.05Ω)(16cm2) = 0.8Ωcm2

The ohmic loss can be calculated as follows:
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υohmic j ASR
S

cm
cm V1 1 2

20 7 0 8 0 56= = ⎛
⎝

⎞
⎠ =( ) . . .Ω

Convert the current densities into fuel cells with currents:

i jA
A

cm
cm A1 1 2

20 7 16 11 2= = ∗ =. .

The ohmic voltage losses are

uohmic1
 = i1(R1) = 11.2A ∗ 0.05Ω = 0.56V
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(b)

ASR2 = R2A2 = (0.02Ω)(49cm2) = 0.98Ωcm2

The ohmic loss can be calculated as follows:

υohmic j ASR
A

cm
cm V2 1 2

20 7 0 98 0 686= = ⎛
⎝

⎞
⎠ =( ) . . .Ω

Convert the current densities into fuel cells with currents:

i jA
A

cm
cm A1 1 2

20 7 49 34 3= = ∗ =. .

The ohmic voltage losses are

uohmic2
 = i2(R2) = 34.3A ∗ 0.02Ω = 0.686V

Using MATLAB to solve:

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

% EXAMPLE 4-2: Calculating the Ohmic Voltage Loss with 
% Different Fuel Cell

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

% Inputs

i = 0.7; % Current Density (A/cm^2)
A1 = 16; % Area 1 (cm^2)
R1 = 0.05; % Resistance (ohms)
A2 = 49; % Area 2 (cm^2)
R2 = 0.02; % Resistance (ohms)

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

% Part a: Ohmic voltage losses for fi rst fuel cell size

ASR1 = R1 ∗ A1;

% Calculate the ohmic voltage loss

V_ohm1 = i .∗ ASR1;

% Calculate the total current

I1 = i ∗ A1;
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% Calculate the ohmic voltage loss

V_ohm1a = I1 .∗ R1

% Part b: Ohmic voltage losses for second fuel cell size

ASR2 = R2 ∗ A2;

% Calculate the ohmic voltage loss

V_ohm2 = i .∗ ASR2;

% Calculate the total current

I2 = i ∗ A2;

% Calculate the ohmic voltage loss

V_ohm2b = I2 .∗ R2

% Part c:

A = 1:100;
ASR = R1 ∗ A;

% Calculate the ohmic voltage loss

V_ohm = i .∗ ASR;

% Calculate the total current

I = i ∗ A;

% Calculate the ohmic voltage loss

V_ohm = I .∗ R1

% Plot of the ohmic losses as a function of fuel cell area

fi gure1 = fi gure(‘Color’,[1 1 1]);
hdlp = plot(A,V_ohm);
title(‘Ohmic Loss as a Function of Fuel Cell Area’,‘FontSize’,14,‘FontWeight’,‘Bold’)
xlabel(‘Fuel Cell Area (cm^2)’,‘FontSize’,12,‘FontWeight’,‘Bold’);
ylabel(‘Ohmic Loss (V)’,‘FontSize’,12,‘FontWeight’,‘Bold’);
set(hdlp,‘LineWidth’,1.5);
grid on;

The plot of the ohmic losses as a function of fuel cell area for Example 
4-2 is shown in Figure 4-6.
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4.3 Electron Conductivity of Metals

The electronic conductivity of the metals used in a fuel cell is important 
because it affects the charge transfer of electrons. Fuel cell components that 
are typically made of metal include the fl ow fi eld plates, current collectors, 
and interconnects. A common expression for the mobility of free electrons 
in a metal conductor can be written as:

 u
q
me

=
τ

 (4-12)

where t gives the mean free time between scattering events, me is the mass 
of the electron (m = 9.11 × 10−31 kg), and q is the elementary electron charge 
in coulombs (q = 1.68 × 10−19 C).

Inserting Equation 4-12 into the equation for conductivity (4-7):

 σ τ
=

z c q
m

e e

e

 (4-13)
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Carrier concentration in a metal can be calculated from the density 
of free electrons2. Each metal atom contributes approximately one 
electron.

4.4 Ionic Conductivity of Polymer Electrolytes

Ionic transport in polymer electrolytes follows the exponential relationship:

 sT = s0e−Ea/kT (4-14)

where s0 represents the conductivity at a reference state, and Ea is the 
activation energy (eV/mol). As seen in Equation 4-14, the conductivity 
increases exponentially with increasing temperature.

A good conductive polymer should have a fi xed number of charge sites 
and open space. The charged sites have a negative charge, and provide a 
temporary resting place for the positive ion. Increasing the number of 
charged sites raises the ionic conductivity, but an excessive number of 
charged side chains may reduce the stability of the polymer. In addition, 
increasing the free volume in the polymer allows more space for the ions 
to move. In polytetrafl uoroethylene (PTFE)-based polymer membranes like 
Nafi on, ions are transported through the polymer membrane by hitching 
onto water molecules that move through the membrane. This type of 
membrane has high conductivity and is the most popular membrane used 
for PEM fuel cells. Nafi on has a similar structure to Tefl on, but includes 
sulfonic acid groups (SO3

−H+) that provide sites for proton transport. Figure 
4-7 shows the chemical molecule of Nafi on.

[(CF2—CF2)m—CF—CF2]n

O

CF2

CF—CF3

O

CF2

CF2

SO3H

z

FIGURE 4-7. Chemical structure of Nafi on.
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The conductivity of Nafi on is dependent upon the amount of hydra-
tion, and can vary with the water content. Hydration can be achieved by 
humidifying the gases or by relying upon the water generated at the cathode. 
In the presence of water, the protons form hydronium complexes (H3O+), 
which transport the protons in the aqueous phase. When the Nafi on is fully 
hydrated, its conductivity is similar to liquid electrolytes.

The volume of Nafi on can increase up to 22% when fully hydrated3. 
Since the conductivity and the hydration of the membrane are correlated, 
the water content can be determined through membrane conductivity. The 
humidity can be quantifi ed through water vapor activity awater_vap:

 a
p
p

water vap
w

sat
_ =  (4-15)

where pw represents the partial pressure of water vapor in the system, and 
psat represents saturation water vapor pressure for the system at the tem-
perature of operation4.

The amount of water that the membrane can hold also depends upon 
the membrane pre-treatment. For example, at high temperatures, the water 
uptake by the Nafi on membrane is much lower due to changes in the 
polymer at high temperatures. The relationship between water activity on 
the faces of the membrane and water content can be described by:

 λ = + − +0 043 17 18 39 85 362 3. . . ( ) ( )_ _ _a a awater vap water vap water vap  (4-16)

Water uptake results in membrane swelling, which changes the mem-
brane thickness along with its conductivity. Springer et al.5 correlated the 
ionic conductivity (s) (in S/cm) to water content and temperature with the 
following relation:

 σ λ= −( ) −⎛
⎝⎜

⎞
⎠⎟

⎡
⎣⎢

⎤
⎦⎥

0 005139 0 00326
1

. . exp 1268
1

303 T
 (4-17)

Since conductivity is proportional to resistance, the resistance of the 
membrane changes with water saturation and thickness. The total resis-
tance of a membrane (Rm) is found by integrating the local resistance over 
the membrane thickness:

 R
dz

z
m

tm

= ∫
0 σ λ[ ( )]

 (4-18)

where tm is the membrane thickness, l is the water content of the mem-
brane, and s is the conductivity (S/cm) of the membrane. Since the protons 
typically have one or more water molecules associated with them, the 
conductivity and hydration both change simultaneously. This phenomenon 
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of the number of water molecules that accompanies each proton is called 
the electroosmotic drag (ndrag), which is:

 n ndrag drag
Sat=

λ
22

 (4-19)

where nSa
drag

t  is the electroosmotic drag (usually between 2.5 ± 0.2), and l is 
the water content (which ranges from 0 to 22 water molecules per sulfonate 
group, and when l = 22, Nafi on is fully hydrated). The water drag fl ux from 
the anode to the cathode with a net current j is6:

 J n
j
FH O drag drag2 2

2, =  (4-20)

where JH2O,drag is the molar fl ux of water due to the electroosmotic drag 
(mol/scm2), and j is the current density of the fuel cell (A/cm2).

The electroosmotic drag moves water in the fuel cell from the anode 
to the cathode. Since the reaction at the cathode produces water, it tends 
to build up at the cathode, and some water travels back through the mem-
brane. This is known as “back diffusion,” and it usually occurs because the 
amount of water at the cathode is many times greater than at the anode. 
The water back-diffusion fl ux can be determined by:

 J
M

D
d
dzH O backdiffusion

dry

m
2 , =

ρ λ
λ  (4-21)

where rdry is the dry density (kg/m3) of Nafi on, Mn is the Nafi on equivalent 
weight (kg/mol), Dl is the water diffusivity, and z is the direction through 
the membrane thickness.

The total amount of water in the membrane is a combination of the 
electroosmotic drag and back diffusion, and can be calculated using Equa-
tion 4-22:

 J n
j
F M

D
d
dzH O backdiffusion drag

SAT dry

m
2 2

2 22, = −
λ ρ

λ λ
λ( )  (4-22)

The concepts introduced by Equations 4-15 to 4-22 are illustrated by 
Example 4-3.

EXAMPLE 4-3: Calculating the Ohmic Voltage Loss Due to 
the Membrane

A hydrogen fuel cell operates at 80 °C at 1 atm. It has a Nafi on 112 
membrane of 50 mm, and the following equation can be used for the water 
content across the membrane: l(z) = 5 + 2exp(100z). This fuel cell has a 
current density of 0.8 A/cm2, and the water activites at the anode and 
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cathode are 0.8 and 1.0, respectively. Estimate the ohmic overvoltage 
loss across the membrane.

Convert the water activity on the Nafi on surfaces to water con-
tents:

la = 0.043 + 17.18 ∗ 0.8 − 39.85 ∗ 0.82 + 36 ∗ 0.83 = 7.2

lc = 0.043 + 17.18 ∗ 1 − 39.85 ∗ 12 + 36 ∗ 13 = 14.0

Using these values as boundary conditions, Equation 4-23 can be 
arranged to create:
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l(z) = 4.4a + 2.30 ∗ exp(109.8z)

C is determined from the boundary conditions where l(0) = 7.2 and 
l(0.012 5) = 14.0, and l varies across the membrane.

The conductivity profi le of the membrane is

σ ( ) . ( ( ) . )z z= + − × −⎛
⎝⎜

⎞
⎠⎟0 005193 5 2 100 0 00326

1
333

exp exp1268
1

303

s(z) = 0.041 07 + 0.018 78exp(100z)

The resistance of the membrane is

R
dz

z
dz

cm

tm

= =
+

=∫ ∫
0 0

0 0050

0 04107 0 01878
0 15

σ λ( ( )) . .
.

.

exp(100z)
Ω mm2

The ohmic overvoltage due to the membrane resistance in this fuel 
cell is

Vohm = j × Rm = 0.8A/cm2 × 0.15Ωcm2 = 0.12V

Using MATLAB to solve:
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%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

% EXAMPLE 4-3: Calculating the Ohmic Voltage Loss Due to 
the membrane

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

% Inputs

global T; global F; global C; global alpha; global den_dry; global Sigma_a;
global z; global A; global n; global i; global Mn; global D;
Tc = 20:10:80; % Temperature in Celsius
T = Tc + 273.15; % Temperature in Kelvin
z = 0.005; % Membrane Thickness (cm)
aw_a = 0.8; % Water activity at the anode
aw_c = 1; % Water activity at the cathode
n = 2.5; % Electro-osmotic drag coeffi cient
i = 0.8; % Current Density (A/cm^2)
Mn = 1; % Nafi on equivalent weight(kg/mol)
F = 96487; % Faraday’s constant
den_dry = 0.00197; % membrane dry density(kg/cm^3)
C = 2.3; % Constant dependent upon boundary conditions
alpha = 1.12; % Ratio of water fl ux to hydrogen fl ux

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

% Convert the water activity on the Nafi on surfaces to 
water contents

lambda_anode = 0.043 + (17.81 ∗ (aw_a)) − (39.85 ∗ (aw_a^2)) + (36 ∗  aw_a^3));
lambda_cathode = 0.043 + (17.81 ∗ (aw_c)) − (39.85 ∗ (aw_c^2)) + (36 ∗ (aw_c^3));

% Calculate the Water Diffusivity

D = (10.^-6) .∗ exp(2416 .∗ (1./303-1./T)) .∗ (2.563 − (0.33 .∗ 10) + (0.026 4 .∗ 10.^2) − 
(0.000 671 .∗ 10.^3));

delta_lambda = ((11 .∗ alpha)./n) + C .∗ exp(((i .∗ Mn .∗ n)./(22 .∗ F .∗ den_dry .∗ D)) .∗ z);
Sigma_a = exp(1268 .∗ ((1./303) − (1./T))) .∗ (0.005 139 .∗ delta_lambda − 

0.003 26);%S/m
Sigma_c = exp(1268 .∗ ((1./303) − (1./T))) .∗ (0.005 139 .∗ delta_lambda − 

0.003 26);%S/m
Re_a = quad(‘thick’,0,0.005 0)
V_ohm = i ∗ Re_a

% Plot

z = 0:0.002:0.012 5;
delta_lambda = ((11 .∗ alpha)./n) + C .∗ exp(((i .∗ Mn .∗ n)./(22 .∗ F .∗ den_dry .∗ D)) .∗ z);
Sigma = exp(1268 .∗ ((1./303) − (1./T))) .∗ (0.005 139 .∗ delta_lambda − 

0.003 26);%S/m
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% Plot the membrane thickness and water content

fi gure1 = fi gure(‘Color’,[1 1 1]);
hdlp = plot(z,delta_lambda);
title(‘Membrane Thickness and Water Content’,‘FontSize’,14,‘FontWeight’,‘Bold’)
xlabel(‘Membrane Thickness (cm)’,‘FontSize’,12,‘FontWeight’,‘Bold’);
ylabel(‘Water Content(H2O/SO3)’,‘FontSize’,12,‘FontWeight’,‘Bold’);
set(hdlp,‘LineWidth’,1.5);
grid on;

% Plot the membrane thickness and local conductivity

fi gure2 = fi gure(‘Color’,[1 1 1]);
hdlp = plot(z,Sigma);
title(‘Membrane Thickness and Local Conductivity’,‘FontSize’,14,‘FontWeight’,‘Bold’)
xlabel(‘Membrane Thickness (cm)’,‘FontSize’,12,‘FontWeight’,‘Bold’);
ylabel(‘Local Conductivity(S/cm)’,‘FontSize’,12,‘FontWeight’,‘Bold’);
set(hdlp,‘LineWidth’,1.5);
grid on;

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

function y = thick(z);
T = 353;
y = 1./(exp(1268 ∗ ((1/303) − (1/T))) ∗ (0.005 139 ∗ ((11 ∗ 1.12/2.5) + 2.3 ∗ exp(((0.7 ∗ 

2.5)/(22 ∗  .  .  .  96 500 ∗ 0.001 97 ∗ 3.81 ∗ 10^-6)) ∗ z)) − 0.003 26)); % S/m

The fi gures generated in Example 4-3 are illustrated by Figures 4-8 and 
4-9.

Chapter Summary

The transport of charges through, the fuel cell layers (except the membrane) 
occurs through conduction. Therefore, ohmic losses occur due to the lack 
of proper contact by the gas diffusion layer, bipolar plates, cooling plates, 
contacts, and interconnect. However, the largest ohmic loss occurs during 
the transport of ions through the membrane. To decrease the ionic losses 
through the membrane, either the membrane needs to become more con-
ductive or the membrane needs to become thinner. It is usually easier to 
make the membrane thinner because developing high conductivity electro-
lytes is very challenging. The challenge occurs in creating a material that 
not only is highly conductive, but also stable in a chemical environment 
and able to withstand the required fuel cell temperatures. The electrolyte 
equations presented in this chapter are applicable for Nafi on, but if another 
type of electrolyte is employed, the equations may need to be altered to 
suit the chemistry.
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Problems

• A 10-cm2 fuel cell has Relec = 0.01 Ω and selectrolyte = 0.10 Ω−1 cm−1. If the 
electrolyte is 100 mm thick, predict the ohmic voltage losses for the fuel 
cell at j = 500 mA/cm2.

• Estimate the ohmic overpotential for a fuel cell operating at 70 °C. The 
external load is 1 A/cm2, and it uses a 50-mm-thick membrane. The 
humidity levels aw,anode and aw,cathode are 1.0 and 0.5, respectively.

• A fuel cell is operating at 0.8 A/cm2 and 60 °C. Hydrogen gas at 30 °C 
and 50% relative humidity is provided to the fuel cell at a rate of 2 A. 
The fuel cell area is 10 cm2, and the drag ratio of water molecules to 
hydrogen is 0.7. The hydrogen exhaust exits the fuel cell at 60 °C and p 
= 1 atm.

• In a PEMFC, the water activities on the anode and cathode sides of a 
Nafi on 115 membrane are 0.7 and 0.9, respectively. The fuel cell is 
operating at a temperature of 60 °C and 1 atm with a current density of 
0.8 A/cm2. Estimate the ohmic overvoltage loss across the membrane.

Endnotes

[1] Lin, B. Conceptual design and modeling of a fuel cell scooter for urban Asia. 
1999. Princeton University, masters thesis.

[2] O’Hayre, R., S.-W. Cha, W. Colella, and F.B. Prinz. Fuel Cell Fundamentals. 
2006. New York: John Wiley & Sons.

[3] Ibid.
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[5] Springer et al. Polymer electrolyte fuel cell model. J. Electrochem. Soc. Vol. 
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CHAPTER 5

Fuel Cell Mass Transport

5.1 Introduction

In order to produce electricity, a fuel cell must be supplied continuously 
with fuel and oxidant. In addition, product water must be removed con-
tinually to insure proper fuel and oxidant at the catalyst layers to maintain 
high fuel cell effi ciency. Voltage losses occur in the fuel cell due to activa-
tion losses (Chapter 3), ohmic losses (Chapter 4), and mass transport limi-
tations—which is the topic of this chapter. Mass transport is the study of 
the fl ow of species, and can signifi cantly affect fuel cell performance. Losses 
due to mass transport are also called “concentration losses,” and can be 
minimized by optimizing mass transport in the fl ow fi eld plates, gas diffu-
sion layer, and catalyst layer. This chapter covers both the macro and micro 
aspects of mass transport. The specifi c topics to be covered are:

• Fuel cell mass balances
• Convective mass transport from fl ow channels to electrode
• Diffusive mass transport in electrodes
• Convective mass transport in fl ow fi eld plates
• Mass transport equations in the literature

In conventional fuel cells, the fl ow fi eld plates have channels with dimen-
sions in millimeters or centimeters. Due to the size of these channels, mass 
transport is dominated by convection and the laws of fl uid dynamics. Con-
vection is the movement of fl uid fl ow due to density gradients or hydro-
dynamic transport, and is characterized by laminar or turbulent fl ow and 
stagnant regions. This type of fl ow dominates mass transfer in the fl ow 
channels. High fuel and oxidant fl ow rates sometimes insure good distribu-
tion of reactants, but if the fl ow rate is too high, the fuel may move too 
fast to diffuse through the GDL and catalyst layers. In addition, delicate 
fuel cell components such as the membrane can rupture.

Mass transport in the fuel cell GDL and catalyst layers is dominated 
by diffusion due to the tiny pore sizes of these layers (4 to 10 microns). In 
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a fl ow channel, the velocity of the reactants is usually slower near the 
walls; therefore, this aids the fl ow change from convective to diffusive. The 
mass transport theory described in this chapter will help the reader to write 
mass balances, predict fuel cell fl ow rates, and calculate the mass transfer 
in the fl ow channels, electrodes, and membrane.

5.2 Fuel Cell Mass Balances

Before convective and diffusive fl ows are covered, the overall mass fl ows 
through the fuel cell need to be discussed. These fl ow calculations, or mass 
balances, are critical for determining the correct fl ow rates for a fuel cell. 
In order to properly determine these mass fl ow rates, the mass that fl ows 
into and out of each process unit (or control volume) in the fuel cell sub-
systems, stack, or fuel cell layer need to be accounted for. The procedure 
for formulating a mass balance can be applied to any type of system, and 
is as follows:

1. A fl ow diagram must be drawn and labeled. Enough information 
should be included on the fl ow diagram to have a summary of each 
stream in the process. This includes known temperatures, pres-
sures, mole fractions, fl ow rates, and phases.

2. The appropriate mass balance equation(s) must be written in order 
to determine the fl ow rates of all stream components and to solve 
for any desired quantities.

An example fl ow diagram is shown in Figure 5-1. Hydrogen enters 
the cell at temperature, T, and pressure, P, with the mass fl ow rate, mH2. 
Oxygen enters the fuel cell from the environment at a certain T, P, and 
mO2. The hydrogen and oxygen react completely in the cell to produce 

O2(g) at T, P, mO2

Fuel Cell

H2(g) at T, P, mH2

H2O(l) at T, P, mH2O

Work, Wel

FIGURE 5-1. Detailed fl owchart to obtain mass balance equation.
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water, which exits at a certain T, P, and mH2O. This reaction can be described 
by:

2H2(g) + O2(g) → 2H2O(l)

Wel in Figure 5-1 is the work available through chemical availability. 
The generic mass balance for the fuel cell in this example is:

 mH2 + mO2 = mH2O + Wel (5-1)

The formal defi nition for material balances in a system (or control 
volume) can be written as:

Input (enters through system boundaries)

Generation (product+ eed within the system)

Output (leaves through system boundarie− ss)

Consumption (consumed within the system)

Accumulation (b

−
= uuildup within the system)

Generally, the fuel cell mass balance requires that the sum of all of 
the mass inputs is equal to the mass outputs, which can be expressed as:

 ∑ ∑=( ) ( )m mi in i out  (5-2)

where i is the mass going into and out of the cell, and can be any species, 
including hydrogen, oxygen, and water. The fl ow rates at the inlet are pro-
portional to the current and number of cells. The cell power output is:

 Wel = ncellVcellI (5-3)

where ncell is the number of cells, Vcell is the cell voltage, and I is the current. 
All of the fl ows are proportional to the power output and inversely propor-
tional to the cell voltage:

 I n
W
Vcell

el

cell

⋅ =  (5-4)

The inlet fl ow rates for a PEM fuel cell are as follows:

The hydrogen mass fl ow rate is

 m S
M

F
I nH in H

H
cell2 2

2

2
, = ⋅  (5-5)
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The oxygen mass fl ow rate (g/s) is

 m S
M

F
I nO in O

O
cell2 2

2

4, = ⋅  (5-6)

The air mass fl ow rate (g/s) is
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The nitrogen mass fl ow rate (g/s) is
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Water vapor in the hydrogen inlet is
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Water vapor in the oxygen inlet is
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Water vapor in the air inlet (g/s) is
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The outlet fl ow rates for a PEM fuel cell are as follows:

The unused hydrogen fl ow rate is

 m S
M

F
I nH out H

H
cell2 2

21
2

, = − ⋅( )  (5-12)

The oxygen fl ow rate at the outlet is equal to the oxygen supplied 
at the inlet minus the oxygen consumed in the fuel electrochemical 
reaction:

 m S
M

F
I nO out O

O
cell2 2

21
4

, = − ⋅( )  (5-13)

The nitrogen fl ow rate at the exit is the same as the inlet because 
nitrogen does not participate in the fuel cell reaction:
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The depleted air fl ow rate is then simply a sum of the oxygen and 
nitrogen fl ow rates:
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The oxygen volume fraction at the outlet is much lower than the inlet 
volume fraction:
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 (5-16)

The additional outlet liquid and vapor water fl ow rates and balances 
for a PEM fuel cell are described by equations 5-17 through 5-20:

The water vapor content at the anode outlet is the smaller of the total 
water fl ux:
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where ΔPan is the pressure drop on the anode side. The amount of liquid 
water is the difference between the total water present and the water 
vapor:

 MH2Oin,H2out,L = mH2Oin,H2out − mH2Oin,H2out,V (5-18)

Water content in the cathode exhaust is equal to the amount of water 
brought into the cell, plus the water generated in the cell, along with the 
water transported across the membrane:

 mH2OinAirout = mH2OinAirin + mH2Ogen + mH2OED − mH2OBD (5-19)

The water vapor content at the cathode outlet is:
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EXAMPLE 5-1: Water Injection Flow Rate

A hydrogen–air PEM fuel cell generates 500 watts (W) at 0.7 V. Dry 
hydrogen is supplied in a dead-end mode at 20 °C. The relative humidity 
of the air at the fuel cell inlet is 50% at a pressure of 120 kPa. Liquid 
water is injected at the air inlet to help cool the fuel cell. The oxygen 
stoichiometric ratio is 2, and the outlet air is 100% saturated at 80 °C 
and atmospheric pressure. What is the water injected fl ow rate (g/s)?

The water mass balance is

mH2O_air_in + mH2O_Inject + mH2O_gen = mH2O_in_air_out

In order to calculate the amount of water in air, the saturation 
pressure needs to be calculated. To calculate the saturation pressure 
(in Pa) for any temperature between 0 °C and 100 °C:

p evs
aT b cT dT eT f T= − + + + + +1 2 3 ln( )

where a, b, c, d, e, and f are the coeffi cients.

a = −5800.2206, b = 1.3914993, c = −0.048640239, d = 0.41764768 × 
10−4, e = −0.14452093 × 10−7, and f = 6.5459673

with T = 293.15, pvs = 2.339 kPa.
The amount of water in air can be calculated:
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First calculate the saturation pressure:

T = 80°C = 353.15K, Pvs = 47.67kPa, Pca − ΔPca = 101.325kPa

mH Oin H out V2 2
2 0 2095

0 2095
18 015

4 96 485
47 67

101, , = −⎛
⎝

⎞
⎠ ∗

.
.

.
( , )

.
( .. . ) .325 47 67

500
0 7

1
−

∗⎡
⎣⎢

⎤
⎦⎥

mH2Oin,airout = 0.253g/s

The water balance is therefore:

mH2O_air_in + mH2O_Inject + mH2O_gen = mH2O_in_air_out

0.003 13 + mH2Oinject + 0.066 7 = 0.253

mH2Oinject = 0.223 17g/s

Using MATLAB to solve:

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

% EXAMPLE 5-1: Water Injection Flow Rate

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

% Inputs

T_H2_in = 20 + 273.15; % Hydrogen inlet temperature
T_air_out = 80 + 273.15; % Air inlet temperature
phi = 0.5; % Relative humidity
P = 120; % Pressure (kPa)
n_cell = 1; % No. of cells
Power = 500; % Power (watts)
V = 0.7; % Voltage (V)
M_H2O = 18.015; % Molecular weight of water
F = 96,485; % Faraday’s law
S_O2 = 2; % Oxygen stoichiometric ratio
r_O2 = 0.2095; % Mole fraction of oxygen in air
r_O2_in = r_O2;

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

% Calculate the current

I = Power/V;
n = 4;
Pvs_in = Pvs(T_H2_in); % Calculate the saturation pressure at T_H2_in
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% Calculate the amount of water in air

m_h2o_air_in = S_O2 ∗ phi ∗ M_H2O ∗ Pvs(T_H2_in) ∗ I ∗ n_cell/ (r_O2 ∗ n ∗ F ∗ (P − 
phi ∗ Pvs_in));

n = 2;

% Calculate the water generated

m_h2o_gen = I ∗ M_H2O/(n ∗ F);
DeltaPca = 18.675;

% Calculate the saturation pressure at T_air_out

Pvs_out = Pvs(T_air_out);

% Calculate the water vapor in the air outlet

m_h2o_in_air_out = (S_O2 − r_O2_in)/r_O2_in ∗ M_H2O/(4 ∗ F) ∗ Pvs_out/(P − 
DeltaPca − Pvs_out) ∗ I ∗ n_cell;

% The water injected fl ow rate is:

m_h2o_inject = m_h2o_in_air_out − m_h2o_air_in − m_h2o_gen;

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

function result = Pvs(T);
T = T + 273.15;
a = −5800.2206;
b = 1.3914993;
c = −0.048640239;
d = 0.000041764768;
e = −0.000000014452093;
f = 6.5459673;
result = exp(a/T + b + c ∗ T + d ∗ T ∗ T + e ∗ T ∗ T ∗ T + f ∗ log(T))/1000;

EXAMPLE 5-2: Calculating Mass Flow Rates

A PEM fuel cell with 100 cm2 of active area is operating at 0.50 A/cm2 
at a voltage of 0.70. The operating temperature is 75 °C and 1 atm with 
air supplied at a stoichiometric ratio of 2.5. The air is humidifi ed by 
injecting hot water (75 °C) before the stack inlet. The ambient air condi-
tions are 1 atm, 22 °C, and 70% relative humidity. Calculate the air fl ow 
rate, the amount of water required for 100% humidifi cation of air at the 
inlet, and the heat required for humidifi cation.

The oxygen consumption is

N
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4
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The oxygen fl ow rate at the cell inlet is

NO2 = SNO2,cons = 2.5 × 0.129 × 10−3 = 0.324 × 10−3mol/s

N N
r

mol sair O act
O

= =
×

= ×
−

−
2

2

3
31 0 324 10

0 21
1 54 10,

.
.

. /

mair = Nairmair = 1.54 × 10−3mol/s × 28.85g/mol = 0.0445mol/s

The amount of water in air at the cell inlet where j = 1 is

m x m x
m
m

p
P p

H O s air s
H O

air

vs

vs
2

2= =
−

and

where pvs is the saturation pressure at 348.15 K, and P is the total pres-
sure (101.325 kPa).

pvs = eaT−1+b+cT+dT2+eT3+fln(T) = 38.6kPa
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mH2O = xsmair = 0.384gH2O/gair × 0.128gair/s = 0.0491gH2O/s

The amount of water in ambient air at 70% RH and 295.15 K is
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mH2O = xsmair = 0.0116gH2O/gair × 0.128gair/s = 0.001486gH2O/s

The amount of water needed for humidifi cation of air is

mH2O = 0.0491 − 0.001486 = 0.047614gH2O/s

The heat required for humidifi cation can be calculated from the 
heat balance.

Hair,in + HH2O,in + Q = Hair,out

The enthalpy of wet/moist air is

hvair = cp,airt + x(cp,vt + hfg)

Humidifi ed air:
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hvair = 1.01 × 75 + 0.384 × (1.87 × 75 + 2500) = 1 089.61J/g

Ambient air:

hvair = 1.01 × 22 + 0.011 6 × (1.87 × 22 + 2500) = 51.70J/g

Water:

hH2O = 4.18 × 75 = 313.5J/g

Q = 1089.61J/g × 0.128g/s − 51.70J/g × 0.128g/s − 313.5J/g × 0.0157g/s 
= 127.93W

Using MATLAB to solve:

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

% EXAMPLE 5-2: Calculating Mass Flow Rates

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

% Inputs

area = 100; % Fuel cell active area (cm^2)
i = 0.5; % Current density (A/cm^2)
stoichiometric_ratio = 2.5; % Stoichiometric ratio
T_operating = 75 + 273.15; % Operating temperature
T_ambient_air = 22 + 273.15; % Temperature of ambient air
phi_ambient = 0.7; % Relative humidity
P = 101.325; % Pressure
M_H2O = 18.015; % Molecular weight of water
M_AIR = 28.85; % Molecular weight of air
r_O2 = 0.2095; % Percent of oxygen in air
F = 96485; % Faraday’s constant

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

% Calculate current

I = i ∗ area;

% Oxygen consumption

N_O2_CONS = I/(4 ∗ F);

% The oxygen fl ow rate at the cell inlet

N_O2_Act = stoichiometric_ratio ∗ N_O2_CONS;
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% The air fl ow rate at the cell inlet

N_Air = N_O2_Act/r_O2;

% The molar fl ow rate of air is

m_air = M_AIR ∗ N_Air;

% The saturation pressure at the operating temperature

Pvs_op = Pvs(T_operating);

% Mole fraction of water in air

x_s_op = M_H2O/M_AIR ∗ Pvs_op/(P − Pvs_op);
m_air2 = 0.128;

% Amount of water needed for the humidifi cation of air

m_h2o_in_air = x_s_op ∗ m_air2;

% Saturation pressure of air

Pvs_amb = Pvs(T_ambient_air);

% Mole fraction of water in ambient air

x_s_amb = (M_H2O/M_AIR) ∗ phi_ambient ∗ Pvs_amb/(P − phi_ambient ∗ Pvs_
amb);

% Mass of water in ambient air

m_h2o_in_amb_air = x_s_amb ∗ m_air2;

% Amount of water needed for humidifi cation of air

m_h2o_needed = m_h2o_in_air − m_h2o_in_amb_air;
c_p_air = 1.01;
c_p_v = 1.87;
c_p_water = 4.18;
h_fg = 2500;

% Heat required for humidifi ed and ambient air, and water

h_humidifi ed_air = c_p_air ∗ T_operating + x_s_op ∗ (c_p_v ∗ T_operating + h_fg);
h_ambient_air = c_p_air ∗ T_ambient_air + x_s_amb ∗ (c_p_v ∗ T_ambient_air + 

h_fg);
h_water = c_p_water ∗ T_operating;

% Total heat required

Q = h_humidifi ed_air ∗ 0.128 − h_ambient_air ∗ 0.128 − h_water ∗ 0.015 7;
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%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

% Calculate the situation pressure a) the operating temp

function result = Pvs(T);
T = T + 273.15;
a = −5800.2206;
b = 1.3914993;
c = −20.048640239;
d = 0.000041764768;
e = −0.000000014452093;
f = 6.5459673;
result = exp(a/T + b + c ∗ T + d ∗ T ∗ T + e ∗ T ∗ T ∗ T + f ∗ log(T))/1000;

5.3 Convective Mass Transport from Flow Channels to Electrode

Figure 5-2 illustrates convective fl ow in the reactant fl ow channel and dif-
fusive fl ow through the gas diffusion and catalyst layers. The reactant is 
supplied to the fl ow channel at a concentration C0, and it is transported 
from the fl ow channel to the concentration at the electrode surface, Cs, 
through convection. The rate of mass transfer is then:

 m
.
 = Aelechm(C0 − Cs) (5-21)

where Aelec is the electrode surface area, and hm is the mass transfer 
coeffi cient.

The value of hm is dependent upon the wall conditions, the channel 
geometry, and the physical properties of species i and j. Hm can be found 
from the Sherwood number:

 h Sh
D
D

m
i j

h

= ,  (5-22)

where Sh is the Sherwood number, Dh is the hydraulic diameter, and Dij is 
the binary diffusion coeffi cient for species i and j. The Sherwood number 
depends upon channel geometry, and can be expressed as:

 Sh
h D

k
H h≡  (5-23)

where Sh = 5.39 for uniform surface mass fl ux (m
.

 = constant), and Sh = 4.86 
for uniform surface concentration (Cs = constant).

The binary diffusion coeffi cient for hydrogen, oxygen, and water is 
given in Appendix G. If the binary diffusion coeffi cient needs to be calcu-
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lated at a different temperature than what is shown in Appendix G, the 
following relation can be used:

 D T D T
T

T
i j i j ref

ref
, ,( ) ( )

/

= ∗⎛
⎝⎜

⎞
⎠⎟

3 2

 (5-24)
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FIGURE 5-2. Fuel cell layers (fl ow fi eld, gas diffusion layer, catalyst layer) that have 
convective and diffusive mass transport.
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where Tref is the temperature that the binary diffusion coeffi cient is given 
at, and T is the temperature of the fuel.

There are several equations that are commonly used in the literature 
that govern the mass transfer to the electrode. One of these is the Nernst-
Planck equation. This equation for one-dimensional mass transfer along 
the x-axis is:

 J x D
C x

x
z F
RT

D C
x

x
C v xi i

i i
i i i( )

( ) ( )
( )= − − +

∂
∂

∂
∂
φ

 (5-25)

where Ji(x) is the fl ux of species i (mol/(s ∗ cm2) at a distance x from the 

surface, Di is the diffusion coeffi cient (cm2), ∂
∂
C x

x
i( )  is the concentration 

gradient at distance x, ∂
∂
φ( )x
x

 is the potential gradient, zi and Ci are the 

charge, and v(x) is the velocity (cm/s) with which a volume element in 
solution moves along the axis. The terms in Equation 5-25 represent the 
contributions to diffusion, migration, and convection, respectively, to the 
fl ux.

5.4 Diffusive Mass Transport in Electrodes

As shown in Figure 5-2, the diffusive fl ow occurs at the GDL and catalyst 
layer, where the mass transfer occurs at the microlevel. The electrochem-
ical reaction in the catalyst layer can lead to reactant depletion, which 
can affect fuel cell performance through concentration losses. In turn, the 
reactant depletion will also cause activation losses. The difference in the 
catalyst layer reactant and product concentration from the bulk values 
determines the extent of the concentration loss.

Using Fick’s law, the rate of mass transfer by diffusion of the reactants 
to the catalyst layer (m

.
) can be calculated as shown in Equation 5-26:

 �m D
dC
dx

= −  (5-26)

where D is the bulk diffusion coeffi cient, and C is the concentration of 
reactants.

The diffusional transport through the gas diffusion layer at steady-
state is:

 �
�

m A D
C C

elec
eff s i=

−
δ

 (5-27)
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where Ci is the reactant concentration at the GDL/catalyst interface, d 
is the gas diffusion layer thickness, and Deff is the effective diffusion co-
effi cient for the porous GDL, which is dependent upon the bulk diffusion 
coeffi cient D, and the pore structure. Assuming uniform pore size, and that 
gas diffusion layer is free from fl ooding of water, Deff can be defi ned as:

 Deff = Df3/2 (5-28)

where f is the electrode porosity. The total resistance to the transport of 
the reactant to the reaction sites can be expressed by combining Equations 
5-21 and 5-27:

 �m
C C

h A D A

i

m elec
eff

elec

=
−

+⎛
⎝⎜

⎞
⎠⎟

0

1 δ
 (5-29)

where 
1

h Am elec

 is the resistance to the convective mass transfer, and 

L
D Aeff

elec

 is the resistance to the diffusional mass transfer through the gas 

diffusion layer.
When a fuel cell is started up, it begins producing electricity at a fi xed 

current density, i. The reactant and product concentrations in the fuel cell 
are constant. When the current begins to be produced, the electrochemical 
reaction leads to the depletion of reactants at the catalyst layer. The fl ux 
of reactants and products will match the consumption/depletion rate of 
reactants and products at the catalyst layer, and can be described using the 
following equation:

 i
nFm
Aelec

=
�

 (5-30)

where i is the fuel cell operating current density, F is the Faraday constant, 
n is the number of electrons transferred per mol of reactant consumed, and 
m
.

 is the rate of mass transfer by diffusion of reactants to the catalyst layer. 
Substituting Equation 5-29 into Equation 5-30 yields:

 i nF
C C

h D

i

m
eff

= −
−

+⎛
⎝⎜

⎞
⎠⎟

0

1 δ  (5-31)

The reactant concentration in the GDL/catalyst interface is less than 
the reactant concentration in the fl ow channels, which depends upon i, d, 
and Deff. As the current density increases, the concentration losses become 
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greater. These concentration losses can be improved if the GDL thickness 
is reduced, or the porosity or effective diffusivity is increased.

The limiting current density of the fuel cell occurs when the current 
density becomes so large the reactant concentration falls to zero. The lim-
iting current density (iL) can be calculated if the minimum concentration 
at the GDL/catalyst layer interface is Ci = 0 as follows:

 i nF
C

h D

L

m
eff

= −
+⎛

⎝⎜
⎞
⎠⎟

0

1 δ  (5-32)

The limiting current density can be increased by insuring that C0 is 
high through good fl ow fi eld design, optimal GDL and catalyst layer poros-
ity and thickness, and ideal operating conditions. The limiting current 
density is from 1 to 10 A/cm2. The fuel cell cannot produce a higher current 
density than its limiting current density. However, the fuel cell voltage 
may fall to zero due to other types of losses before the limiting current 
density does.

The Nernst equation introduced in Chapter 2 shows the relationship 
between the thermodynamic voltage of the fuel cell, and the reactant and 
product concentrations at the catalyst sites:

 E E
RT
nF

a

ar
products
v

reac ts
v

i

i
= − ∏

∏
ln

tan

 (5-33)

In order to calculate the incremental voltage loss due to reactant 
depletion in the catalyst layer, the changes in Nernst potential using cR* 
values instead of cR

0 values are represented as follows:

 uconc = Er,Nernst − ENernst (5-34)

 υconc r r
i

E
RT
nF C

E
RT
nF C

= −⎛
⎝⎜

⎞
⎠⎟ − −⎛

⎝⎜
⎞
⎠⎟ln

1
ln

1

0

 (5-35)

 υconc
i

RT
nF

C
C

= ln 0  (5-36)

where Er,Nerst is the Nernst voltage using C0 values, and ENernst is the Nernst 
voltage using Ci values. Combining Equations 5-35 and 5-36:

 
i
i

C
CL

i= −1
0

 (5-37)

Therefore, the ratio C0/Ci (the concentration at the GDL/catalyst layer 
interface) can be written as:



Fuel Cell Mass Transport 113

 
C
C

i
i ii

L

L

0 =
−

 (5-38)

Substituting Equation 5-38 into Equation 5-36 yields:

 υconc
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RT
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i
i i

=
−

⎛
⎝⎜

⎞
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ln  (5-39)

which is the expression for concentration losses, and is only valid for i < iL.
The Butler-Volmer equation from Chapter 3 describes how the reac-

tion kinetics affect concentration and fuel cell performance. The reaction 
kinetics are dependent upon the reactant and product concentrations at the 
reaction sites:

 i i
c
C

nF RT
c
c

nF RTR

R
act

P

P
act= − − −0 0 0 1

*
*

exp
*
*

exp( /( )) ( ( ) /( ))α υ α υ  (5-40)

where cR* and cP* are arbitrary concentrations, and i0 is measured as the 
reference reactant and product concentration values cR

0* and cP
0*. In the high 

current-density region, the second term in the Butler-Volmer equation 
drops out, and the expression then becomes:

 i i
c
c

nF RTR

R
act= 0 0

*
*

exp( /( ))α υ  (5-41)

In terms of activation overvoltage using c*R instead of cR
0*:

 υ
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R

R

RT
nF

c
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0*
*  (5-42)

The ratio can be written as:
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The total concentration loss can be written as:
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Fuel cell mass transport losses may be expressed by the following 
equation:

 υconc
L

L

c
i

i i
=

−
ln  (5-45)
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where c is a constant and can have the approximate form:

 c
RT
nF

= +⎛
⎝⎜

⎞
⎠⎟1

1
α

 (5-46)

In actuality, the fuel cell behavior often has a larger value than what 
the equation predicts. Due to this, c is often obtained empirically. The 
concentration losses appear at high current densities, and signifi cant con-
centration losses can severely limit fuel cell performance.

5.5 Convective Mass Transport in Flow Field Plates

The fl ow channels in fuel cell fl ow fi eld plates are designed to evenly dis-
tribute reactants across a fuel cell to help keep mass transport losses to a 
minimum. Flow fi eld designs are discussed in detail in Chapter 10. In the 
next section, the control volume method fi rst introduced in Section 5.2 is 
used to calculate the mass transfer rates in the fl ow channels.

5.5.1 Mass Transport in Flow Channels
The mass transport in fl ow channels can be modeled using a control volume 
for reactant fl ow from the fl ow channel to the electrode layer as shown in 
Figure 5-3.

The rate of convective mass transfer at the electrode surface (m
.

s) can 
be expressed as:

 m
.

s = hm(Cm − Cs) (5-47)

where Cm is the mean concentration of the reactant in the fl ow channel 
(averaged over the channel cross-section, and decreases along the fl ow 
direction, x), and Cs is the concentration at the electrode surface.

As shown in Figure 5-3, the reactant moves at the molar fl ow rate, 
AcCmvm at the position x, where Ac is the channel cross-sectional area and 
vm is the mean fl ow velocity in the fl ow channel. This can be expressed as:

 
d

dx
A C v m wc m m s elec( ) = − �  (5-48)

where welec is the width of the electrode surface. If the fl ow in the channel 
is assumed to be steady, and the velocity and the concentration are con-
stant, then:

 
d
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C

m
v w

m
s

m flow

=
− �

 (5-49)
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When the current density is small (i < 0.5 iL), it can be assumed 

constant. Using Faraday’s law, �m
i

nF
s =  and integrating:

 C x C x

i
nF

v w
xm m in

m flow

( ) ( )= −

⎛
⎝

⎞
⎠

,  (5-50)

where Cm,in is the mean concentration at the fl ow channel inlet.
If the current density is large (i > 0.5 iL), the condition at the electrode 

surface can be approximated by assuming the concentration at the surface 
(Cs) is constant. This can be written as follows:

Hydrogen

Reactant Flow Channel

ms

dx (AcCmνm)x

(AcCmνm)x+dx

Control Volume

Flow Channel Width, wflow

Cm

Electrolyte Layer

Catalyst Layer 

e-

H+CiCs

Gas Diffusion Layer

FIGURE 5-3. Control volume for reactant fl ow from the fl ow channel to the elec-
trode layer.
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h
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−
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After integrating from the channel inlet to location x in the fl ow 
channel, Equation 5-51 becomes:
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At the channel outlet, x = H, and Equation 5-52 becomes:

 
C C
C C

h H
v w

m out s

m in s

m

m flow

,

,

exp
−
−

=
−

 (5-53)

where Cm,out is the mean concentration at the fl ow channel outlet.
A simple expression can be derived if the entire fl ow channel is 

assumed to be the control volume, as shown in Figure 5-4:

 
�
�

m v w W C C

m v w w C C
s m flow elec in out
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= −
= −

( )

( )Δ Δ
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If Cs is constant, substituting for wfl owwelec:
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where

 Δ
Δ Δ

Δ
Δ

C
C C

C
C

lm
in out

in

out

=
−

⎛
⎝⎜

⎞
⎠⎟ln

 (5-56)

The local current density corresponding to the rate of mass transfer 
is:
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The current density averaged over the electrode surface is:

 ı̄  = nFhmΔClm (5-58)

The limiting current density when Cs approaches 0 is:
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As seen from Equations 5-57 to 5-60, both the current density and 
limiting current density decrease exponentially along the channel length.
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e-

H+CiCs

Gas Diffusion Layer

FIGURE 5-4. Entire channel as the control volume for reactant fl ow from the fl ow 
channel to the electrode layer.
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EXAMPLE 5-3: Determine Current Density Distribution

A fuel cell operating at 25 °C and 1 atm uses bipolar plates with fl ow 
fi elds to distribute the fuel and oxidant to the electrode surface. The 
channels have a depth of 1.5 mm, with a distance of 1 mm apart. Air is 
fed parallel to the channel walls for distribution to the cathode electrode. 
The length of the fl ow channel is 18 cm, and the air travels at a velocity 
of 2 m/s. Determine the distribution of the current density due to the 
limitation of the convective mass transfer iL(x) and the average limiting 
current density ı̄L.

The Reynolds number can be calculated as follows:

Re = = =
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Since 251.73 is less than 2000, the fl ow is laminar.
In order to calculate the limiting current density, the convective 

mass transfer coeffi cient and binary diffusivity coeffi cient need to be 
calculated:
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The concentration of O2 at the channel inlet, with a mole fraction 
of O2 is XO2 = 0.21, is:
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The limiting current density based upon the rate of O2 transfer:
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The limiting current density will be 3.4802 A/cm2 at the channel 
inlet (x = 0) and 3.3022 A/cm2 at the channel outlet (x = 18 cm). In order 
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to calculate ı̄L, the outlet concentration of oxygen needs to be 
calculated:
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Using MATLAB to solve:

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

% EXAMPLE 5-3: Determining the Current Density Distribution

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

% Inputs

T = 25; % Fuel cell operating temperature in degrees C
gap_distance = 0.001; % Rib distance (m)
channel_length = 0.18; % Channel length (m)
air_velocity = 2; % Air velocity (m/s)
T = T + 273.15; % Convert temperature to K
reference_temperature = 273 % Reference temperature
meu = 15.89e-6;
D_O2_N2_at_reference = 1.84e-5; %Diffusion coeffi cient
Sh = 4.86; % Sherwood number
X_O2 = 0.21; % Mole fraction of oxygen
D_k = 2/1000;



120 PEM Fuel Cell Modeling and Simulation Using MATLAB®

R = 8.314; % Ideal gas constant
P = 101.325; % Pressure
v_m = 2;
n = 4;
F = 96487; % Faraday’s constant

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

% Calculate Reynold’s number

RE = air_velocity ∗ v_m ∗ gap_distance/meu

% Convective mass transfer coeffi cient

D_o2_n2 = D_O2_N2_at_reference ∗ (temperature/reference_temperature)^1.5

% Binary diffusivity coeffi cient

h_m = Sh ∗ D_o2_n2/D_k

% The concentration of oxygen at the channel inlet

C_O2_in = 1000 ∗ X_O2 ∗ P/(R ∗ temperature) % 1000 ∗ is to convert from molK 
to mol

v_m = 10e-3

% The concentration of oxygen at the channel outlet

C_O2_out = C_O2_in ∗ exp(-h_m ∗ channel_length/(v_m ∗ air_velocity))

% Limiting current density

limiting_current_density = n ∗ F ∗ h_m ∗ (C_O2_in − C_O2_out)/log(C_O2_in/C_O2_
out)/10000; % /10000 to convert to cm2

5.6 Mass Transport Equations in the Literature

There are many equations used in the literature to determine mass fl ux 
and concentration losses. Knowing which equation to use is not as impor-
tant as determining how to model the system effectively. Knowing how to 
solve the concentration gradients and species distributions requires knowl-
edge of multicomponent diffusion, and can be a challenging task.

In order to precisely solve the mass balance equations (especially in 
the electrode layers), the mass fl ux must be determined. The concentration 
losses are incorporated into a model as the reversible potential decreases 
due to a decrease in the reactant’s partial pressure. There are three basic 
approaches for determining the mass fl ux (N): Fick’s law, the Stefan-
Maxwell equation, and the Dusty Gas Model.
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5.6.1 Fick’s Law
The simplest diffusion model is Fick’s law, which is used to describe dif-
fusion processes involving two gas species. A form of Fick’s law was intro-
duced in Equation 5-26. The standard notation for Fick’s law is the binary 
notation, and can be written as:

 Ni = −cDi,j∇Xi (5-61)

A multicomponent version of Fick’s law is shown in Equation 5-62:

 N cD X X Ni i m i i
j

n

j= − ∇ +
=
∑,

1
 (5-62)

where c is the total molar concentration. If three or more gas species are 
present, such as N2, O2, and H2O, a multicomponent diffusion model such 
as the Maxwell-Stefan equation must be used, or the binary diffusion co-
effi cients must be expanded to tertiary diffusion coeffi cients.

5.6.2 The Stefan-Maxwell Equation
The Stefan-Maxwell equation is the only diffusion equation that separates 
diffusion from convection in a simple way. The fl ux equation is replaced 
by the difference in species velocities. The Stefan-Maxwell model is more 
rigorous, is commonly used in multicomponent species systems, and is 
employed quite extensively in the literature. The main disadvantage is that 
it is diffi cult to solve mathematically. It may be used to defi ne the gradient 
in the mole fraction of components:

 ∇ =
−∑y RT

y N y N
pD

i
i j j i

ij
eff

 (5-63)

where yi is the gas phase mol fraction of species i, and Ni is the superfi cial 
gas phase fl ux of species i averaged over a differential volume element, 
which is small with respect to the overall dimensions of the system, but 
large with respect to the pore size. Dij

eff is the binary diffusion coeffi cient, 
and can be defi ned by:
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where Tc and pc are the critical temperature and pressure of species i and 
j, M is the molecular weight of species, A = 0.0002745 for diatomic gases, 
H2, O2, and N2, and a = 0.000364 for water vapor, and B = 1.832 for diatomic 
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gases, H2, O2, and N2, and b = 2.334 for water vapor. The Stefa-Maxwell 
Equation is discussed in more detail in Chapter 8.

5.6.3 The Dusty Gas Model
The Dusty Gas Model is also commonly used in the literature, and looks 
similar to the Stefan-Maxwell equation except that it also takes into account 
Knudsen diffusion. Knudsen diffusion occurs when a particle’s mean-
free-path is similar to, or larger than in size, the average pore diameter (and 
is discussed in greater detail in Chapter 8):

 −∇ = +
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= ≠
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N
D

X N X N
cD

i
i

i k j j

n
j i i j

i j, , ,1 1

 (5-65)

where Di,j is the Knudsen diffusion coeffi cient for species i. The molecular 
diffusivity depends upon the temperature, pressure, and concentration. The 
effective diffusivity depends also upon the microstructural parameters such 
as porosity, pore size, particle size, and tortuosity. The molecular gas dif-
fusivity must be corrected for the porous media. A large portion of the 
corrections are made using the ratio of porosity to tortuosity (E/T), although 
in some cases, the Bruggman model is used due to the lack of information 
for gas transport in porous media:
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The Dusty Gas diffusion model requires Knudsen diffusivity to be solved, 
while Fick’s law and the Stefan-Maxwell equation require more work to 
incorporate Knudsen diffusion.

The Knudsen diffusion coeffi cient for gas species i can be calculated 
using Equation 5-67:

 D
r RT

Mi k
i

, =
2
3

8
π

 (5-67)

where M is the molecular mass of species i, and r is the average pore 
radius.

EXAMPLE 5-4: Calculating the Diffusive Mass Flux

Hydrogen gas is maintained at 2 bars and 1 bar on opposite sides of a 
Nafi on membrane that is 50 microns (mm) thick. The temperature 
is 20 °C, and the binary diffusion coeffi cient of hydrogen in Nafi on is 
8.7 × 10−8 m2/s. The solubility of hydrogen in the membrane is 1.5 × 
10−3 kmol/m3 bar. What is the mass diffusive fl ux of hydrogen through 
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the membrane? What are the molar concentrations of hydrogen in the 
gas phase?

First, calculate the surface molar concentrations of hydrogen:
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Calculate the molar diffusive fl ux:
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Convert to a mass basis:
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C
p
RT

kmol
m

A
A= =

× ∗
=−

3
8 314 10 293 15

0 121
2 3. .

.

C
p
RT

kmol
m

C
A= =

× ∗
=−

1
8 314 10 293 15

0 040
2 3. .

.

Using MATLAB to solve:

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

% EXAMPLE 5-4: Calculating the Mass Diffusive Flux through 
% the Membrane

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

% Inputs

Pa = 3; % Pressure on the anode side (bar)
Pc = 1; % Pressure on the cathode side (bar)
D = 8.7 ∗ 10^-8; % Binary diffusion coeffi cent (m^2/s)
L = 0.3 ∗ 10^-3; % Thickness of the membrane (m)
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M = 2; % (kg/kmol)
R = 8.314 ∗ 10^-2; % Ideal gas constant (m^3*bar/kmolK)
S = 1.5 ∗ 10^-3; % Solubility of hydrogen (kmol/m^3-bar)
T = 20 + 275.15; % Temperature (K)

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

% The surface molar concentrations of hydrogen

C_as1 = S ∗ Pa;
C_cs2 = S ∗ Pc;

% Calculate the molar diffusive fl ux

N = (D/L) ∗ (C_as1 − C_cs2);

% Convert to mass basis

n = N ∗ M

% Calculate the molar concentrations of hydrogen in the 
gas phase

Ca = Pa/(R ∗ T)
Cc = Pc/(R ∗ T)

Chapter Summary

The study of mass transport involves the supply of reactants and products 
in a fuel cell. Inadequate mass transport can result in poor fuel cell perfor-
mance. In order to calculate the mass fl ows through the fuel cell, mass 
balances can be written to calculate the ideal fl ow rates and mole fractions 
of any unknown species. There are two main mass transport effects encoun-
tered in fuel cells: convection in the fl ow structures, and diffusion in the 
electrodes. Convective fl ow occurs in the fl ow channels due to hydro-
dynamic transport, and the relatively large-size channels (∼1 mm to 1 cm). 
Diffusive transport occurs in the electrodes because of the tiny pore sizes. 
Mass transport losses in the fuel cell result in the depletion of reactants at 
the electrode, which affects the Nernstian cell voltage and the reaction rate. 
Commonly used mass transport equations in the literature include Fick’s 
law, the Stefan-Maxwell equation and the Dusty Gas Model. This chapter 
provided the necessary background to create mass balances on any fuel-cell 
component with convective or diffusive transport.

Problems

• A fuel cell is operating at 50 °C and 1 atm. Humidifi ed air is supplied 
with the mole fraction of water vapor equal to 0.2 in the cathode. If the 
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channels are rectangular with a diameter of 1.2 mm, fi nd the maximum 
velocity of air.

• For the fuel cell in the above problem, calculate the maximum velocity 
of air if the channels are circular.

• A fuel cell is operating at 50 °C and 1 atm. The cathode is using pure 
oxygen, and there is no water vapor present. The diffusion layer is 
400 microns with a porosity of 30%. Calculate the limiting current 
density.

• Calculate the limiting current density for a fuel cell operating at 80 °C 
and 1 atm. The cathode is of the same construction as in the third 
problem.

• Under the conditions from the third problem, estimate the fuel cell area 
that can be operated at 0.7 A/cm2. Assume a stoichiometric number of 
2.5, and that the fuel cell is made of a single straight channel with a 
width of 1 mm and the rib width is 0.5 mm.
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CHAPTER 6

Heat Transfer

6.1 Introduction

Temperature in a fuel cell is not always uniform, even when there is a 
constant mass fl ow rate in the channels. Uneven fuel cell stack tempera-
tures are due to a result of water phase change, coolant temperature, air 
convection, the trapping of water, and heat produced by the catalyst layer. 
In order to precisely predict temperature-dependent parameters and rates 
of reaction and species transport, the heat distribution throughout the stack 
needs to be determined accurately. The calculations presented in this 
chapter give the heat transfer basics for fuel cells. The specifi c topics to be 
covered are as follows:

• Basics of heat transfer
• Fuel cell energy balances
• Fuel cell heat management

The fi rst step in determining the heat distribution in a fuel cell stack is to 
perform energy balances on the system. The total energy balance around 
the fuel cell is based upon the power produced, the fuel cell reactions, and 
the heat loss that occurs in a fuel cell. Convective heat transfer occurs 
between the solid surface and the gas streams, and conductive heat transfer 
occurs in the solid and/or porous structures. The reactants, products, and 
electricity generated are the basic components to consider in modeling 
basic heat transfer in a fuel cell, as shown in Figure 6-1.

The general energy balance states that the enthalpy of the reactants 
entering the cell equals the enthalpy of the products leaving the cell plus 
the sum of the heat generated by the power output, and the rate of heat 
loss to the surroundings. The basic heat transfer calculations will aid in 
predicting the temperatures and heat in overall fuel cell stack and stack 
components.



128 PEM Fuel Cell Modeling and Simulation Using MATLAB®

6.2 Basics of Heat Transfer

Conduction can be defi ned as the transfer of energy from more energetic 
particles to less energetic particles due to the interaction between the par-
ticles. A temperature gradient within a homogeneous substance results 
in an energy transfer through the medium, which results in a transfer of 
energy from more energetic to less energetic molecules. This heat transfer 
process can be quantifi ed in terms of rate equations. The rate of heat trans-
fer in the x-direction through a fi nite cross-sectional area, A, is known as 
Fourier’s law, and can be expressed as:

 q kA
dT
dx

x = −  (6-1)

where k is the thermal conductivity, W/(m ∗ k). When the heat transfer is 
linear under steady-state conditions, the temperature gradient may be 
expressed as follows:
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FIGURE 6-1. Stack illustration for heat fl ow study1.
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 q k
T T

L
x = −1 2  (6-2)

The thermal conductivity is a transport property that provides an 
indication of the rate at which energy is transferred by the diffusion process. 
This property is dependent upon the atomic and molecular structure of the 
substance. The thermal conductivity of some fuel cell materials is shown 
in Table 6-1.

For one-dimensional, steady-state heat conduction with no heat gen-
eration, the heat fl ux is constant, and independent of x. This can be expressed 
as:

 
d T
dx

2

2
0=  (6-3)

When analyzing one-dimensional heat transfer with no internal 
energy generation and constant properties, there is an analogy between the 
diffusion of heat and electrical charge. A thermal resistance can be associ-
ated with the conduction of heat, and can be expressed in a plane wall 
as:

 R
T T

q
L

kAcond
x

= − =1 2  (6-4)

When heat is conducted through two adjacent materials with 
different thermal conductivities, the third boundary condition comes from 
a requirement that the temperature at the interface is the same for both 
materials2:

 q = htcAΔT (6-5)

TABLE 6-1
Thermal Conductivity of Some Fuel Cell Materials

Material Thermal Conductivity
(W/mK) @ 300 K

Aluminum 237
Nickel  90.5
Platinum  71.5
Titanium  22
Stainless steel 316  13
Graphite  98
Carbon cloth  1.7
Tefl on  0.4



130 PEM Fuel Cell Modeling and Simulation Using MATLAB®

where htc is the convective heat transfer coeffi cient, BTU/hft2F or W/m2K, 
A is the area normal to the direction of the heat fl ux, ft2 or m2, and ΔT 
is the temperature difference between the solid surface and the fl uid F 
or K.

A thermal resistance may also be associated with the heat transfer by 
convection at a surface. This can be expressed as:

 R
T T

q hA
conv

x

= − =1 2 1
 (6-6)

Since the conduction and convection resistances are in series, they 
can be summed as follows:

 R
h A

L
kA h A

tot = + +1 1

1 2

 (6-7)

The fuel cell layers can be thought of as a “composite wall” with 
series thermal resistances due to layers of different materials. With a “com-
posite” system, it is convenient to work with an overall heat transfer 
coeffi cient, U, which can be written as:

 q = UAΔT (6-8)

Like charge transport (Chapter 4), in composite systems, the tem-
perature drop between materials can be signifi cant, and is called thermal 
contact resistance. This is defi ned as:
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q
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A B
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= −
 (6-9)

The thermal resistance (Rth) can also be expressed as:

 R

R R

th

c R

=
+

1
1 1

 (6-10)

where Rc is the convective thermal resistance:

 R
hA

c
s

= 1
 (6-11)

where h is h
k
L

NuL= . Figure 6-2 illustrates the temperature drop due to 

thermal contact resistance.
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The heat lost by the stack through radiation to the surroundings is 
the radioactive thermal resistance (RR) defi ned as:

 R
FA T T T T

R
s s s

=
+ +

1

0
2

0
2σ ( )( )

 (6-12)

where s is the Stefan-Boltzmann constant [5.67 × 10−8 W/(m2K4)], F is the 
shape factor, and As is the stack exposed surface area, m2.

Sometimes using the assumption that the temperature gradient is 
only signifi cant for one direction is an oversimplifi cation of the problem. 
For two-dimensional, steady-state conditions with no heat generation (see 
Figure 6-3), and constant thermal conductivity, the heat fl ux can be 
expressed as:
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Internal fuel cell heat generation can be described by the Poisson 
equation:

 
d T
dx

q
k

2

2
0+ =int  (6-14)

where qint is the rate of heat generation per unit volume.
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FIGURE 6-2. Temperature drop due to thermal contact resistance.
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6.3 Fuel Cell Energy Balances

6.3.1 General Energy Balance Procedure
In order to accurately model a fuel cell system, the energy that fl ows into 
and out of each process unit in the fuel cell subsystem, and in the fuel cell 
itself, needs to be accounted for in order to determine the overall energy 
requirement(s) for the process. A typical energy balance calculation deter-
mines the cell exit temperature knowing the reactant composition, the 
temperatures, H2 and O2 utilization, the expected power produced, and the 
percent of heat loss. The procedure for formulating an energy balance is as 
follows:

1. A fl owchart must be drawn and labeled. Enough information should 
be included on the fl owchart to determine the specifi c enthalpy of 
each stream component. This includes known temperatures, pres-
sures, mole fractions, mass fl ow rates, and phases.

2. Mass balance equations may need to be written in order to deter-
mine the fl ow rates of all stream components.

3. The specifi c enthalpies need to be determined for each stream 
component. These can be obtained from thermodynamic tables, or 
can be calculated if these data are not available.

4. The fi nal step is to write the appropriate form of the energy balance 
equation, and solve for the desired quantity.

An example fl owchart is shown in Figure 6-4. The fuel enters the cell 
at temperature, T, and pressure, P. Oxygen enters the fuel cell at a certain 

T(x,y) T1, θ = 0T1, θ = 0

T1, θ = 0

T2, θ = 0
W

L0
0

FIGURE 6-3. Two-dimensional conduction.
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T, P, xO2 (mole fraction), and mO2 (mass fl ow rate). The hydrogen and oxygen 
react completely in the cell to produce water, which exits at a certain T, 
P, x (mole fraction), and m (mass fl ow rate). This reaction can be described 
by:

H O H O2 2 2
1
2

+ →

Q is the heat leaving the fuel cell, and W is the work available through 
chemical availability. Only the energy balance equation for this example 
has been written (the mass balance equations have not). The specifi c enthal-
pies can be obtained through thermodynamic tables or calculations. The 
generic energy balance for the fuel cell in this example is:

 
W

m
Q

m
h h h

H H
H O H O

2 2

2 2 2

1
2

+ = + −  (6-15)

6.3.2 Energy Balance of Fuel Cell Stack
The energy balance on the fuel cell is the sum of the energy inputs equals 
the sum of the energy outputs. The generic heat balance on any fuel cell 
stack can be written as follows4:

 Q Q W Q Qin out el dis c∑ ∑− = + +  (6-16)

where Qin is the enthalpy (heat) of the reactant gases in, Qout is the enthalpy 
(heat) of the unused reactant gases and heat produced by the product, Wel 
is the electricity generated, Qdis is the heat dissipated to the surroundings, 

Fuel Cell

Heat, Q

H2(g) at T, P, xH2, mH2

O2(g) at T, P, xO2, mO2

H2O(l) at T, P, xH2O, mH2O

Work, W

FIGURE 6-4. Detailed fl owchart to obtain energy balance equation3.
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and Qc is the heat taken away from the stack by active cooling. Heat is 
carried away by reactant gases, product water, and that lost to the surround-
ings; the remaining heat needs to be taken from the stack through cooling. 
The heat generation in the fuel cell is associated with voltage losses. Most 
of the heat is created in the catalyst layers, in the membrane due to ohmic 
losses, and then in the electrically conductive solid parts of the fuel cell 
due to ohmic losses5.

A good estimate for the fuel cell stack energy balance can be obtained 
by equating the energy of the fuel reacted to the heat and electricity 
generated:

 
I
F

H n Q IV nHHV cell gen cell cell2
= +  (6-17)

When all of the product water leaves the stack as liquid at room tem-
perature, the heat generated in a fuel cell stack is

 Qgen = (1.482 − Vcell)Incell (6-18)

where Qgen is the heat generated from the stack in watts, ncell is the number 
of cells, and Vcell is the cell voltage. If all of the product water leaves the 
stack as vapor, the following equation can be used instead:

 Qgen = (1.254 − Vcell)Incell (6-19)

Equations 6-17 through 6-19 are approximations, and do not take into 
account the heat or enthalpy brought to, or removed from, the stack.

6.3.3 General Energy Balance for Fuel Cell
Another way of uniting the fuel cell energy balance is the sum of all the 
energy inputs and the sum of all of the energy outputs:

 ( ) ( )h W h Qi in el i out∑ ∑= + +  (6-20)

The inputs are the enthalpies of the fuel, the oxidant, and the water 
vapor present. The outputs are the electric power produced, enthalpies of 
the fl ows out of the fuel cell, and the heat leaving the fuel cell through 
coolant, convection, or radiation.

The enthalpy (J/s) for each dry gas or mixture of dry gases is

 h = m
.

cpT (6-21)

where m
.

 is the mass fl ow rate of the gas or mixture (g/s), Cp is the specifi c 
heat (J/[g ∗ K]), and T is the temperature in °C.
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If the gas has a high heating value (combustible), its enthalpy is 
then:

 h = m
.

(cpT + h0
HHV) (6-22)

where h0
HHV is the higher heating value of that gas (J/g) at 0 °C. The heating 

values are usually reported at 25 °C, therefore, the higher heating value may 
need to be calculated at the chosen temperature. The enthalpy of water 
vapor is

 h = m
.

H2O(g)cp,H2O(g)T + h0
fg (6-23)

The enthalpy of liquid water is

 h = m
.

H2O(l)cp,H2O(l)T (6-24)

The inputs and outputs of the energy balance can quickly become 
complicated when the heat balance is performed for each individual fuel 
cell layer and/or stack heating and cooling is involved.

EXAMPLE 6-1: Energy Balances

A PEM hydrogen/air fuel cell generates 1 kW at 0.8 V. Air is supplied to 
the fuel cell stack at 20 °C. The air outlet temperature is 70 °C. The mass 
fl ow rate for hydrogen going into the cell is 0.02 g/s and air going into 
the cell is 1.5 g/s. The mass fl ow rate of the water in air going into the 
fuel cell is 0.01 g/s. The mass fl ow rate of N2 and O2 coming out of 
the fuel cell is 0.5 and 1.5 g/s, respectively. What is the mass fl ow rate 
of the air entering the cell? What is the mass fl ow rate of the water in 
air leaving the cell? Assume that the heat generated by the fuel cell is 
negligible. The HHV of hydrogen is 141,600 J/g, and h0

fg = 2500.

The energy balance is

HH2,in + HAir,in + HH2O_Air,in = HAir,out + HH2O_Air,out + Wel

The energy fl ows are:
Hydrogen in:

HH2,in = mH2,in (cp,H2Tin + h0
HHV)

h h c
M
M

c
M
M

cHHV HHV p H
O

H
p O

H O

H
p H O l

0 25
2

2

2
2

2

2
2

1
2

25= − + −⎛
⎝⎜

⎞
⎠⎟ ⋅, , , ( )
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hHHV
0 141 900 14 2

1
2

31 9988
2 0158

0 913
18 0152
2 0158

4 18= − + ∗ −, .
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.
.

.⎛⎛
⎝

⎞
⎠ ⋅ =25 142 298, J gK/

HH2,in = 0.02(14.2 × 20 + 142,298) = 2929W

Air in:

HAir,in = mAir,incp,AirTin = mAir,in × 1.01 × 20

Water vapor in air in:

HH2O_Air,in = mH2O_Air,in × (cp,H2OTin + h0
fg)

HH2O_Air,in = 0.01 × (1.85 × 20 + 2500) = 30.42

Air out:

HAir,out = mO2,outcp,O2Tout + mN2,outcp,N2Tout

HAir,out = (0.5 ∗ 0.913 ∗ 75) + (1.5 ∗ 1.04 ∗ 75) = 691.96

The amount of water generated is:

I = P/V = 1000W/0.7V = 1250

m
I
F

M g sH O gen H O2 22
1428 6

2 96 485
18 015 0 1167,

.
,

. .= =
∗

∗ = /

The water mass balance can be written as:

mH2O_Air,in + mH2O,gen = mH2O_Air,out

mH2O_Air,out = 0.01g/s + 0.133g/s = 0.1267g/s

Water vapor in air out:

HH2O_Air,out = mH2O_Air,out × (cp,H2OTout + h0
fg)

HH2O_Air,out = 0.143 × (1.85 × 75 + 2500) = 397.17

Energy balance is

HH2,in + HAir,in + HH2O_Air,in = HAir,out + HH2O_Air,out + Wel

2124.5 + HAir,in + 25.37 = 151.24 + 377.34 + 1000

HAir,in = −870.50W
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Substituting this back into the enthalpy calculation for HAir,in:

HAir,in = mAir,incp,AirTin = mAir,in × 1.01 × 20

mAir,in = 2.94g/s

Using MATLAB to solve:

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

% EXAMPLE 6-1: Energy Balances

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

% Inputs

V = 0.8; % Cell voltage (V)
P = 1000; % Power (Watt)
T = 20 + 273.15; % Air Temperature (K)
T_out = 70 + 273.15; % Temperature out (K)
m_H2_in = 0.02; % Hydrogen fl ow rate (g/s)
m_H2O_in = 0.01; % Water fl ow rate (g/s)
m_O2_out = 0.5; % Oxygen fl ow rate (g/s)
m_N2_out = 1.5; % Nitrogen fl ow rate (g/s)
HHV_25 = 141900; % HHV of hydrogen
cp_H2 = 14.2; % Specifi c heat of H2
cp_O2 = 0.913; % Specifi c heat of O2
cp_N2 = 1.04; % Specifi c heat of N2
cp_AIR = 1.01; % Specifi c heat of air
cp_H2O_1 = 4.18; % Specifi c heat of liquid water
cp_H2O = 1.85; % Specifi c heat of water
F = 96485; % Faraday’s constant
M_O2 = 31.9988; % Molecular weight of O2
M_H2 = 2.0158; % Molecular weight of H2
M_H2O = 18.0152; % Molecular weight of H2O
H_fg = 2500;

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

% Calculate the higher heating value of hydrogen

h_HHV_0 = HHV_25 − (cp_H2 + 0.5 ∗ cp_O2 ∗ M_O2 / M_H2 − M_H2O ∗ cp_H2O_1 
/ M_H2 ) ∗ 25

% Energy fl ow for hydrogen in 

h_H2_in = m_H2_in ∗ (cp_H2 ∗ T + h_HHV_0)
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% Energy fl ow for water in air in

h_H2O_in = m_H2O_in ∗ (cp_H2O ∗ T + H_fg)

% Energy fl ow for air out 

h_AIR_out = (m_O2_out ∗ cp_O2 + m_N2_out ∗ cp_N2) ∗ T_out

%The amount of water generated

I = P / V; % Current density
m_H2O_gen = I / (2 ∗ F) ∗ M_H2O

% Water vapor in air out

m_H2O_out = m_H2O_gen + m_H2O_in % Mass balance

%Water vapor in air out

h_H2O_out = m_H2O_out ∗ (cp_H2O ∗ T_out + H_fg)

% From the energy balance, energy fl ow for air in

h_AIR_in = h_AIR_out + h_H2O_out + P − h_H2_in − h_H2O_in

% Mass fl ow rate for air in

m_AIR_in = abs(h_AIR_in / (cp_AIR ∗ T))

6.3.4 The Nodal Network
To help obtain more accurate heat transfer solutions, numerical techniques 
such as fi nite-difference, fi nite-element, or boundary-element methods can 
be used, and readily extended to up to three-dimensional problems. The 
nodal network solution allows the determination of the temperature at 
discrete points. This is accomplished by subdividing the medium of inter-
est into a smaller number of regions, and assigning a reference point at its 
center. The reference point is termed a nodal point, and a nodal network 
is a grid or mesh. An energy balance is typically solved for the node. Figure 
6-5 shows an example of the x and y locations for a two-dimensional 
system. The next section, 6.3.5, illustrates an example of transient conduc-
tion in a plate using a one-dimensional nodal network.

6.3.5 Transient Conduction in a Plate6

The process of obtaining a numerical solution to a one-dimensional, tran-
sient conduction problem will be illustrated in the context of a layer in a 
fuel cell stack, as shown in Figure 6-6.
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FIGURE 6-5. Two-dimensional conduction with nodal network.

FIGURE 6-6. Nodes distributed uniformly throughout computational domain.
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For the uniform distribution of nodes that is shown in Figure 6-6, the 
location of each node (xi) is:

 x
i
N

L i Ni = −
−

=( )
( )

. . .
1
1

1for  (6-25)

where N is the number of nodes used for the simulation. The distance 
between adjacent nodes (Δx) is:

 Δx
L

N
=

− 1
 (6-26)

Energy balances have been defi ned around each node (control volume). 
The control volume for the fi rst, last, and an arbitrary, internal node is 
shown in Figure 6-6. Each control volume has conductive heat transfer with 
each adjacent node in addition to energy storage:

 � �q q
dU
dt

LHS RHS+ =  (6-27)

Each term in Equation 6-27 must be approximated. The conduction 
terms from the adjacent nodes are modeled as:

 �q
kA T T

x
LHS

i i= −−( )1

Δ
 (6-28)

 �q
kA T T

x
RHS

i i= −+( )1

Δ
 (6-29)

where A is the area of the plate. The rate of energy storage is the product 
of the time rate of change of the nodal temperature and the thermal mass 
of the control volume:

 
dU
dt

A x c
dT
dt

i= Δ ρ  (6-30)

Substituting Equations 6-27 through 6-30 leads to:

 A x c
dT
dt

kA T T
x

kA T T
x

i i i i iΔ
Δ Δ

ρ = − + −− −( ) ( )1 1  (6-31)

Solving for the time rate of the temperature change:

 
dT
dt

k
x c

T T T i Ni
i i i= + − = −− +Δ 2 1 1 2 2 1

ρ
( ) . . . ( )for  (6-32)
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The control volumes on the edges must be treated separately because 
they have a smaller volume and experience different energy transfers. The 
control volume for the node located at the outer surfaces (node N) has the 
following the energy balance:

 
dU
dt

q qLHS conv= +� �  (6-33)

or

 
A x c dT

dt
kA T T

x
hA T TN N N

f N
Δ

Δ
ρ

2
1= − + −−( )

( )  (6-34)

Solving for the time rate of temperature change for node N:

 
dT
dt

k
c x

T T
h

x c
T TN

N N f N= − + −−
2 2

2 1ρ ρΔ Δ
( ) ( )  (6-35)

Note that the equations provide the time rate of change for the tem-
perature of every node given the temperatures of the nodes. The energy 
balance for each control volume provides an equation for the time rate of 
change of the temperature in terms of the temperature. Therefore, the 
energy balance written for each control volume has a set of equations for 
the time rate of change.

The temperature of each node is a function both of position (x) and 
time (t). The index that specifi es the node’s position is i where i = 1 cor-
responds to the adiabatic plate and i = N corresponds to the surface of the 
plate. A second index, j, is added to each nodal temperature in order to 
indicate the time (Ti,j); j = 1 corresponds to the beginning of the simulation 
and j = M corresponds to the end of the simulation. The total simulation 
time is divided into M time steps; most of equal duration, Δt:

 Δt
M

sim=
−

τ
( )1

 (6-36)

The time associated with any time step is:

 tj = (j − 1)Δt for j = 1  .  .  .  M (6-37)

The initial conditions for this problem are that all of the temperatures 
at t = 0 are equal to Tin.

 Ti,1 = Tin for i = 1  .  .  .  N (6-38)

Note that the variable T is a two-dimensional array (i.e., a matrix).
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EXAMPLE 6-2: Transient Conduction through Plate

Plot the one dimensional heat transfer through a fuel cell end plate with 
a thickness of 0.01 and an initial temperature of 343.15 K. The plate is 
insulated on its left side, and is exposed to air at 298 K on the right side. 
The plate has the following material properties: (a) a polymer end plate 
with a conductivity of 0.2 W/mK, a density of 1740, and specifi c heat 
capacity of 1464 J/KgK, and (b) an aluminum end plate with a conductiv-
ity of 220 W/mK, a density of 2700 kg/m3, and specifi c heat capacity of 
900 J/KgK. Air has a heat transfer coeffi cient of 17 W/m2K. Set up a grid 
with 10 nodes (slices) in the x-direction, and plot the temperature at each 
node after 10 seconds and 2 minutes.

Using MATLAB to solve:

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

% EXAMPLE 6-2: Transient Conduction through Plate

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

% Inputs
L = 0.01; % Plate thickness (m)
k = 0.2; % Conductivity (W/m-K)
rho = 2000; % Density (kg/m^3)
cp = 200; % Specifi c heat capacity (J/kg-K)
T_in = 343.15; % Initial temperature (K)
T_f = 298; % Gas temperature (K)
h = 17; % Heat transfer coeffi cient (W/m^2-K)

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

% Setup Grid
N = 10; % Number of nodes (-)
for i = 1:N
x(i)=(i-1) ∗ L/(N-1); % Position of each node (m)
end
DELTAx = L/(N-1); % Distance between adjacent nodes (m)
tau_sim = 10; % Simulation time (s)
OPTIONS = odeset(‘RelTol’,1e-6);
[time,T] = ode45(@(time,T) dTdt_functionv(time,T,L,k,rho,cp,T_f,h),[0,tau_sim],  .  .  .

T_in ∗ ones(N,1),OPTIONS);

% Plot fi gure of transient heat conduction through fuel 
cell plates

surf(T);
xlabel(‘Number of Nodes’);
zlabel(‘Temperature (K)’);
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%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

function[dTdt]=dTdt_functionv(time,T,L,k,rho,c,T_f,h)
[N,g]=size(T); % Determine the size of T
DELTAx=L/(N-1); % Calculate the distance between adjacent nodes
dTdt=zeros(N,1); % Create dTdt vector
dTdt(1)=2 ∗ k ∗ (T(2)-T(1))/(rho ∗ c ∗ DELTAx^2);
for i=2:(N-1)
dTdt(i)=k ∗ (T(i-1)+T(i+1)-2 ∗ T(i))/(rho ∗ c ∗ DELTAx^2);
end
dTdt(N)=2 ∗ k ∗ (T(N-1)-T(N))/(rho ∗ c ∗ DELTAx^2)+2 ∗ h ∗ (T_f-T(N))/(rho ∗ c ∗ DELTAx);
end

Figures 6-7 and 6-8 both shows graphs of the temperature at each node 
after 10 seconds and 2 minutes for the polymer and aluminum end plate, 
respectively. In Figure 6-2, one can see that only a little heat has transferred 
to the plate after 10 seconds for the polymer, but the temperature distribu-
tion through the aluminum end plate is exactly the same at 10 and 120 
seconds. These fi gures show that the heat rapidly diffuses through the 
aluminum end plate in comparison with the polymer end plate.

6.3.6 Energy Balance for Fuel Cell Layers
Energy balances can be defi ned around each of the fuel cell layers to enable 
the study of the diffusion of heat through a particular layer as a function 
of time or position. Figure 6-9 shows an example of a fuel cell layer as a 
control volume. This section describes the mode of heat diffusion in each 
layer, and calculates the energy balances for the end plate, gasket, contact, 
fl ow fi eld, GDL, catalyst, and membrane layers7.

End Plates, Contacts, and Gasket Materials
The end plate is typically made of a metal or polymer material, and is used 
to uniformly transmit the compressive forces to the fuel cell stack. The 
end plate must be mechanically sturdy enough to support the fuel cell 
stack, and be able to uniformly distribute the compression forces to all of 
the major surfaces of each layer within the fuel cell stack. Depending upon 
the stack design, there also may be contact and gasket layers in the fuel 
cell stack. The gasket layers help to prevent gas leaks and improve stack 
compression. The contact layers or current collectors are used to collect 
electrons from the bipolar plate and gas diffusion layer (GDL).

Since there is typically no gas or liquid fl ows in the end plates, gaskets, 
or contact layers, conduction is the only mode of heat transfer. One side 
of each of these layers is exposed to an insulating material (or the ambient 
environment), and the other side is exposed to a conductive current 
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FIGURE 6-7. Transient heat conduction through polymer fuel cell plate at a) 10 
and b) 120 sec.
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FIGURE 6-8. Transient heat conduction through aluminum fuel cell plate at 10 
and 120 sec (same graph).
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FIGURE 6-9. Energy balance around layer.
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collector plate or insulating material. An illustration of the energy balance 
is shown in Figure 6-9.

The general energy balance for the end plate, contact, and GDL layers 
can be written as:

 ( )ρLayer Layer Layer Layer
Layer

Layer LayerA t cp
dT

dt
Q Q2 2 2 2

2
1 3= +  (6-39)

where rLayer2 is the density of Layer2, ALayer2 is the area of Layer2, cpLayer2 is 
the specifi c heat capacity of Layer2, QLayer1 is the heat fl ow from Layer1, 
and QLayer3 is the heat fl ow from Layer3. The derivative on the left side is 
the rate of change of control volume temperature (dTLayer2/dt). The heat fl ow 
from Layer1 to Layer2 is:

 QLayer1 = ULayer1A(TLayer1 − TLayer2) (6-40)

where ULayer1 is the overall heat transfer coeffi cient for Layer1, A is the area 
of the layer, and T is the temperature of the layer. The heat fl ow from 
Layer3 to Layer2 can be expressed as:

 QLayer3 = ULayer3A(TLayer3 − TLayer2) (6-41)

If the heat is coming from the surroundings, the overall heat transfer 
coeffi cient can be calculated by:

 U
t
k h

surr
Layer

Layer surr

=

∗
+

1
12

2

 (6-42)

where tLayer2 is the thickness of Layer2, kLayer2 is the thermal conductivity 
of Layer2, and hsurr is the convective loss from the stack to the air. The 
overall heat transfer coeffi cient for the heat coming from Layer1 is:
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 (6-43)

The overall heat transfer coeffi cient for the heat coming from Layer3 
is:
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If the layer conducts electricity (such as the contact layer), then there 
is an additional heat generation in Layer2 (Qres_Layer2) due to electrical resis-
tance, which can be calculated as:

 Q iA
t

A
res Layer

res Layer Layer
_

_
2

2 2 2= ( )
ρ

 (6-45)

where i is the current density, A is the area of the layer, rres_Layer2 is the 
specifi c resistance of the material, and tLayer2 is the thickness of the layer. 
Typically, there is no heat generated in the end plate, contact, or gasket 
layers. However, in some fuel cell stack designs, the end plate may be 
heated, therefore, an additional heat generation term would need to be 
added to the model formulation.

Bipolar Plate
In the fuel cell stack, the bipolar plates separate the reactant gases of adja-
cent cells, connect the cells electrically, and act as a support structure. The 
bipolar plates have reactant fl ow channels on both sides, forming the anode 
and cathode compartments of the unit cells on the opposing sides of the 
bipolar plate. Flow channel geometry affects the reactant fl ow velocities, 
mass transfer, and fuel cell performance. Bipolar plate materials must have 
high conductivity and be impermeable to gases. The material should also 
be corrosion-resistant and chemically inert due to the presence of reactant 
gases and catalysts. An illustration of the energy balance is shown in 
Figure 6-10.
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FIGURE 6-10. Flow fi eld plate energy balance.
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The bipolar plate has both conductive and convective heat transfer 
due to the gas channels in the plate. The percentage of the bipolar plate 
that has channels affects the heat transfer of the overall plate, therefore, 
this is accounted for by calculating the effective cross-sectional area for 
conduction heat transfer, A1R, which represent the area of the solid material 
in contact with Layer1 and Layer3. The governing equation for heat trans-
fer in an anode bipolar plate can be written as:

( ( ) ( ) )cp n n A t cp
dT

avg gases liq Layer Layer Layer Layer
Laye+ + ρ 2 2 2 2

rr
Layer Layer R

Layer Layer R res Layer H in

dt
Q Q

Q Q Q H

2
1 1

3 3 2 2

= + +

+ + +_ _ HH H H

H H H
H Ov in H Ol in H Lay

H Ov Lay H Ol Lay H out

2 2 2 3

2 3 2 3 2

_ _ _

_ _ _

+ − −
− − − HH HH Ov out H Ol out2 2_ _−

  (6-46)

where rLayer1 is the density of Layer2, A is the area of Layer2, cpLayer2 is the 
specifi c heat capacity of Layer2, QLayer1 is the heat fl ow from Layer1 to the 
channels, QLayer1R is the heat fl ow from Layer1 to the solid material, QLayer3 
is the heat fl ow from Layer3 to the channels, QLayer3R is the heat fl ow from 
Layer3 to the solid material, Qres_Layer2 is the heat generation in the layer 
due to electrical resistance, and HA is the enthalpy of component A coming 
into or out of the Layer2. The derivative on the left side is the rate of change 
of control volume temperature (dTLayer2/dt). The heat fl ows coming from 
the right and left layer will transfer a different amount of heat from the 
layer to the solid and gas fl ow in the channels.

The heat fl ow from Layer1 to the channels is:

 QLayer1 = ULayer1Avoid (TLayer1 − TLayer2) (6-47)

where Avoid is the area of the channels. The heat fl ow from Layer1 to the 
solid material is:

 QLayer1R = ULayer1RA1R (TLayer1 − TLayer2) (6-48)

where A1R is the area of the solid. The heat fl ow from Layer3 (GDL) to the 
channels is:

 QLayer3 = ULayer3Avoid (TLayer3 − TLayer2) (6-49)

The heat fl ow from Layer3 (GDL) to the solid material is:

 QLayer3R = ULayer3RA1R(TLayer3 − TLayer2) (6-50)

where Avoid is the area of the channels in the plate, and A1R is the area of 
the solid material. The heat generation in Layer2 (Qres_Layer2) due to electrical 
resistance is:
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where i is the current density, A is the area of the layer, rres_Layer2 is the 
specifi c resistance of the material, and tLayer2 is the thickness of the layer.

The enthalpy of each gas or liquid fl ow into or out of the layer can be 
defi ned as:

 HA = nAhATLayer2 (6-52)

where HA is the enthalpy of the stream entering or leaving the layer, nA is 
the molar fl ow rate of A, and hA is the enthalpy of A at the temperature of 
the layer (TLayer).

The overall heat transfer coeffi cient terms can be calculated as:
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The calculation of the thermal mass of the gas/liquid mixture is as 
follows8:

 thermal_mass = cpavg (ngases + nliq) (6-57)

where cpavg is the average specifi c heat of the gases (hydrogen and water) at 
the temperature of Layer2. The molar fl ow rate of the gases at the tem-
perature of the Layer2 can be calculated by:

 n
PV
RT

gases
gases

Layer

=
2

 (6-58)

where Vgases = eVvoid is the volume of the gases in the channel, e is the void 
fraction, and Vvoid is the volume of the channel space, and is defi ned by:
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 Vvoid = AvoidtLayer2 (6-59)

The molar fl ow rate of the liquid in the channels in Layer2 is given by:

 n
V
MWliq

liq liq

H O

=
ρ

2

 (6-60)

where the volume of gases can be calculated by:

 Vliq = Vvoid − Vgases (6-61)

Anode/Cathode Diffusion Media
The gas diffusion layer (GDL) is located between the fl ow fi eld plate and 
the catalyst layer. This layer allows the gases and liquids to diffuse through 
it in order to reach the catalyst layer. The GDL has a much lower thermal 
conductivity than the bipolar plates and other metal components in the 
fuel cell, therefore, it partially insulates the heat-generating catalyst layers. 
When modeling the heat transfer through this layer, the solid portion has 
conductive heat transfer, and the gas/liquid fl ow has advective heat trans-
fer. An illustration of the energy balance is shown in Figure 6-11.

Heat is generated in the GDL due to ohmic heating. Since the GDL 
has high ionic conductivity, ohmic losses are negligible compared with the 
catalyst and membrane layers. The overall energy balance equation for the 
anode GDL layer can be written as:

TLayer3

System Border

Porous Material

QLayer4

Qres_Layer3

QLayer2R

QLayer2

HH2_Lay2

HH2Ov_Lay2

HH2Ol_Lay2
HH2_Lay3

HH2Ov_Lay3

HH2Ol_Lay3
Hydrogen and water 
going to Layer4 
(catalyst layer)

Hydrogen and water 
going into Layer 3 

(GDL)

Heat flows from the  solid 
BPP and gas channels to 

Layer3 (GDL)

Heat flows from Layer4 
(catalyst layer) to Layer3 
(GDL)

FIGURE 6-11. GDL energy balance.
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Anode/Cathode Catalyst Layer
The anode and cathode catalyst layer is a porous layer made of platinum 
and carbon. It is located on either side of the membrane layer. When mod-
eling the heat transfer through this layer, the solid portion has conductive 
heat transfer, and the gas/liquid fl ow has advective heat transfer. Figure 
6-12 shows the energy balance of the catalyst layer.

The overall energy balance equation can be written as:

( ( ) ( ) )cp n n A t cp
dT
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a cat+ + =ρ _ _ _ _
_ QQ Q Q

Q H H H H
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  (6-63)

The heat generation in the catalyst layer is due to the electrochemical 
reaction and voltage overpotential. The heat generation term in the catalyst 
layer can be written as:

 Q
i

t
T S

nF
Layer

Layer

Layer
int_ 4

4

4= +
Δ

η  (6-64)
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FIGURE 6-12. Catalyst energy balance.
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where TLayer4 is the local catalyst temperature, i is the current density, tLayer4 
is the layer thickness, n is the number of electrons, F is Faraday’s constant, 
ΔS is the change in entropy, and h is the activation over-potential. The 
entropy change at standard-state with platinum catalyst is taken as ΔS = 
0.104 Jmol−1 K−1 for the anode, and ΔS = −326.36 Jmol−1 K−1 for the cathode. 
The activation over-potential (uact) was calculated based on typical Tafel 
kinetics for a Pt-electrode.

Membrane
The PEM fuel cell membrane layer is a persulfonic acid layer that conducts 
protons, and separates the anode and cathode compartments of a fuel cell. 
The most commonly used type is DuPont’s Nafi on® membranes. The 
dominant mode of heat transfer in the membrane is conduction. An illus-
tration of the energy balance is shown in Figure 6-13.

The overall energy balance equation can be written as:
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The heat-generation term in the membrane consists of Joule heating 
only.
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FIGURE 6-13. Membrane energy balance.
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EXAMPLE 6-3: Energy Balances

A PEM hydrogen/air single cell fuel cell stack operates at an initial tem-
perature of 298.15 K. There are seven layers in the stack: two polycar-
bonate end plates, two rubber gaskets, stainless steel fl ow fi eld plates, 
and an MEA. The necessary material properties for heat transfer calcula-
tions for each layer are shown in Table 6-2. Using the equations in 
Section 6.3.6, plot the conductive heat transfer through the stack at 
60 sec, 300 sec, and 1000 sec with one and 10 nodes per layer. Neglect 
heat generation and losses from thermal resistance, electrochemical 
reactions, and mass fl ows through the fuel cell.

Using MATLAB to solve:

function [t,T] = fuelcellheat

% FUELCELLHEAT Fuel cell stack heat transfer model

% Best viewed with a monospaced font with 4 char tabs.

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

% Constants

const.tfi nal = 60; % Simulation time (s)
const.N = 7; % Number of layers
const.T_0 = 350; % End plate temperature
const.T_end = 350; % End plate temperature
const.T_in = 298.15; % Initial temperature (K)
const.h_surr = 17; % Convective loss from stack

TABLE 6-2
Material Properties Used for Heat Transfer Calculations for Example 6-3

Fuel Cell 
Layer

Material Thickness
(m)

Area
(m2)

Density
(kg/m2)

Thermal 
Conductivity

(W/m-K)

Specifi c Heat 
Capacity
(J/kg-K)

End plate Polycarbonate 0.01 0.0064 1300  0.2 1200
Gasket Conductive 

rubber
0.001 0.001704 1400  1.26 1000

Flow fi eld 
plate

Stainless steel 0.0005 0.003385 8000 65  500

MEA Carbon cloth/
Pt/C/Nafi on

0.001 0.0016 1300 26  864

Flow fi eld 
plate

Stainless steel 0.0005 0.003385 8000 65  500

Gasket Conductive 
rubber

0.001 0.001704 1400  1.26 1000

End plate Polycarbonate 0.01 0.0064 1300  0.2 1200
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% Layers

% 1 − Left end plate
% 2 − Rubber gasket
% 3 − Anode Flow Field (Stainless steel)
% 4 − MEA
% 5 − Cathode Flow Field (Stainless steel)
% 6 − Rubber gasket
% 7 − Right end plate

% Layer parameters

% 1 2 3 4 5 6 7

% Number of temperature slices within layer (can be changed 
to as many slices as necessary)

param.M = [10, 4, 2, 2, 2, 4, 10];

% Density (kg/m^3)

param.den = [1300, 1400, 8000, 1300, 8000, 1400, 1300];

% Area (m^2)

param.A = [0.0064, 0.001704, 0.003385, 0.0016, 0.003385, 0.001704, 0.0064];

% Thickness (m)

param.thick = [0.011, 0.001, 0.0005, 0.001, 0.0005, 0.001, 0.011];

% Thermal Conductivity (W/m-K)

param.k = [0.2, 1.26, 65, 26, 65, 1.26, 0.2];

% Specifi c heat capacity (J/Kg-k)

param.Cp = [1200, 1000, 500, 864, 500, 1000, 1200];

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

% Create 1D temperature slices (M temps per layer). 

% The temperatures are at the center of each slice.

% x is at the edge of each slice (like a stair plot).

x = 0;
layer = [];
for i=1:const.N,
x = [x, x(end) + (1:param.M(i)) ∗ param.thick(i)/param.M(i)]; % Boundary Points
layer = [layer, i ∗ ones(1,param.M(i))];
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end
x = [-x(1), x]; % Add left hand heating block position (same width as fi rst slice)

% Last point x(end) is the position of the right hand 
heating block

% Slice thicknesses

dx = diff(x); % Gives approximate derivatives between x’s

% Heat transfer parameter (W/m^2-K)

left = 2:length(dx)-1;
center = 3:length(dx);
right = 3:length(dx);
layer = [0, layer];
param.U_left = [0, 1 ./ (dx(center) ./ (∗ param.k(layer(center))) + dx(left) ./ (∗ param.

k(layer(left))))];
param.U_right = [ 1 ./ (dx(center-1)./ (∗ param.k(layer(center-1))) + dx(right) ./ 

(∗ param.k(layer(right)))), 0];
param.U_left(1) = 1 ./ (dx(1) ./ (∗ param.k(1)) + 1/const.h_surr);
param.U_right(end)= 1 ./ (dx(end) ./ (∗ param.k(end)) + 1/const.h_surr);
layer = layer(2:end);

% Defi ne temperature matrix

T = const.T_in ∗ ones(size(x)); % Preallocate output
T(1) = const.T_0; % Left hand end plate temperature
T(end) = const.T_end; % Right hand end plate temperature
options = odeset(‘OutputFcn’,@(t,y,opt) heatplot(t,y,opt,x));
[t,T] = ode45(@(t,T) heat(t,T,x,layer’,param,const), [linspace(0,const.tfi nal,100)], T, 

options);
end % of function

%----------------------------------------------------------------------------------------

function dTdt = heat(t,T,x,layer,param,const)

% Heat transfer equations for fuel cell

% Make a convenient place to set a breakpoint

if (t > 30)
s = 1;
end

dT = diff(T); % Gives approximate derivatives between T’s 
dx = diff(x); % Gives approximate derivatives between x’s 

dT_left = -dT(1:end-1);
dT_right = dT(2:end);
dx = dx(2:end);
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% Common energy balance terms

Q_right = param.U_right .∗ param.A(layer) .∗ dT_right’;
Q_left = param.U_left .∗ param.A(layer) .∗ dT_left’;
mass = param.den(layer) .∗ param.A(layer) .∗ param.Cp(layer) .∗ dx;

%==================================================

% Combine into rate of change of T

%==================================================

dTdt = (Q_left + Q_right) ./ (mass);
dTdt = [0;dTdt(:);0];
end % of function

%----------------------------------------------------------------------------------------

function status = heatplot(t,y,opt,x)
if isempty(opt)
stairs(x,y), title([‘t = ‘,num2str(t)])
status = 0;
drawnow
end

end % of function

Figures 6-14 and 6-15 show the temperature plots obtained at 60, 300, 
and 1000 seconds using one and ten slices per fuel cell layer. As illustrated 
in the fi gures, the temperature distribution through the stack begins to 
become more accurate as the number of slices in the layer increases.

6.4 Fuel Cell Heat Management

The heat distribution through a fuel cell stack needs precise temperature 
control in order for the system to run effi ciently. When a PEM fuel cell is 
run at higher temperatures, the kinetics will be faster, which enables a 
voltage gain that typically exceeds the activation voltage losses. Higher 
operating temperature also means more of the product water is vaporized; 
thus, more waste heat goes into the latent heat of vaporization, and less 
liquid water is left to be pushed out of the fuel cell.

Most fuel cell stacks require some type of cooling system to maintain 
temperature homogeneity throughout the fuel cell stack. Small and micro-
fuel cells may not require a cooling system, and often can be designed to 
be self-cooled. Cooling can be achieved through a number of means. One 
of the simplest solutions for cooling a fuel cell stack is through free convec-
tion. This method does not require any complicated designs or coolant and 
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FIGURE 6-14. Temperature plots for t = 60, 300, and 1000 sec using 1 slice per 
layer.
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FIGURE 6-15. Temperature plots for t = 60, 300, and 1000 sec using 10 slices per 
layer.
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can be suitable for small or low-power fuel cell stacks. Heat dissipation can 
be achieved through manufacturing fi ns or through an open cathode fl ow 
fi eld design. Condenser cooling allows the stack to operate at higher tem-
peratures than other cooling types. In this system, the water can be con-
densed from the exhaust and then reintroduced into the stack. Heat 
spreaders can help transfer heat to the outside of the stack through conduc-
tion, which then dissipates into the surroundings using natural or forced 
convection. A common method for cooling fuel cell stacks is using cooling 
plates. Thin cooling plates can be manufactured and inserted into the fuel 
cell, or additional channels can be machined in the bipolar plates to allow 
air, water, or coolant to fl ow through the channels to remove heat from 
the stack.

6.4.1 Air Cooling
Many PEM fuel cells use air for cooling the fuel cell. There are several 
methods of accomplishing this, and popular methods include putting 
cooling channels into the bipolar plates, or using separate fuel cell cooling 
plates. The air fl ow rate can be found from a simple heat balance. The heat 
transferred into the air is9:

 Q = mcoolantcp (Tcoolant,out − Tcoolant,in) (6-66)

In order to estimate the maximum wall temperature of the channel, 
a heat transfer coeffi cient will be used. The Nusselt number is:

 Nu
hD

k
h=  (6-67)

where Nu is the Nusselt number, Dh is the hydraulic diameter, h is the 
convection heat transfer coeffi cient, and k is the fl uid heat conductivity 
(W/mK). For channels that have a constant heat fl ux at the boundary, 
with a high aspect ratio and laminar fl ow, Incropera and DeWitt10 report 
Nu = 8.23.

The hydraulic diameter (Dh) can be defi ned as:

 D
A
Ph

c

cs

= 4
 (6-68)

where Ac and Pcs are the cross-sectional area and the perimeter of the cir-
cular cooling channel, respectively. Some Nusselt numbers for Reynolds 
numbers <2300 are shown in Table 6-3.

Recall that for a circular channel, the Reynolds number must be <2300 
to ensure laminar fl ow through the channel. The Reynolds number, Re, 
can be computed using Equation 6-59:
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 Re = =ρν
μ

νm ch m chD D
v

 (6-69)

where nm is the characteristic velocity of the fl ow (m/s), Dch is the fl ow 
channel diameter or characteristic length (m), r is the fl uid density (kg/m3), 
m is the fl uid viscosity (Ns/m2), and n is the kinematic viscosity (m2/s).

This equation is altered slightly for the coolant:

 Re = 4m
P

coolant

gas csμ
 (6-70)

where m is the gas or fl uid viscosity (Ns/m2).
An empirical correlation from Incropera and DeWitt12 allows both a 

Nusselt number and a heat transfer coeffi cient for air to be determined.

 Nu = 0.664Re1/2 ∗ Pr1/3(Pr > 0.6) (6-71)

The coolant heats up as it travels along the channel, therefore, there 
is a temperature difference between the inlet and outlet of the fl ow channel. 
Assuming a uniform heat fl ux, the temperature difference between the 
solid and gas is:

 Q = LplatePcsh(Tsurface − Tgas) (6-72)

where Lplate is the length of the bipolar plate, Tsurface is the temperature of 
the bipolar plate surface, and Tgas is the temperature of the gas.

The relationship between the surface temperature and cell edge can 
be obtained using an energy balance within the bipolar plate, cathode, and 
anode:

 Q L P k
T T

tplate cs solid
edge surface

bc

=
−( )

 (6-73)

where tbc is the thickness of bipolar plate, cathode, anode, and electrolyte; 
ksolid is the solid heat conductivity (W/mK); and Tedge is the temperature of 

TABLE 6-3
Nusselt Numbers for Channel Aspect Ratios for Reyn-
old’s Numbers <230011

Channel Aspect Ratio Nusselt Number

1 3.61
2 4.12
4 5.33
8 6.49
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the cell edge. These equations assume that the temperature difference is 
constant along the entire channel due to the assumption of a constant heat 
fl ux.

EXAMPLE 6-4: Coolant Mass Flow Rate

A 100-W PEMFC needs to maintain a consistent temperature in order 
to provide adequate power to the load. The maximum operating tem-
perature that this fuel cell is designed for is 80 °C. The fuel cell stack is 
cooled using natural convection with air at 22 °C. The length of the 
bipolar plate is 10 cm. The cooling channel and cell plus bipolar plate 
thickness are 10 and 0.4 cm, respectively. The width of the channel is 
0.1 cm. The values for the thermal conductivity of the solid and gas are 
20 W/mK and 0.026 3 W/mK, respectively. The viscosity of the gas is 
1.84 × 10−4 g/cms, and the specifi c heat is 1.0 J/gK. The heat generated 
per cell is 2 W. What is the air mass fl ow rate required?

In order to fi nd the temperature of the surface, the channel perim-
eter needs to be calculated:

2d + 2w = 2 ∗ 0.10 + 2 ∗ 0.001 = 0.202m

The solid surface temperature at the cooling channel exit is:

Q L P k
T T

tplate cs solid
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=
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The hydraulic diameter is given by:
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Which is close to 2w as d >> w. The heat transfer coeffi cient is then 
calculated:
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The heat transfer coeffi cient is used to determine the gas exit 
temperature:
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The air mass fl ow rate can be determined by setting 
Tcoolant,out = Tgas.
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The total mass fl ow rate of coolant is equal to the value for one 
cell multiplied by the number of cells.

Using MATLAB to solve:

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

% EXAMPLE 6-4: Coolant Mass Flow Rate

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

w_chan = 0.001; % Channel width (m)
t_chan = 0.10; % Channel thickness (m)
L_bpp = 0.10; % Bipolar plate length (m)
t_bpp_cell = 0.004; % Bipolar plate and cell thickness (m)
T_max = 80 + 273.15; % Maximum operating temperature (K)
T_cool = 22 + 273.15; % Cooling temperature (K)
Q_cell = 2; % Heat generated per cell (W)
cp = 1.0; % Specifi c heat (J/gK)
k_gas = 0.026 3; % Thermal Conductivity of gas (W/mK)
k_solid = 20; % Thermal Conductivity of solid (W/mK)

% Calculate the channel perimeter

Peri = 2 ∗ t_chan + 2 ∗ w_chan

% The solid surface temperature at the cooling channel exit 

T_surface = T_max − Q_cell / Peri ∗ t_bpp_cell / L_bpp / k_solid

% Calculate the hydraulic diameter

D_h = 4 ∗ t_chan ∗ w_chan / Peri
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% Heat transfer coeffi cent

h = 8.23 ∗ k_gas / D_h 

% Gas exit temperature

T_gas = T_surface − Q_cell / (h ∗ L_bpp ∗ Peri)

% Air mass fl ow rate of the coolant

m_coolant = Q_cell / (cp ∗ (T_gas − T_cool))

6.4.2 Edge Cooling
Another commonly used method for cooling the fuel cell is to remove heat 
from the sides of the cell instead of between the cells. For this case, the 
one-dimensional heat transfer that can be in a fl at plate with heat genera-
tion is:

 
d T
dx

Q
kAdBP

eff

2

2
0+ =  (6-74)

where Q is the heat generated in the cell, W, K is the bipolar plate in-plane 
thermal conductivity, W/(m ∗ K), A is the cell active area, m2, and DB

eff
P is 

the average thickness of the bipolar plate in the active area, m.
The solution of the last equation for symmetrical cooling on both 

sides with T(0) = T(L) = T0 is
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where T0 is the temperature at the edges of the active area, and L is the 
width of the active area. The maximum temperature difference between 
the edge and the center is13:

 ΔT
Q

kAd
L

BP
effmax =

2

8
 (6-76)

The thickness of the plate at the border is dBP. According to Fourier’s law, 
the temperature will be

 T T
Q
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L
d
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0
2

− =  (6-77)
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where tb is the temperature at the edge of the bipolar plate. The total tem-
perature difference between the center of the plate and the edge of the plate 
is

 ΔT
Q
kA

L
L
d

b
dBP

eff
BP

max = +⎛
⎝⎜

⎞
⎠⎟8 2

 (6-78)

Chapter Summary

The calculation of heat transfer through the fuel cell stack is very impor-
tant because it affects reaction kinetics, water loss, and membrane hydra-
tion and heat loss. All of these characteristics ultimately determine the 
fuel cell power output. The general energy balance states that the enthalpy 
of the reactants entering the cell equals the enthalpy of the products leaving 
the cell plus the sum of heat generated, the power output, and the rate of 
heat loss to the surroundings. Conducting energy balances on fuel cell 
systems is especially important because design of the subsystems and fuel 
cell stack vary.

Problems

• A fuel cell with a 25-cm2 active area generates 0.8 A/cm2 at 0.70 V. The 
air at the inlet is completely saturated at 80 °C and 1 atm. The oxygen 
stoichiometric ratio is 2.0. Calculate the heat generated, assuming that 
hydrogen is supplied in a dead-ended mode.

• Calculate the temperature at the center of a fl ow fi eld (3 cm) of a fuel 
cell operating at 0.65 V and 0.60 A/cm2. The bipolar plate is made of 
graphite with k = 22 W/mK; it is 2.2 mm thick in the active area, and 
3 mm thick at the border. The border around the active area is 4 mm 
wide.

• Calculate the heat generated for a fuel cell with a 100-cm2 active area 
that generates 1 A/cm2 at 0.60 V. The fuel cell operates at 70 °C and 
3 atm. The oxygen stoichiometric ratio is 2.5.

• A fuel cell operates at 0.7 V and 0.8 A/cm2. Calculate the temperature 
distribution through the gas diffusion layer-bipolar plate on the cathode 
side. The ionic resistance through the membrane is 0.12 Ohm-cm2. The 
heat is removed from the plate by a cooling fl uid at 25 °C, with a heat 
transfer coeffi cient, h = 1600 W/m2k. The electrical resistivity of the gas 
diffusion layer and the bipolar plate is 0.07 Ohm-cm and 0.06 Ohm-cm, 
respectively. The contact resistance between the gas diffusion layer and 
the bipolar plate is 0.006 Ohm-cm. The effective thermal conductivity 
of the GDL and the bipolar plate is 16 W/mK and 19 W/mK, respectively. 
The thickness of the GDL and the bipolar plate is 0.30 and 2.5 mm, 
respectively.
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CHAPTER 7

Modeling the Proton 
Exchange Structure

7.1 Introduction

The electrolyte layer is essential for a fuel cell to work properly. In PEM 
fuel cells (PEMFCs), the fuel travels to the catalyst layer and gets broken 
into protons (H+) and electrons. The electrons travel to the external circuit 
to power the load, and the hydrogen protons travel through the electrolyte 
until they reach the cathode to combine with oxygen to form water. The 
PEM fuel cell electrolyte must meet the following requirements in order 
for the fuel cell to work properly:

• High ionic conductivity
• Present an adequate barrier to the reactants
• Be chemically and mechanically stable
• Low electronic conductivity
• Ease of manufacturability/availability
• Preferably low cost

The membrane layer contains the solid polymer membrane, liquid water, 
and may also contain water vapor and trace amounts of H2, O2, or CO2 
depending upon the purity of the H2 coming into the system. Various 
models use different equations which are derived from the same governing 
equations. Table 7-1 summarizes the most commonly used equations for 
creating an accurate model of the PEM layer. Specifi c topics covered in this 
chapter include:

• Mass and species conservation
• Ion transport
• Momentum conservation
• Conservation of energy
• Other required relations
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This chapter explains the physical characteristics, properties, and cur-
rent modeling theories for the polymer exchange membranes used for PEM 
fuel cells.

7.2 Physical Description of the Proton Exchange Membrane

The standard electrolyte material presently used in PEMFCs is a copolymer 
of poly(tetrafl uoroethylene) and polysulfonyl fl uoride vinyl ether. The poly-
mer is stable in both oxidative and reductive environments and has high 
protonic conductivity (0.2 S/cm) at typical PEMFC operating temperatures. 
The thickness of these membranes ranges from 50 to 175 microns (mm).

The proton-conducting membrane usually consists of a PTFE-based 
polymer backbone, to which sulfonic acid groups are attached. The proton-
conducting membrane works well for fuel cell applications because the H+ 
jumps from SO3 site to SO3 site throughout the material. The H+ emerges 
on the other side of the membrane. The membrane must remain hydrated 
to be proton-conductive. This limits the operating temperature of PEMFCs 
to under the boiling point of water and makes water management a key 
issue in PEMFC development. Figures 7-1 and 7-2 illustrate the SO3 sites 
in the Nafi on membrane.

Perfl uorosulfonic acid (PFSA) membranes, such as Nafi on, have a low 
cell resistance (0.05 Q cm2) for a 100-mm-thick membrane with a voltage 
loss of only 50 mV at 1 A/cm2. Some disadvantages of PFSA membranes 
include material cost, supporting structure requirements, and temperature-
related limitations. The fuel cell effi ciency increases at higher tempera-
tures, but issues with the membrane, such as membrane dehydration, 
reduction of ionic conductivity, decreased affi nity for water, loss of mechan-
ical strength via softening of the polymer backbone, and increased parasitic 
losses through high fuel permeation, become worse. PFSA membranes 
must be kept hydrated in order to retain proton conductivity, but the oper-
ating temperature must be kept below the boiling point of water.

TABLE 7-1
Equations Used to Model the PEM Layer

Model Characteristic Description/Equations

No. of dimensions 1, 2, or 3
Mode of operation Dynamic or steady-state
Phases Gas, liquid, or a combination of gas and liquid
Mass transport Nernst-Planck + Schlogl, Nernst-Planck + drag coeffi cient, 

or Stefan-Maxwell equation
Ion transport Ohm’s law
Membrane swelling Empirical or thermodynamic models
Energy balance Isothermal or full energy balance
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The most popular type of electrolyte used in PEMFCs is made by 
DuPont and has the generic brand name Nafi on. The Nafi on membranes 
are stable against chemical attack in strong bases, strong oxidizing and 
reducing acids, H2O2, Cl2, H2, and O2 at temperatures up to 125 °C. Figure 
7-2 illustrates the chemical structure.

When modeling the polymer electrolyte membrane, it is typically 
assumed that the concentration of positive ions is fi xed by electroneutral-
ity, which means that a proton occupies every fi xed SO3

− charge site. The 
charge sites are assumed to be distributed homogeneously throughout 
the membrane, which results in a constant proton concentration in the 
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FIGURE 7-1. A pictorial illustration of Nafi on.
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FIGURE 7-2. The chemical structure of Nafi on.
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membrane. A fl ux of protons, thus, results from a potential gradient and 
not a concentration gradient. In addition, the number of protons that can 
be transported is only one, which helps to simplify the governing transport 
equations. The permeation of reactants into the electrolyte results in mixed 
potentials at the electrodes, reduced performance, and possibly degradation 
of the catalyst. The polymer electrolyte membrane contains water and 
hydrogen protons; therefore, the transfer of the water and protons are 
important phenomena to investigate. In addition to species transfer, the 
primary phenomena investigated inside the membrane are energy transfer 
and potential conservation. For water transport, the principle driving forces 
are a convective force, an osmotic force (i.e., diffusion), and an electric 
force. The fi rst of these results from a pressure gradient, the second from 
a concentration gradient, and the third from the migration of protons from 
anode to cathode and their effect (drag) on the dipole water molecules. 
Proton transport is described as a protonic current and consists of this 
proton-driven fl ux and a convective fl ux due to the pressure-driven fl ow of 
water in the membrane. Figure 7-3 illustrates the transport phenomena for 
the protons taking place within the membrane.

Electrolyte
Layer

Catalyst Layer 
(Carbon supported 

catalyst)

Gas Diffusion Layer 
(Electrically

conductive fibers)

Hydrogen

electronse- e-

H+

Water

edohtaCedonA

H+
Potential driven 
H+ (drag force on 
H2O)

H2O and H+ 
convection

O2

N2

H2O diffusion

FIGURE 7-3. Membrane transport phenomena.
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7.3 Types of Models

Most fuel cell models that have been developed assume that the membrane 
system is a single phase. The membrane system is assumed to have three 
main components: the membrane, protons, and water. Therefore, there are 
three main transport properties. This assumption neglects any other ion 
types that may be in the membrane and does not consider hydrogen or 
oxygen crossover in the membrane. The effect of hydrogen or oxygen cross-
over does not signifi cantly infl uence water or proton transport and, there-
fore, can be neglected in most fuel cell models without affecting the model 
effi ciency. Table 7-2 summarizes the types of models in the literature for 
fuel cell membranes.

7.3.1 Microscopic and Physical Models
There have been numerous microscopic models that have been based on 
statistical mechanics, molecular dynamics, and other types of macroscopic 
phenomena. These models are valuable because they provide a fundamen-
tal understanding of the processes such as diffusion and conduction on a 
microscopic level. These models also observe effects that are ignored in the 
macroscopic models, such as ionic and backbone moieties, and conduction 
through different proton–water complexes. Almost all microscopic models 
treat the membrane as a two-phase system. Although these models provide 
valuable information, they are usually too complex to be integrated into 

TABLE 7-2
Types of Models

Type of Model Description

Microscopic and 
physical models

Microscopic and physical models provide a fundamental 
understanding of many membrane processes such as 
diffusion and conduction in the membrane on a pore 
level.

Diffusive models Diffusive models treat the membrane system as a single 
phase. It is assumed that the membrane is a vapor-
equilibrated membrane, where the water and protons 
dissolve and move by diffusion. The common types are 
dilute and concentrated solution theory.

Hydraulic models Hydraulic models assume that the membrane system has 
two phases, which are the membrane and liquid water.

Hydraulic–diffusive 
models

Hydraulic–diffusive models consider both diffusion and 
pressure-driven fl ow.

Combination models Combination models include the characteristics of all of 
the above models and include the effects when the 
membrane is saturated with water and dehydrated.
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an overall fuel cell model. One important membrane property that should 
be integrated into a macroscopic model is how the membrane structure 
changes as a function of water content (where l is the moles of water per 
mole of sulfonic acid sites). This property is well documented in the 
literature and can be measured by examining the weight gain of an 
equilibrated membrane.

The dry membrane absorbs water in order to solvate the acid groups. 
The initial water content is associated strongly with the sites, and the 
addition of water causes the water to become less bound to the polymer 
and causes the water droplets to aggregate. These water clusters eventually 
grow and form interconnections with each other. These connections create 
“water channels,” which are transitory, and have hydrophobicities compa-
rable to that of the matrix. A transport pathway forms when water clusters 
are close together and become linked. An illustration of the water uptake 
of the Nafi on membrane is shown in Figure 7-4. The percolation phenom-
enon begins around l = 2. The next stage occurs when a complete cluster-
channel network has formed. In the last stage, the channels are now fi lled 
with liquid, and the uptake of the membrane has increased without a 
change in the chemical potential of water. This phenomenon is known as 
Schroeder’s paradox1.

2 < l0 = l

22 = l41 = l

)b)a

)d)c

FIGURE 7-4. A pictorial illustration of the water uptake of Nafi on2.
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7.3.2 Diffusive Models
Diffusive membrane models treat the membrane system as a single phase, 
and correspond to part c of Figure 7-4. Typically, this system has no true 
pores, the collapsed channels fl uctuate, and the system is treated as a 
single, homogeneous phase where water and protons dissolve and move by 
diffusion. For the proton movement, Ohm’s law is used:

 i2 = −k∇Φ2 (7-1)

where k is the ionic conductivity of the membrane. This can easily be 
integrated to yield a resistance for use in a polarization equation in a zero-
dimensional model.

7.3.3 Dilute Solution Theory
The Nernst-Planck equation fi rst introduced in Chapter 5 yields:

 N z
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Φ ν  (7-2)

where Ni is the superfi cial fl ux of species i, zi is the charge number of 
species i, Ci is the concentration of species i, D is the diffusion coeffi cient 
of species i, Φm is the electrical potential in the membrane, and n is the 
velocity of H2O. The fi rst term is a migration term, representing the motion 
of charged species that results from a potential gradient. The migration fl ux 
is related to the potential gradient (−∇Φ2) by a charge number, zi, concentra-
tion, ci, and mobility, ui. The second term relates the diffusive fl ux to the 
concentration gradient. The fi nal term is a convective term and represents 
the motion of the species as the bulk motion of the solvent carries it 
along.

In single-phase systems, the solvent is assumed to be the membrane. 
Dilute solution theory only considers the interactions between each dis-
solved species and the solvent. The motion of each charged species is 
described by its transport properties, which are the mobility and the diffu-
sion coeffi cient, which are related to each other by the Nernst-Einstein 
equation:

 Di = RTui (7-3)

If the solution species are very dilute, then the interactions among 
them can be neglected, and just the material balances can be used. If water 
movement in the membrane is considered, the Nernst-Planck equation will 
also be needed. As the protons move across the membrane, they induce a 
fl ow of water in the same direction. This electroosmotic fl ow is a result of 
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the proton–water interaction and is not a dilute solution effect because the 
membrane is taken to be the solvent. The electroosmotic fl ux is propor-
tional to the current density and can be added to the diffusive fl ux to get 
the overall fl ux of water:

 N
i
F

D cw w w, ,2
2

2= − ∇ξ  (7-4)

where x is the electroosmotic coeffi cient. Most single-phase models use 
Equation 7-4 with Ohm’s law (Equation 7-1). Differences in the models 
arise from the functions used for the transport properties and the concen-
tration of water in the membrane.

7.3.4 Concentrated Solution Theory
Concentrated solution theory can easily be used when an electrolyte is 
modeled with three species. This model can take into effect the binary 
interactions between all of the species. The equations for the three-species 
system are:
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where mw represents the chemical potential of water, and aw is the transport 
coeffi cient of water. The equation for the membrane is ignored, since it is 
dependent on the other two equations by the Gibbs-Duhem equation. For 
many models in the literature, these equations were used in a Stefan-
Maxwell framework.

7.3.5 Membrane Water Content
In addition to using a dilute or concentrated solution theory, functional 
forms for the transport parameters and the concentration of water are 
needed. These properties include temperature and water content. Different 
models determine the membrane water content in different ways. The 
majority of models correlate with water activity since it is easily calculated. 
Other models in the literature use the Flory-Huggins theory, simple mass 
transfer relationships, capillary arguments, or equilibrium between water 
and protons in the membrane.

Schroeder’s paradox is an observed phenomenon that needs to be con-
sidered in any model where the membrane is not either fully hydrated 
or dehydrated. There are several ways in which this can be accounted for: 
(1) it can be ignored by assuming that the membrane is fully hydrated or 
only vapor fi lled, or (2) a relation can be made between water content 
and water activity. As the water content increases, the properties of the 
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membrane change. Nafi on exhibits a water-uptake isotherm as shown in 
Figure 7-5.

There also are many models that use an empirical expression for the 
isotherm. One of the fi rst models to use an isotherm was that by Springer 
et al.3 In that model, lambda was used to represent the amount of water 
fl ow in the membrane, and an activity coeffi cient was used to account for 
the isotherm behavior. This empirical relationship is one of the most com-
monly used in the literature to model the membrane, and is written in 
Sections 7.4.1, 7.4.6, and 7.4.7.

7.3.6 Hydraulic Models
There are also many models in the literature that assume that the mem-
brane system is two phases. This is accomplished by assuming that the 
membrane has pores that are fi lled with liquid water; therefore, the two 
phases are water and membrane. The additional degree of freedom allows 
the inclusion of a pressure gradient in the water because of a possibly 
unknown stress relation between the membrane and fl uid at every point 
in the membrane. Most of these models assume that the water is pure, and 
the water content of the membrane is assumed to remain constant as long 
as the pores are fi lled and the membrane has been pretreated appropriately. 
The fi rst model to describe the membrane in this manner was that of 
Bernardi and Verbrugge, which was based on earlier work by Verbrugge and 
Hill. This model assumed a dilute solution approach that used the Nernst-
Planck equation to describe the movement of protons. This is because there 
are two phases; the protons are in the water and the velocity of the water 
is given by Schlogl’s equation:

0
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FIGURE 7-5. Water uptake isotherm at 25 °C showing the effect of Schroeder’s 
paradox.
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where k and kΦ are the effective hydraulic and electrokinetic permeability, 
respectively, pL is the hydraulic or liquid pressure, m is the water viscosity, 
and zf and cf refer to the charge and concentration of fi xed ionic sites, 
respectively.

The movement of water can be attributed to a potential gradient and 
a pressure gradient. The movement of water by a pressure gradient is deter-
mined primarily by an effective permeability of water moving through the 
pore network. This approach is quite useful for describing fuel cell systems 
where the membrane is well hydrated, but it requires that the water content 
be uniform across the membrane, with only a pressure gradient as a driving 
force for water movement. Such a treatment does not necessarily lend itself 
to describing the fl ux of water resulting when there is a water-activity 
gradient across the membrane.

Unlike the cases of the single-phase models above, the transport prop-
erties are constant because the water content does not vary, and thus, one 
can expect a linear gradient in pressure. However, due to Schroeder’s 
paradox, different functional forms might be expected for the vapor- and 
liquid-equilibrated membranes. The equations for the concentrated solu-
tion theory are the same for both one and two phases, except that the 
chemical potential is replaced by the hydraulic pressure and the transport 
coeffi cient is related to the permeability through comparison to Darcy’s 
law. Therefore, Equation 7-5 becomes:
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μ
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where Vw is the molar volume of water.

7.3.7 Combination Models
There is a need to be able to describe both types of behavior, diffusive and 
hydraulic, in a consistent manner, which also agrees with experimental 
data. For example, a membrane with low water content is expected to be 
controlled by diffusion, and an uptake isotherm needs to be used. This is 
due to the fact that there is not a continuous liquid pathway across the 
medium, and that the membrane matrix interacts signifi cantly with the 
water due to binding and solvating the sulfonic acid sites. A hydraulic pres-
sure in this system may not be defi ned. On the other hand, when the 
membrane is saturated, transport still occurs. This transport must be due 
to a hydraulic-pressure gradient because oversaturated activities are non-
physical. A model that combines the concepts from both the diffusive and 
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hydraulic models would most accurately describe the membrane system. 
The two types of models are seen as operating fully at the limits of water 
concentration and must somehow be averaged between those limits. As 
mentioned, the hydraulic/diffusive models try to do this, but Schroeder’s 
paradox and its effects on the transport properties are not taken into 
consideration.

7.4 Proton Exchange Membrane Modeling Example

In order to model the electrolyte accurately, the transport of mass, charge, 
and energy must be included in the model. A form of Equation 7-1 must 
be solved in the electrolyte for ion transport. Contact resistance between 
the electrode and the electrolyte can also be signifi cant and should be 
incorporated into the model.

Table 7-3 lists the most common variables used for describing the 
membrane layer. It is important to keep in mind that the complete set of 
equations is seldom used in modeling; often simplifying assumptions are 
used. Sections 7.4.1 through 7.4.6 show an example of how these equations 
and variables can be used to create a model for the polymer exchange 
membrane.

TABLE 7-3
Fuel Cell Polymer Membrane Layer Variables and Equations

Variable Equation Equation No.

Overall liquid water fl ux (NL) Mass balance 7-2, 7-10, 9-4 or 
Chapter 5 
equations

Overall membrane water fl ux (NW) Mass balance 7-2, 7-10, 9-4 or 
Chapter 5 
equations

Gas phase component fl ux (NG,i) Mass balance 7-2, 7-10, 9-4 or 
Chapter 5 
equations

Gas phase component partial 
pressure (pG,i)

Stefan-Maxwell 5-63

Membrane water chemical potential 
(mw)

Schlogl’s equation 7-6 or 7-7

Electronic phase current density (i1) Ohm’s law 8-46
Membrane current density (i2) Ohm’s law 7-5, 8-46, 9-2 or 9-2
Electronic phase potential (Φ1) Charge balance 8-46
Total gas pressure (pG) Darcy’s law 8-50
Liquid saturation (S) Saturation relation 8-54
Liquid pressure in membrane (PL,m) Darcy’s law 8-52
Temperature (T) Energy balance Chapter 6 equations
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7.4.1 Mass and Species Conservation
For both water and protons, the mass conservation equation can be repre-
sented as:

 
∂
∂

∂
∂

c
t t

Ni
i= −  (7-8)

where i is H2O or H+, ci is the molar concentration, and Ni is the molar 
fl ux due to electroosmotic driving forces and convection. In a diluted 
solution, Ni is given by the Nernst-Planck equation along with the 
Nernst-Einstein relationship:

 Ni = Ji + cium (7-9)

where um is the mixture velocity and Ji is the diffusive fl ux.
In PEM fuel cells, the two important fl uxes or material balances are 

the proton fl ux and the water fl ux.The membrane needs to stay hydrated 
in order to ionically conduct hydrogen; therefore, the water profi le must 
be calculated in the electrolyte. In the Nafi on membrane, two types of 
water fl ux are present: back diffusion and electroosmotic drag. From Chapter 
4 and equation 7-4, both fl uxes can be accounted for by the following 
equation:
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where ndrag is the measured drag coeffi cient, ix is the protonic current in the 
x direction, F is Faraday’s constant, lH2O/SO3 is the water content (molH2O/
molSO3−), rm

dry is the dry membrane density (kg/m3), DcH2O,T is the diffusion 
coeffi cient, and Mm is the membrane molecular mass (kg/mol). The water 
content is not constant in this equation. The resistance of the electrolyte 
can be estimated using the water content, which can be described by:

 ndrag
H O SO= 2 5
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 (7-11)
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where b is the membrane extension coeffi cient in the x direction, which is 
determined experimentally, and the value b = 0.0126 is typically used.

DcH2O,T is the diffusion coeffi cient, which includes a correction for the 
temperature and for the water content. It is expressed in a fi xed coordinate 
system with the dry membrane by:
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where a is the activity of water, and D′ (m2/s) is the diffusion coeffi cient 
measured at constant temperature, and in coordinates moving with the 
swelling of the membrane. D has been added to the above equation to 
ensure that water contents below 1.23 do not result in negative diffusion 
coeffi cients. D′ at 30 °C is written as:

   D = 2.64227e(−13)lH2O/SO3 for lH2O/SO3 ≤ 1.23 (7-14)

 D = 7.75e(−11)lH2O/SO3 − 9.5e(−11) for 1.23 < lH2O/SO3 ≤ 6 (7-15)

  D = 2.5625e(−11)lH2O/SO3 + 2.1625e(−10) for 6 < lH2O/SO3 ≤14 (7-16)

The total molar fl ux for water can be expressed as:

 NH2O = JH2O + (cm
H2Oum) (7-17)

where the mixture velocity um is given by the momentum equation 
below.

The mass conservation of water can be expressed as:
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where the mixture velocity um is given by the momentum equation.
Now, due to the assumption of electroneutrality and the homo-

geneous distribution of charge sites, the mass conservation of protons 
simplifi es to:
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Therefore, as soon as a current exists, the membrane is charged, and 
the concentration of protons remain constant. The charge of the protons 
equals that of the fi xed charges. The diffusive molar fl ux for the protons 
(JH+) can be written as:
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where Φm is the membrane proton potential, and DH is the proton diffusiv-
ity. Combining this diffusive fl ux with the convective fl ux results in the 
total molar fl ux for the hydrogen protons, i.e.:

 NH+ = JH+ + cH+um (7-21)
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7.4.2 Momentum Equation
For the mixture (water and protons), the assumption is made that the 
momentum equation takes the form of the generalized Darcy relation:

 u
Kk p

x
gm r

g

= − −⎡
⎣⎢

⎤
⎦⎥μ

ρ θ∂
∂

cos  (7-22)

where um is the mixture velocity, K is the absolute permeability of the 
porous medium, kg

r is the relative permeability, g is the gravity, and q is 
the angle that the x-axis (the direction of fl ow) makes to the direction of 
gravity. The mixture density and the dynamic viscosity of the mixture are 
written as:

 r = MH+cH+ + MH2OcH2O (7-23)
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7.4.3  Conservation of Energy Equation
Energy is transported by conduction and convection within the three phases 
of the membrane (polymer, liquid/gas). The effects of ohmic losses within 
the membrane are taken into account by an additional source term in the 
energy balance equation so that energy conservation is given by:
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where

 rcP = rm
drycpm + rm

H2Ocm
p,H2O + rH+cpH+ (7-26)

 rH+ = MH+cH+rm
H2O = MH2Ocm

H2O (7-27)

 McpN = MH2Ocm
p,H2ONH2O + MH+cp,H+NH+ (7-28)

The transient energy effect associated with mass storage within the hydrated 
membrane is neglected due to the fact that the dry membrane mass does 
not change, and is several orders of magnitude larger than that of the water 
that hydrates the membrane.

Substituting the expressions for NH2O and NH+, an expanded expression 
for McPN can be obtained:
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 (7-29)

The source term, Rm, is given by
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where sm is the conductivity of the membrane and is written as a function 
of the temperature, and the water content is:
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with sm303, the conductivity of the membrane at 303 K given by:

 sm303 = 100 ∗ (0.005139lH2O/SO3 − 0.00326) for lH2O/SO3 > 1 (7-32)

7.4.4 Ion Transport
The equation for the proton potential is derived from Ohm’s law, and rep-
resents the proton fl ux divided by the membrane conductivity. The elec-
troneutrality assumption allows the total molar proton fl ux to be related 
directly to current density and the velocity um, represents the convective 
fl ux of protons. This results in the following equation:
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7.4.5 Interface Water Activity Relation
At the membrane interfaces, the water vapor activity is given by
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( )
[ ]2 2 0 3, . . . ,  (7-34)

where cg
H2O is the water vapor concentration and s is the saturation ratio. 

An assumption is made that s is zero for activities less than 1, meaning 
that no liquid water is present in the membrane pores until the activity 
exceeds 1. The highest value that the fi rst term can reach is 1; therefore, a 
maximum saturation ratio of 1 results in an activity of 3.
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7.4.6 Membrane Water Activity Relation
The relation for the water activity within the membrane is given by the 
reciprocal of the sorption curve. As with the water vapor activity at the 
interfaces, the result from Springer et al.4 for water vapor activity in Nafi on 
117 at 30 °C is given by:
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where c1 = −41,956e4, c2 = 139,968e3, c3 = 382,482e6, c4 = 251,739e3, and 
c5 = 419,904e6.

 a = 0.7143lH2O/SO3 − 9.0021 for 14 ≤ lH2O/SO3 ≤ 16.8 (7-36)

 a = 3 for 16.8 ≤ lH2O/SO3 (7-37)

EXAMPLE 7-1: Modeling the Polymer Electrolyte Layer

Create a model for the PEM layer as a function of x (membrane position 
in the x direction) using Equations 7-8 to 7-37 introduced in this chapter. 
Set dc_H2O/dt (Equation 7-18) and dT/dt (Equation 7-25) to zero in order 
to solve for the steady-state distribution of the other variables. Solve the 
equations over 10 slices in order to get a good solution. Use the equa-
tions for the following slice-dependent state variables: the concentration 
of water (C_H2O), temperature (T), change in T with respect to x (dT/dx), 
potential (pot), and pressure (P). Plot C_H2O, T, pot, and P as a function 
of x.

Since there are fi ve differential equations for each state variable, a 
mass matrix in MATLAB will be used to effi ciently solve the differential 
equations simultaneously. To set up the equations, fi rst rewrite them 
with all the differentials on the left side and everything else on the right 
side. The equations will then be arranged into an order roughly matching 
the order of the state variables. The terms will then be collected together, 
and put into a “mass” matrix m-fi le, which is a function of the state 
variables M(y). The right-hand side forms the equations you compute in 
the dydx function f(x,y). The resulting form of the equations is M(y) ∗ dydx 
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= f(x,y) where y is the state variable and M and f are matrix functions. 
Use odeset to specify the mass m-fi le M(y) and then call one of the ode 
solvers.

The mass conservation of water from Equations 7-8 and 7-9 is:
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The energy conservation Equation (7-25) is written as:
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rewritten as:

lmT″ − McPNT ′ = −Rm

(T)′ − T′ = 0

The potential (Equation 7-38) can be expressed as:
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rewritten as:

′ = − + +Φm
m m

H
mi F

c u
σ σ

Molar velocity of the mixture (Equation 7-22) is:
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Therefore, there are fi ve equations and fi ve state variables. The 
other relations needed to calculate the parameters for the fi ve differential 
equations are as follows:

Diffusive fl ux for hydrogen (Equation 7-20):
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Density for the mixture (Equation 7-23):

rH+ = MH+cH+ + MH2Ocm
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Dynamic viscosity of the mixture (Equation 7-24):
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D′ at 30 °C is written as (Equation 7-14):

D = 2.642276e(−13)lH2O/SO3 for lH2O/SO3 ≤ 1.23

D = 7.75e(−11)lH2O/SO3 − 9.5e(−11) for 1.23 < lH2O/SO3 ≤ 6

D = 2.5625e(−11)lH2O/SO3 + 2.1625e(−10) for 6 < lH2O/SO3 ≤ 14
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Water uptake (Equation 7-12):
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Heat capacity of the phase mixture (Equations 7-26 and 7-28):
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Activity of the water molecules (Equation 7-37):
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where c1 = −41,956e4, c2 = 139,968e3, c3 = 382,482e6, c4 = 251,739e3, and 
c5 = 419,904e6

a = 0.714 3lH2O/SO3 − 9.002 1 for 14 ≤ lH2O/SO3 ≤ 16.8

a = 3 for 16.8 ≤ lH2O/SO3

Ohmic loss source term (Equation 7-30):
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Using MATLAB to solve:
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%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

% EXAMPLE 7-1: Modeling the Polymer Electrolyte Layer

% UnitSystem SI

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

function [x,y] = fuelcellmembrane
% FUELCELLMEMBRANE Fuel Cell membrane model

% Constants
mc = memconst;

% Set up grid. Assume each layer abuts the
% next one. The state variables are defi ned at the center of each slice. x is at the
% edge of each slice (like a stair plot).
x = linspace(0,mc.thick,mc.N);

% State variables: c_H2O, T, dTdx, pot, P
% Specify the constant boundary conditions at the edges of the membrane
% (scale them to match scaled state vector)

% [T dTdx pot P]
bc_anode = [343 10 0.1 202 650.02] ./ [mc.scale_T mc.scale_dTdx mc.scale_pot 

mc.scale_P];

% [c_H2O]
bc_cathode = [9.5] ./ [mc.scale_c_H2O];

% Set up two-point boundary value problem
opts = bvpset(‘Nmax’,150);
x0 = [0 mc.thick];
solinit = bvpinit(x,@meminit,[],x0,bc_anode,bc_cathode);

% Now solve two-point boundary value problem
sol = bvp4c(@memode,@memboundary,solinit,opts,bc_anode,bc_cathode);

x = sol.x;
y = sol.y’ ∗ diag(mc.scale);

end % of function
%_________________________________________________________________
%
function yi = meminit(x,x0,bc_a,bc_b)
%Initial condition adapter function for bvpinit.
%Perform linear interpolation between boundary values.
% Initialize to constant values equal to boundary conditions
% State variables: c_H2O, T, dTdx, pot, dpotdx, sigma_m, P
yi = [bc_b’;bc_a’];
end % of function
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function res = memboundary(ya,yb,bc_a,bc_b)
%Boundary condition residual
% At the solution we expect y(a) = bc_a, y(b) = bc_b
% bc_a and bc_b are row vectors and ya,yb are columns, so adapt
res = [ya(2:5)-bc_a’; yb(1)-bc_b’];
end % of function

function dydx = memode(x,y,bc_a,bc_b)

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

% Polymer Electrolyte Layer

mc = memconst;

% 1 2 3 4 5 
% State variables: c_H2O, T, dTdx, pot, P
c_H2O = y(1,:) ∗ mc.scale_c_H2O;
T = y(2,:) ∗ mc.scale_T;
dTdx = y(3,:) ∗ mc.scale_dTdx;
pot = y(4,:) ∗ mc.scale_pot;
P = y(5,:) ∗ mc.scale_P;

% left hand side “Mass” matrix
lhs = zeros(5,5,size(y,2));

% Right hand side (non-differential terms)
rhs = zeros(size(y));

% Initial conditions 

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

[a,lambda] = icondition(c_H2O,T,mc.R);

% Mixture density
rho = mc.M_H .∗ mc.c_H + mc.M_H2O .∗ c_H2O; %kgm^3

% Dynamic viscosity of the mixture
mu =((mc.M_H .∗ mc.c_H./rho) .∗ mc.mu_H)+((mc.M_H2O .∗ c_H2O./rho) .∗ mc.mu_

H2O); %kg/ms

%Molar velocity for the mixture:Darcy
u_m = (-mc.Kkr./mu) .∗ (P − rho .∗ mc.g .∗ cos(mc.theta)); %m/s

%Calculate the initial conductivity at the anode
sigma_m = conductivity(T,lambda);

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

% Proton potential
% d(pot) = -i/sigma_m + F/sigma_m ∗ c_H ∗ u_m
dpotdx = (-mc.ii2 + mc.F .∗ mc.c_H .∗ u_m) ./ sigma_m;
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lhs(3,4,:) = 1;
rhs(3,:) = dpotdx;

%Energy Conservation: constitutive variable: T

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

D_H2O = dcoe(a,T,lambda); % Diffusion coeffi cient
[rcp,McpN] = heatcap(mc.rho_dry,mc.cp_m,mc.M_H2O,mc.cp_H2O,mc.M_H,mc.

c_H,...
mc.c_H2O,mc.cp_H,D_H2O,lambda,c_H2O,dpotdx,T, mc.R, mc.F,u_m,mc.ii2);
Rm = ohmic(mc.ii2,sigma_m);

% Steady state energy conservation
% lamda ∗ d(dTdx) = M ∗ cp ∗ N ∗ dTdx − Rm
lhs(1,3,:) = lambda;
rhs(1,:) = McpN .∗ dTdx − Rm;

% d(T) = dTdx;
lhs(2,2,:) = 1;
rhs(2,:) = dTdx;

% Diffusive fl ux for water: dependent variable: J_H2O
% d(c_H2O) = -(J_H2O − 2.5/22 ∗ lambda ∗ i/F)/D_H2O
lhs(4,1,:) = 1;
rhs(4,:) = -(mc.J_H2O − 2.5 ∗ (lambda/22) ∗ (mc.ii2/mc.F)) ./ D_H2O;

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

% Diffusive fl ux for hydrogen
% dpotdx = -(J_H ∗ R ∗ T)/(D_H ∗ c_H ∗ F);
J_H = dfl uxH2(mc.D_H,mc.c_H,mc.R,T,mc.F,dpotdx); % Fuel Cell membrane 

diffusive fl ux

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

% Molar velocity of the mixture
% d(P) = -u_m ∗ mu /(K ∗ k_rg) + rho ∗ g ∗ cos(theta)
lhs(5,5,:) = 1;
rhs(5,:) = -u_m ∗ mu / (mc.Kkr) + rho ∗ mc.g ∗ cos(mc.theta);

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

% Invert the “Mass” matrix numerically
dydx = zeros(size(rhs));
for i=1:size(rhs,2)
dydx(:,i) = lhs(:,:,i) \ rhs(:,i);
end

% Scale derivative
dydx = dydx ./ mc.scale’;

end % of function
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%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

function const = memconst
%MEMCONST Fuel Cell membrane model constants
% MEMCONST, by itself, returns a structure containing various fuel cell constants

const.N = 10; % Number points within membrane layer
const.tfi nal = 60; % Simulation time(s)

const.F = 96 485.338 3; % Faraday’s Constant (coulomb/mole)
const.R = 8.314 472; % Ideal gas constant (J/K-mol)
const.P_tot = 101 325.01; % Outside pressure (1 atm)
const.mw_H2O = 18.015 2; % Molecular weight of water
const.mu_H2 = 8.6e-6; % Viscosity of wet hydrogen (Pa-s)
const.mu_air = 8.6e-6; % Viscosity of air (Pa-s)
const.c_H = 1.2e-3; % Mass conservation for the protons (mol/m^3)
const.b = 0.012 6;
const.D_H = 4.5e-5; % Proton Diffusivity (cm^2/s)
const.rho_dry = 2000; % Density of membrane (kg/m^3)
const.M_mem = 1.1; % Molecular weight of membrane (kg/mol SO3)
const.cp_m = 852.63; % Specifi c Heat of membrane (J/kgK)
const.M_H2O = 18e-3; % Molecular weight of water (kg/mol)
const.cp_H2O = 4190; % Specifi c heat of water (J/kgK)
const.M_H = 1e-3; % Molecular weight of hydrogen (kg/mol)
const.cp_H = 20 630; % Specifi c Heat of Hydrogen (J/kgK)
const.mu_H = 98.8e-7; % Viscosity of hydrogen (kg/ms)
const.rho_H2O = 972; % Density of Hydrogen (kg/m^3)
const.g = 9.81; % gravitational constant (m/s^2)
const.mu_H2O = 8.91e-4; % Viscosity of water (kg/ms)
const.theta = 90; % degrees
const.thick = 0.000 05; % thickness (m)
const.s = 0.02; % saturation ratio
const.ii2 = 0.6; % current density in membrane at node
const.Kkr = 1.8e-18; % K ∗ kr m^2
const.J_H2O = 0; % Water fl ux
const.c_H2O = 9.5; % Initial cathode water concentration

% Scaling factor for state variables
const.scale_c_H2O = 10^4;
const.scale_T = 10^1;
const.scale_dTdx = 10^2;
const.scale_pot = 1;
const.scale_P = 10^1;
const.scale = [const.scale_c_H2O, const.scale_T, const.scale_dTdx, const.scale_

pot, const.scale_P];

% Constants for the activity of the water molecules
const.c1 = -41 956e4;
const.c2 = 139 968e3;
const.c3 = 382 482e6;
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const.c4 = 251 739e3;
const.c5 = 419 904e6;

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

function [a,lambda] = icondition(c_H2O,T,R)
% ICONDITION Fuel Cell initial conditions
% ICONDITION returns the water activity and lambda

if c_H2O < 10
 s = 0;
elseif (c_H2O >= 10)
 s = 0.5;
elseif (c_H2O >= 14.5)
 s = 1;
end

a = ((R ∗ T) / psat(T)) ∗ c_H2O + (2 ∗ s);

% Water uptake as a function of activity at the anode boundary
if ((a >=0) && (a <= 1))
 lambda = 0.043+(17.81 ∗ (a))-(39.85 ∗ (a^2))+(36 ∗ (a^3));
elseif ((a > 1) && (a <= 3))
 lambda = 14 + 1.4 ∗ (a − 1);
elseif a > 3
 lambda = 16.8;
end

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

function sigma = conductivity(T,lambda)
% CONDUCTIVITY Fuel Cell conductivity
% CONDUCTIVITY returns the conductivity of the membrane

%Electrical conductivity
if lambda >=1
 sigma = 100 ∗ exp(1268 ∗ ((1/303)-(1/T))) ∗ (0.5139 ∗ lambda-0.326); %Membrane 

Electrical conductivity (ohm/m)
else
 lambda = 1;
 sigma = 100 ∗ exp(1268 ∗ ((1/303)-(1/T))) ∗ (0.5139 ∗ lambda-0.326);
end

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

function D_H2O = dcoe(a,T,lambda)
% DCOE Fuel Cell diffusion coeffi cient
% DCOE returns the diffusion coeffi cient of water in the membrane

% Diffusion coeffi cient at 303 K
if lambda <= 1.23 % m^2/s
 D = 2.642276e-13 ∗ lambda;
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elseif (lambda > 1.23)& (lambda <= 6)
 D = 7.5e-11 ∗ lambda-9.5e-11;
elseif (lambda > 6) & (lambda <= 14)
 D = 2.5625e-11 ∗ lambda+2.1625e-10;
else % lambda > 14
 D = 1;
end

%Diffusion coeffi cient
D_H2O = D ∗ (exp(2416 ∗ ((1/303)-(1/T))) ∗ lambda ∗ (1/a) ∗ (1/(17.81 − 78.9 ∗ a + 

108 ∗ a^2))); % m/s

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

function [rcp,McpN] = heatcap(rho_dry,cp_m,M_H2O,cp_H2O,M_H,c_H,c_H2O_
a,cp_H,D_H2O,lambda,dcH2O_dx,dpot_dx,T, R, F, um,ii2)

% HEATCAP Fuel Cell heat capacity of the phase mixture
% HEATCAP returns the heat capacity of the phase mixture in the membrane

% Heat capacity of the phase mixture: dependent variables: rho ∗ cp, and M ∗ cp ∗ N
rcp = rho_dry ∗ cp_m + M_H2O ∗ c_H2O_a ∗ cp_H2O + M_H ∗ c_H ∗ cp_H; % rho ∗ cp 

J/m^3K^-1
McpN = M_H2O ∗ cp_H2O ∗ (c_H2O_a-D_H2O ∗ dcH2O_dx + 2.5 ∗ (lambda/

22) ∗ (ii2/F))+  .  .  .  M_H ∗ cp_H ∗ (c_H ∗ um -((F/(R ∗ T)) ∗ mc.D_H ∗ c_H ∗ dpot_dx)); 
% M ∗ cp ∗ N W/m^2K

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

function Rm = ohmic(ii2,sigma)
% OHMIC Fuel cell ohmic losses
% DFLUX returns the fuel cell ohmic losses

% Membrane Ohmic Loss
Rm = ii2^2 / sigma; % W/m^3

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

function J_H2 = dfl uxH2(D_H,c_H,R,T,F,dpot_dx)
%DFLUX Fuel Cell membrane diffusive fl ux
% DFLUX returns the diffusive fl ux of water in the membrane

% Diffusive fl ux for hydrogen
J_H2 = -(F /(R ∗ T)) ∗ D_H ∗ c_H ∗ dpot_dx; % mol/m^2s

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

% Plot results
% Type ‘load results’ before running this

% x − position in membrane
% y − state variables: c_H2O, T, dTdx, pot, P
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subplot(4,1,1), plot(x,y(:,1)), ylabel(‘c_{H_2O}’)
subplot(4,1,2), plot(x,y(:,2)), ylabel(‘T’)
subplot(4,1,3), plot(x,y(:,4)), ylabel(‘pot’)
subplot(4,1,4), plot(x,y(:,5)), ylabel(‘P’)
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FIGURE 7-6. Plots of the state variables for Example 7-1.

Figure 7-6 shown the plots for the state variables for Example 7-1.

Chapter Summary

The electrolyte layer must be a good proton conductor, chemically stable, 
and able to withstand the temperatures and compression forces of the fuel 
cell stack. Accurately modeling the PEM layer can help improve the prop-
erties of future membrane materials. There are many types of PEM models, 
and choosing the right one depends upon the end goals and resources avail-
able. In order to have an accurate model, mass, energy, and charge balances 
must be written for the fuel cell membrane layer. In addition to these, using 
an empirical relationship for membrane water content may save time when 
creating a model. The requirements for the membrane include high ionic 
conductivity, adequate barrier to the reactants, and chemically and mechan-
ically stable and low electronic conductivity. There are many choices for 
the PEM in the fuel cell, and the decision regarding the type chosen must 
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depend upon many factors including, most importantly, cost and mass 
manufacturing capabilities.

Problems

• Calculate the resistance of the Nafi on 115 membrane if the Nafi on 
conductivity is 0.2 S/cm when 100% saturated.

• Calculate the resistance of the Nafi on 115 membrane if the Nafi on 
conductivity is 0.2 S/cm when 25% saturated.

• Calculate the permeation rate through Nafi on 117 if the hydrogen pres-
sure is 200 kPa.

• Calculate the ionic resistance and hydrogen crossover rate for Nafi on 
1135 if the fuel cell operates at 60 °C and 1 atm.

• There are many ways in which Example 7-1 can be improved. List 3 
ways that you can improve the model.
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CHAPTER 8

Modeling the Gas 
Diffusion Layers

8.1 Introduction

The gas diffusion layer is between the catalyst layer and the bipolar plates. 
In a PEM fuel cell, the catalyst, gas diffusion, and membrane layers (the 
membrane electrode assembly (MEA)) are sandwiched between the fl ow 
fi eld plates. The gas diffusion layers (GDL) are the outermost layers of the 
MEA. They provide electrical contact between electrodes and the bipolar 
plates, and distribute reactants to the catalyst layers. They also allow reac-
tion product water to exit the electrode surface and permit the passage of 
water between the electrodes and the fl ow channels. The gas diffusion layer 
provides fi ve functions for a PEM fuel cell:

• Electronic conductivity
• Mechanical support for the proton exchange membrane
• Porous media for the catalyst to adhere to
• Reactant access to the catalyst layers
• Product removal from it

Figure 8-1 illustrates the fl ows into and out of the GDL layer in a PEM fuel 
cell. Specifi c topics covered in this chapter include the following:

• Physical description of the gas diffusion layer
• Basics of modeling porous media
• Modes of transport in porous media
• Types of models

There have been many approaches taken in modeling the GDL layer, 
as shown in Table 8-1. The approach taken depends upon how the rest of 
the fuel cell is modeled. There are several types of fl ow models for porous 
media, such as Fick’s diffusion, the Stefan-Maxwell equations, as well as 
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numerous other derivations based upon these equations. This chapter will 
describe the basic theory, and commonly used equations for modeling the 
fuel cell gas diffusion layer (GDL).

8.2 Physical Description of the Gas Diffusion Layer

Gas diffusion backings are made of a porous, electrically conductive mate-
rial. The diffusion media are often composed of either a single gas diffusion 
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FIGURE 8-1. Flows into and out of the gas diffusions layers in the PEM fuel cell.

TABLE 8-1
Equations Used to Model the Gas Diffusion Layer

Model Characteristic Description/Equations

No. of dimensions 1, 2, or 3
Mode of operation Dynamic or steady-state 
Phases Gas, liquid, or a combination of gas and liquid
Mass transport Nernst-Planck + Schlogl, Nernst-Planck + drag coeffi cient, 

or Stefan-Maxwell equation
Ion transport Ohm’s law
Energy balance Isothermal or full energy balance
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layer or a composite structure of a gas diffusion layer and a microporous 
layer. Most models in the literature only include the gas diffusion layers. 
The GDL can be treated with a fl uoropolymer and carbon black to improve 
water management and electrical properties. These material types promote 
effective diffusion of the reactant gases to the membrane/electrode assem-
bly. The structure allows the gas to spread out as it diffuses to maximize 
the contact surface area of the catalyst layer membrane. The thicknesses 
of various gas diffusion materials vary between 0.001 7 and 0.04 cm, the 
density varies between 0.21 and 0.73 g/cm2, and the porosity varies between 
70% and 80%. The most commonly used GDL materials are carbon cloth 
and carbon paper. Properties of some of the commercially available carbon 
papers are shown in Table 8-2.

The GDL helps to manage water in PEM fuel cells because it only 
allows an appropriate amount of water to contact the membrane/electrode 
assembly to keep the membrane humidifi ed. In addition, it promotes the 
exit of liquid water from the cathode to help eliminate fl ooding. This layer 
is typically wet-proofed to ensure the pores in the carbon cloth or paper do 
not become clogged with water.

Many treatments exist for the gas diffusion layer. Most of these treat-
ments are used to make the diffusion media hydrophobic to avoid fl ooding 
in the fuel cell. Either the anode or the cathode diffusion media, or both, 
can be PTFE treated. The diffusion material is dipped into a 5% to 30% 
PTFE solution, followed by drying and sintering. The interface with the 
catalyst layer can be fi tted with a coating or microporous layer to ensure 
better electrical contact and effi cient water transport in and out of the dif-
fusion layer. This layer consists of carbon or graphite particles mixed with 
PTFE binder. The resulting pores are between 0.1 and 0.5 microns (mm) and 
are, therefore, much smaller than the pore size of the carbon fi ber papers.

8.3 Basics of Modeling Porous Media

When considering the type of model to use for porous media, there are two 
main theoretical choices: (1) the motion of gas molecules through the pores 
of the media; or (2) the interaction of the molecules of gas and solid. If the 
substrate has large pores, it is intuitive to think in terms of the fraction of 

TABLE 8-2
Properties of Commercially Available Carbon Papers Used as Substrates for PEM 
Fuel Cell Electrodes1

Carbon Paper Thickness (mm) Porosity (%) Density (g/cm3)

Toray TGPH 090 0.30 77 0.45
Kureha E-715 0.35 60 to 80 0.35 to 0.40
Spectracarb 2050A-1041 0.25 60 to 90 0.40
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the media available for gas transport. Conversely, when the pore size in the 
substrate is very fi ne, and the size of the gas molecules and solid particles 
becomes comparable, the second option is used. These two options com-
prise the two main theories of modeling porous media. This section intro-
duces the concepts such as pore structure, fl uid properties, capillary and 
permeability needed in order to understand the basics of modeling of porous 
media.

8.3.1 Pore Structure
A porous medium generally consists of solid matrix and pore space. The 
description of the microscopic structure of pore space is diffi cult due to its 
geometrical complexity. There is typically a large network of pores com-
municating through relatively narrow constrictions. Since the shape of an 
actual pore is quite irregular, approximations of pore shape with regular 
geometries, such as cube, sphere, etc., are commonly made in theoretical 
studies to study the effect of pore structure. After the geometry of the pore 
structure has been specifi ed, surface areas and volumes of the pores can be 
calculated.

8.3.2 Fluid Properties
The void space in the porous medium is assumed to be fi lled with the dif-
ferent phases. The volume fraction occupied by each phase is the saturation 
of that phase. Therefore, the total fraction of all phases is equal to one:

 si
allphases
∑ = 1  (8-1)

The two phases that are usually considered are the liquid (l) and gaseous 
(g) phases. Each phase contains one or more components. The mass fraction 
of component i in phase k is denoted by cik. In each of the phases, the mass 
fractions should add up to unity, so that for N different components:

 c cig
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If a density r and a viscosity m are functions of phase pressure 
pi(i = g, l), and the composition of each phase, then:

 rg = rg(pg,cg), mg = mg(pg,cg) (8-3)

The liquid density and a viscosity for the liquid plate can be written in a 
similar manner.
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8.3.3 Capillarity
Capillary pressure is defi ned as the pressure difference between two immis-
cible fl uids at equilibrium within the pore space, which can be expressed 
as:

 pc = pL − pG (8-4)

where pG is the pressure of the gas phase, and pL is the pressure of the liquid 
phase. Capillary pressure involves the interfacial tension and the interfacial 
curvature in Laplace’s equation:

 P
r r

c = +⎛
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⎞
⎠⎟γ 1 1

1 2

 (8-5)

where g is the interfacial tension, and the curvature of the interface is 
characterized by two principal radii of the curved surface r1 and r2. The 
principal curvature radii at a point on the interface lie on two planes per-
pendicular to each other and intersect at the point.

In a cylindrical capillary tube, capillary pressure is given by

 p
r

c = − 2γ θcos
 (8-6)

where r is the radius of the tube and q is the contact angle. However, the 
geometry of pores in porous media is more complex, and tortuous paths are 
often used to represent channels in porous media. An expression of capillary 
pressure for an interface in a tube with rectangular cross-section is:
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for i, j = g, l. Although other dependencies are reported, it is usually 
assumed that the capillary pressure is a function of the saturations only.

8.3.4 Permeability
The (absolute) permeability is a measure of the material’s ability to trans-
mit a single fl uid at certain conditions. Since the orientation and inter-
connection of the pores are essential for fl ow, the permeability is not 
necessarily proportional to the porosity, but permeability (K) is normally 
strongly correlated to pore void fraction (j).

In macroscale modeling, it is assumed that all phases may be pres-
ent at the same location—although the phases do not actually mix. The 
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permeability of one phase depends upon the saturation conditions and 
interaction with the substrate at a specifi c location. A property called rela-
tive permeability, denoted by kri, were i is g or l, describes how one phase 
fl ows in the presence of the others. The effective permeability, k, is used 
to defi ne the relative permeability, kr:

 k = krksat (8-8)

where ksat is the saturated permeability, or the permeability at complete 
saturation, of the medium. ksat depends only on the structure of the 
medium.

Relative permeabilities are nonlinear functions of the saturations, 
therefore, the sum of the relative permeabilities at a specifi c location (with 
a specifi c composition) is not necessarily equal to one. Relative permeabil-
ities can depend on the pore-size distribution, the fl uid viscosity, and the 
interfacial forces between the fl uids.

8.4 Modes of Transport in Porous Media

There are several mechanisms by which mass transport can occur in porous 
media. There are four main modes of transport depending upon the mole-
cule acceleration and environment. The distinctions given here are some-
what arbitrary—but they represent an attempt to group molecules into 
distinct categories to help facilitate physical understanding and modeling. 
The four main types of transport are as follows:

• Free Molecule or Knudsen Flow: This occurs when the length 
between molecules is very small, or the species density is low. The 
collisions between molecules can be ignored in comparison with 
collisions of molecules with the walls of the porous media.

• Viscous Flow (Bulk/Continuum Flow): The gas acts as a continuum 
fl uid driven by a pressure gradient, and collisions between mole-
cules dominate over collisions between the molecules and the 
wall.

• Ordinary (Continuum) Diffusion: The different species of a mixture 
move relative to each other under the infl uence of concentration, 
temperature, or other external force gradients. Collisions between 
molecules dominate ordinary diffusion.

• Surface Flow: The molecules move along a solid surface in an 
adsorbed layer. This mechanism is assumed independent of the 
others. It can be integrated into a model with the three other mech-
anisms in order to give more accurate results.

If the mean-free-path of a molecule is less than 0.01 times the pore 
radius, ordinary diffusion dominates. If the mean-free-path is greater than 
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10 times the pore radius, Knudsen diffusion dominates. This implies that 
Knudsen diffusion should be considered if the pore radius is less than about 
0.5 mm. The typical gas diffusion layer has pores between 0.5 and 20 mm in 
radius, and a microporous layer contains pores between 0.05 and 2. There-
fore, depending upon the material used, Knudsen diffusion may not have 
to be considered in gas diffusion layers, but it should be accounted for in 
microporous and catalyst layers.

8.4.1 Free Molecule (Knudsen) Flow in Porous Media
Knudsen or free molecule fl ow is where gas molecules collide more with 
the walls of the container than with the other gas molecules. This occurs 
when the mean-free-path of the gas molecules is approximately the length 
scale of the container, or there are very low gas densities (which means 
large mean-free-paths). In free molecule fl ow, there is no distinction between 
fl ow and diffusion (which are continuum phenomena), and gas composition 
is not important since there is no interaction between gas molecules of the 
same or different species.

For a gas with molecular density n, the Knudsen molar fl ux can be 
expressed as:

 J r
RT
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where r is the radius, R is the ideal gas constant, T is the temperature, M 
is the molar mass of the gas, and dc/dz is the rate of change of gas concen-
tration. The Knudsen diffusion coeffi cient DK for fl ow in a cylindrical long 
straight pore with diffuse scattering is:
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 (8-10)

When geometries other than cylindrical are used, Equation 8-10 can 
be used with different geometrical parameters. Knudsen fl ow through 
porous media can be modeled using Equation 8-10 with the single-pore 
diffusion coeffi cient replaced with a porous medium diffusion coeffi cient 
defi ned as:

 D DK porous medium K gle phase, _ sin _= ε
τ

 (8-11)

where e is the porosity, and t is the tortuosity, which is typically incorpo-
rated into the value of K0. The porosity can be defi ned as:

 ε ν

ν
=

+
V

V Vs
 (8-12)
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where Vn is the volume of the voids and Vs is the volume fraction of solids. 
If modeling the liquid water in the GDL is neglected, then eG is set to the 
value of the bulk porosity of the medium, e0. Tortuosity is accounted for 
in GDL models by using a Bruggeman expression:

 t = e−0.5 (8-13)

Although Equation 8-13 is a good estimation for tortuosity, it can 
sometimes underpredict the tortuosity at low porosities.

8.4.2 Viscous (Darcy) Flow in Porous Media
Viscous (Darcy) fl ow refers to fl ow in the laminar continuum regimen that 
is caused by a pressure gradient. The gas behavior is determined by the 
coeffi cient of viscosity, which is independent of pressure for gases. Since 
bulk fl ow does not separate the components of gas mixtures, mixtures of 
different gasses can be treated in the same manner as a pure gas. Under 
laminar fl ow conditions, the single-phase fl ow of incompressible fl uids in 
porous media is governed by Darcy’s law:

 V
K

P g= − ∇ −
μ

ρ( )  (8-14)

where V is the Darcy velocity, K is the absolute permeability, m is the 
dynamic viscosity of the fl uid, ∇P is the pressure gradient, and r is the fl uid 
density.

For a porous medium with multiphase fl ow, the relative permeability 
of fl uid i, Kri, is defi ned as:

 K
K
K

ri
i=  (8-15)

where Ki is the effective permeability of fl uid i and Equation 8-14 can be 
written as

 V
K K

P gri= − ∇ −
μ

ρ( )  (8-16)

where the subscript i denotes fl uid i.
A transport equation for the viscous fl ux of gases can be obtained by 

applying Newton’s second law to an element of compressible fl uid, as 
shown in Figure 8-2.

From this derivation, the total viscous fl ux per unit area for cylindri-
cal passages is:
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 J
nR dp

dx
visc = −

2

8μ
 (8-17)

where R is the radius of the cylinder, n is the compressibility of the fl uid 
calculated using the ideal gas equation of state: n = p/KT, and dp/dx is the 
pressure change in the x direction.

When a different geometry is used, equations can be derived of the 
same form, but with different geometrical parameters. The general equa-
tion that can be used is often defi ned as:

 J
nB

pvisc = − ∇0

μ
 (8-18)

where B0 is called the “viscous fl ow parameter” (the Knudsen fl ow param-
eter), which must be selected to represent the geometry of a particular 
problem. For example, B0 for straight circular capillaries of radius R is B0 = 
R2/8.

Viscous fl ow parameters are usually obtained from empirical data 
since the geometry of porous media is complex. The viscous fl ow through 
porous media can be modeled using Equation 8-18 with the single-pore 
viscous fl ow parameter replaced with a porous medium parameter defi ned 
as:

 B Bpm pd0 0, ,= ε
τ

 (8-19)

where e is the porosity, t is the tortuosity, and B0,pd is the single mean pore 
diameter.

2rdx
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FIGURE 8-2. Forces acting on fl uid element.
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In rigorous derivations, the tortuosity factor is often squared in order 
to correct for the path along the pore to across the medium.

Combining Equations 8-18 and 8-19 the value of B0 for the porous 
medium is:

 J
nB

pvisc
pm= − ∇0,

μ
 (8-20)

A more rigorous method of determining the viscous fl ow parameter 
uses the concept of porosity and tortuosity, but also takes into account the 
variation of surface area of pores. This is critical since viscous fl ow is 
dependent on the interaction of pore walls and gas fl ow.

The relationship for calculating B0 is:
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where S is the total surface area per unit volume, Vs is the volume fraction 
of solids, e is the porosity, and k = 2t, and is called the Kozeny function 
(which is usually about 5). The Kozeny function allows the inclusion of 
the extra tortuosity factor.

8.4.3 Ordinary (Continuum) Diffusion in Porous Media
Ordinary diffusion is the most common diffusion mechanism. For binary 
mixtures, the species diffusive fl ux is directly proportional to its concentra-
tion gradient:

 J1D = −D12∇n1 (8-22)

 J2D = −D21∇n2 (8-23)

where J1D + J2D = JD = 0 is the zero net diffusive fl ux. Therefore, D12 = D21. 
In multicomponent mixtures, the fl uxes of all of the species are important 
to consider since they affect the diffusive transport of any one species. This 
is because the momentum transferred to any one species will depend on 
the relative motion of all other species. For multicomponent mixtures, the 
Stefan-Maxwell equation can be used:
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 (8-24)

The Stefan-Maxwell equation gives the transport equation in terms of 
fl uxes of species concentrations. However, the species fl uxes in terms of 
concentrations are needed. Therefore, the equations must be inverted at 
great computational expense. Although the equation can be inverted, many 
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Fickian (binary diffusion) approximations have been developed for use 
instead of the Stefan-Maxwell (multicomponent) transport equations to 
avoid the computational cost.

It is possible to use Fick’s binary law of diffusion to yield the fl ux of 
a single species in terms of the concentration gradients of the other species. 
However, the diffusion coeffi cients are not the same as the binary diffusion 
coeffi cients in the resulting equation:

 Ji = −Dil∇n1 − Di2∇n2  .  .  .  − Dik∇nk (8-25)

This equation is actually a form of the inverse Stefan-Maxwell equa-
tion, and the Fickian multicomponent diffusion coeffi cients are representa-
tive of the gas mixture mole fractions and binary diffusion coeffi cients.

Diffusion through porous media can be modeled using Equation 8-24 
with the free gas diffusion coeffi cient replaced with a porous diffusion coef-
fi cient defi ned as:

 D Dij porous ij free, ,= ε
τ

 (8-26)

where 
ε
τ

 is the porosity-tortuosity factor.

8.4.4 Combining Transport Mechanisms for Binary Mixtures
In order to determine how the fl uxes are related, the free molecule and 
continuum diffusive fl uxes for one species of a binary mixture are:

 JiK = −D1k∇n1 (8-27)

 J1D = −D12∇n1 + x1JD (8-28)

which can be rewritten using the ideal gas law (p = nkT) as:

 J
D
kT

niK
k= − ∇1

1  (8-29)

 J
D
kT

n x JD D1
12

1 1= − ∇ +  (8-30)

If the fi rst species is not accelerating, then the average momentum 
transferred to it through collisions with the walls must be balanced by the 
force acting on molecules due to the partial pressure gradient. Since Knudsen 
fl ow describes collisions between molecules and the wall, and ordinary 
diffusion describes collisions between molecules, Equations 8-29 and 8-30 
can be rewritten as:
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The total partial pressure in the gas mixture is due to both Knudsen 
and ordinary diffusion, therefore:
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K D D1
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12

1 1( )  (8-33)

This formula is valid for the diffusion of one component of a binary 
mixture, and is valid for the entire pressure range between the free mole-
cule limit and the continuum limit.

Incorporating the viscous fl ow into the model is also additive because 
there are no viscous terms in the other diffusion equations. The indepen-
dence is valid for any isotropic system, and is sometimes referred to as 
Curie’s theorem. As fi rst shown by Equation 8-18 the viscous fl ux is 
described by:

 J
nB

pvisc = − ∇0

μ
 (8-34)

The surface fl ux can also be added to the total fl ux equation due to 
experimental evidence. The surface fl ux is described by:

 J1S = −D1S∇n1 (8-35)

Therefore, the total fl ux of one species is given by:

 J1 = J1D + J1visc + J1s = J1D + x1J1visc + J1s (8-36)

and the total fl ux is:

 J = J1 + J2 = JD + Jvisc + Js (8-37)

After substituting Equations 8-30, 8-33, and 8-34 into 8-37, and 
rearranging:
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The resulting mass transport equation contains all four mass transport 
mechanisms. If certain types of diffusion are dropped from this equation, 
one should be able to obtain many widely used mass transport formulae. 
If the surface diffusion is considered negligible, the equation will be simpli-
fi ed considerably:

 J D n x J x
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pS1 1 1 1 1 1 1
0= − ∇ + − ⎛
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 (8-41)

If the pores of the porous media are signifi cantly larger than the mean-
free-path of the gases, the Knudsen term will be negligible, therefore:

 J1 = −D12∇n1 + x1J (8-42)

When the Knudsen term is dropped, the second viscous fl ow term will 
also be dropped. This is because there will be no collisions with the pore 
wall, and no viscous shear forces transmitted through the gas from the 
walls.

If the pores are much smaller than the mean-free-path, continuum 
diffusion will be negligible. In this case:

 J D n x
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In the absence of a pressure difference, the equation reduces to the 
defi nition of Knudsen diffusion. Inclusion of the pressure drop is more 
involved. Any pressure drop present must be due to Knudsen collisions 
since there is no local pressure drop due to gas–gas molecular collisions. If 
the pore size is intermediate, both ordinary and Knudsen diffusion will be 
signifi cant. In the absence of a pressure drop, the equation can be written 
as:

 J1 = −D1∇n1 + x1d1J (8-44)
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If there is zero net fl ux, then:
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where D1 is the multimechanism diffusion coeffi cient, which is valid for 
ordinary and Knudsen diffusion. This expression is known as the Bosanquet 
formula.

8.5 Types of Models

Porous media models are abundant in the literature, but there are only a 
few gas diffusion layer models for fuel cells that treat these layers in a 
rigorous manner. As mentioned in Section 8.3, GDL models focus on either 
the fl ow through the substrate (the pores), or the interaction of the solid 
substrate with the molecules. When the modeling focus is on the pores in 
the substrate, either Fick’s diffusion law (for one-component diffusion 
through a homogeneous medium) or the Stefan-Maxwell equations (for 
multicomponent gas diffusion) can be used. The interaction of the gas and 
solid, (or more commonly known as the Dusty Gas Model) is derived by 
applying kinetic theory to the interaction of both gas–gas and gas–solid 
molecules, with the porous media treated as “dust” in the gas. The Fickian 
diffusion model is computationally much simpler than the Stefan-Maxwell 
formulation, but cannot be used for multicomponent mixtures (unless a 
binary mixture approximation or tertiary diffusion coeffi cients are used). 
In addition, these models either consider just the gas or liquid phase, or 
include both. Table 8-3 gives a brief description of the main types of GDL 
models in the literature.

Besides the gas and liquid transport described in the fi rst few sections 
of this chapter, other important properties of the GDL layers are the elec-
tronic conduction and the evaporation/condensation of the gas/liquid in 
the GDL. The governing equations for the GDL are shown in Table 8-4.

TABLE 8-3
Types of Gas Diffusion Layer Models in the Literature

Type of Model Description

Gas phase models Gas phase models assumes that there is only the gas 
phase fl ow in the GDL.

Liquid phase models Liquid phase models assumes that there is only the 
liquid phase fl ow in the GDL.

Two-phase fl ow models Two-phase fl ow models describe how gas and liquid 
interact in a porous medium.
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8.5.1 Conductivity
Most models neglect conductivity calculations, since the GDL layer is 
made of carbon. However, a rigorous model should include this calculation 
since it can become a limiting factor due to geometry or composition. 
Ohm’s law can be used to take this into account:

 i1 = −s0e1
1.5∇Φ1 (8-46)

where e1 and s0 are the volume fraction and electrical conductivity, respec-
tively. The Bruggeman correction is used in Equation 8-46 to account for 
porosity and tortuosity. Since the GDL is often coated with Tefl on to 
promote hydrophobicity, carbon is the conducting phase and the Tefl on is 
insulating.

8.5.2 Evaporation/Condensation
Depending upon the local temperatures, pressures, and saturation condi-
tions, water can evaporate or condense in the GDL layer. These reactions 
are often modeled by an expression that is similar to:

 revap = kmaG,L(pw − pw
vap) (8-47)

where revap is the molar rate of evaporation per unit volume, km is a mass-
transfer coeffi cient per unit interfacial surface area, aG,L is the interfacial 
gas/liquid surface area per unit volume, pw is the partial pressure of water 
in the gas phase, and pw

vap is the vapor pressure of water, which can be cor-

TABLE 8-4
Fuel Cell Gas Diffusion Layer Variables and Equations

Variable Equation Equation No.

Overall liquid water fl ux (NL) Mass balance 7-2, 7-10, 9-4 or 
Chapter 5 equations

Overall membrane water fl ux (NW) Mass balance 7-2, 7-10, 9-4 or 
Chapter 5 equations

Gas phase component fl ux (NG,i) Mass balance 7-2, 7-10, 9-4 or 
Chapter 5 equations

Gas phase component partial 
pressure (pG,i)

Stefan-Maxwell 5-63

Liquid pressure (PL) Darcy’s law 8-52
Electronic phase current density (i1) Ohm’s law 8-46, 9-2, 9-20
Electronic phase potential (Φ1) Charge balance 8-46
Temperature (T) Energy balance Chapter 6 equations
Total gas pressure (pG) Darcy’s law 8-50
Liquid saturation (S) Saturation relation 8-54
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rected for pore effects by the Kelvin equation. There are several models in 
the literature that use an interfacial area that depends upon the water 
content of the GDL. Usually, the gas is assumed to be saturated if any 
liquid water exists. In a rigorous GDL model, both gas and liquid transport 
should be included.

8.5.3 Gas Phase Transport
Most models use the Stefan-Maxwell equations for gas phase transport in 
the fuel cell GDL layers. This equation is written using more common 
notation the Equation 8-22:

 ∇ =
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≠
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i j j i

T i j
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where cT is the total concentration or molar density of all of the gas species, 
xi is the mole fraction of species i, and De

i,j
ff is the effective binary interac-

tion parameter between i and j, by the Onsager reciprocal relationships, 
De

i,j
ff = De

j,i
ff for ideal gases.

Knudsen diffusion has been taken into consideration in a few models 
in the literature (see Section 8.4.1). Knudsen diffusion and Stefan-Maxwell 
diffusion can be treated as mass-transport resistances in series, and are 
combined to yield:
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 (8-49)

where the De
Ki
ff is the effective Knudsen diffusion coeffi cient. The porous 

media itself constitutes another species with zero velocity with which the 
diffusing species interact.

While most models treat gas phase fl ow as purely due to diffusion, some 
models take into account convection in the gas phase (see Section 8.4.2). 
This is usually done by the addition of Darcy’s law for the gas phase:

 ν
μG
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G
G

k
p= − ∇  (8-50)

where k is the effective permeability. The above relation can be made 
into a fl ux by multiplying it by the total concentration of the gas species. 
One way to include the effect of gas phase pressure-driven fl ow is to use 
Equation 8-50 as a separate momentum equation. Another way to include 
pressure-driven fl ow is to incorporate the Equation 8-50 into Equation 8-49, 
as per the Dusty Gas model:
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However, using this equation is not necessarily the best method of 
incorporating velocity into the model. Instead, one of the Stefan-Maxwell 
equations should be replaced by Equation 8-51 because it is the summation 
of the mass velocities of the gas species. There are many models that incor-
porate gas phase pressure-driven fl ow in the diffusion media, however, it 
is unknown how signifi cant this effect is. Most modeling results show that 
the pressure difference through the fuel cell is minimal, and the assumption 
of uniform gas pressure is acceptable for most conditions. However, there 
have been some models that do show a small pressure difference that 
reduces mass transfer. In addition, the change in pressure may change more 
than estimated as the temperature in the fuel cell also changes.

If a model is two or three dimensional, the gas phase pressure needs 
to be considered. This is because the pressure difference down a gas channel 
is much more signifi cant than that through the fuel cell. When an inter-
digitated fl ow fi eld design is used (see Chapter 10), the gas-phase pressure-
driven fl ow needs to be accounted for. In these types of fuel cells, the gas 
channels are not continuous through the fuel cell, and gas is forced through 
the channels by both convection and diffusion to reach the next gas 
channel.

8.5.4 Treatment of Liquid Water
Liquid water has been modeled using several methods in fuel cells. The 
simplest way to include liquid water in a GDL model is to treat it as a 
solid species that occupies a certain volume fraction. When this method 
is used, transport is not considered, and it just decreases the gas phase 
volume. This, in turn, decreases the effective diffusion coeffi cients of the 
gas species, and somewhat takes into account fl ooding. The models that 
use this approach usually use the volume fraction of water as a fi tting 
parameter.

A more sophisticated method of including liquid water is to have a 
way in which the model includes the transport of water in the model. These 
models assume that the liquid water exists as droplets that are carried along 
in the gas stream. Therefore, while evaporation and condensation occur, a 
separate liquid phase does not have to be modeled. The liquid is assumed 
to be a component of the gas, which usually has little effect on the rest of 
the system. An advantage of this type of model over the one previously 
described is that it allows for the existence and location of liquid water 
to be noted, and to a limited extent the change in the water pressure or 
concentration.

In order to model liquid-water fl ow accurately, two-phase models are 
required. Liquid phase transport is similar to the gas phase pressure-driven 
fl ow described above. Since the liquid water is assumed to be pure, there 
is no diffusion component for the water movement. Therefore, the fl ux 
form of Darcy’s law models the fl ow of liquid water:
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where Vw is the molar volume of water and all of the properties are valid 
for pure water. Many models use Equation 8-52 with a liquid phase volume 
fraction. This is a good assumption since there is isolated gas and liquid 
pores in the medium. However, this can be improved by adding a type of 
transfer between them.

Finally, there are also models that use a phase mixture approach. The 
two phases are treated as a single-phase mixture, and all parameters are 
calculated for the mixture instead of each phase. This approach does effec-
tively determine the mass fl ux, but the entire mixture moves at a certain 
velocity when in fact each phase may move a different velocities. Despite 
this, the models adequately predict water balance in the fuel cell.

8.5.5 Rigorous Two-Phase Flow Models
It is commonly known that gas and liquid interact in a porous medium. 
There have been many rigorous models developed in the literature for 2-
phase-porous media during the last few decades. The models that have been 
developed for fuel cells are on the simpler end, which makes them easy to 
integrate into a fuel cell model, but less accurate. The interaction between 
liquid and gas is characterized by a capillary pressure, contact angle, surface 
tension, and pore radius, as fi rst mentioned in Section 8.2:

 p p p
r

c L G= − = − 2γ θcos
 (8-53)

where g is the surface tension of water, r is the pore radius, and q is the 
internal contact angle that a drop of water forms with a solid. Equation 
8-53 relates how liquid water wets the material. For a hydrophilic pore, the 
contact angle is 0° < q < 90°, and for a hydrophobic one, it is 90° < q < 180°. 
An important part of the two-phase models is how the liquid saturation is 
predicted as a function of position. The saturation, S, is the amount of pore 
volume that is fi lled with liquid:

 eG = e0(1 − S) (8-54)

From Equation 8-54 one can see that the saturation greatly affects the 
effective gas phase diffusion coeffi cients. Therefore, fl ooding can be char-
acterized by saturation. In the literature, the saturation is typically calcu-
lated using an empirical relation for the capillary pressure and saturation.

In order to determine the gas and liquid pressures at each control 
volume in the diffusion medium, the capillary pressure must be known at 
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every position. In typical two-phase fl ow models, the movement of both 
liquid and gas is determined by Darcy’s law for each phase. Equation 8-55 
relates the two pressures to each other. Many models use the capillary 
pressure as the driving force for the liquid-water fl ow:
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p p
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w
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μ μ μ
 (8-55)

As fi rst mentioned in Section 8.3.4, a useful relation for calculating the 
effective permeability, k, is to defi ne a relative permeability, kr,

 k = krksat (8-56)

where ksat is the saturated permeability, or the permeability at complete 
saturation, of the medium. ksat depends only on the structure of the medium 
and has been empirically determined, or estimated, using a Carman-Kozeny 
equation.

The addition of gas and water balances completes the set of equations. 
The parameters in this model are mixture parameters using capillary 
phenomena. Although the mixture moves at a mass-average velocity, the 
interfacial drag between the phases and other conditions allows each 
separate phase velocity to be determined. The liquid phase velocity is 
written as:
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where the subscript m stands for the mixture, rk and nk are the density and 
kinematic viscosity of phase k, respectively, and lL is the relative mobility 
of the liquid phase:
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The mixture velocity is basically determined from Darcy’s law using the 
properties of the mixture. This mixture velocity is a major improvement 
from the previously described approaches.

8.6 GDL Modeling Example2

This section presents the derivations and modeling for the cathode GDL 
of the fuel cell created by Beuscher et al.3 The models in4 are derived 
from multiphase fl ow in porous media from the hydrogeological literature. 
The differences between the GDL layer and the modeling of unsaturated 
soils are that the GDL is hydrophobic and soil is hydrophilic, the pore-size 
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distributions are different, and the GDL is a nonhomogeneous weave of 
carbon fi bers. Despite these differences, the hydrogeological models are 
quite useful for fuel cell GDL modeling. However, it sometimes may be 
diffi cult to use these models since many properties such as the tempera-
tures, phases, pressure, and the velocity of the species in and surrounding 
the GDL are unknown parameters while the fuel cell is operating.

The simplifi ed geometry is shown in Figure 8-3. The dashed lines at 
the top of Figure 8-3 illustrate the portion of the channel where the gas is 
fl owing through. The bottom of the diagram is the catalyst side where heat 
and water are added to the system, and gas is absorbed. On the upper 
channel sides, gas is added, and heat and water are removed. Since half 
of the upper boundary is the solid cathode material, and half is open 
channel, the boundary conditions are mixed. The portion where there is no 
fl ux into the cathode has Neumann boundary conditions, and the portion 
where there is no liquid water in the channels has Dirichlet boundary 
conditions.

The GDL in Figure 8-3 is 4d units long, and h units high. The aspect 
ratio is the perturbation parameter, and can be defi ned as e = h/d << 1. The 
lower surface abuts the cathode catalyst layer, and the upper surface is 

y

y = 0

m region r regioni region

d ddd

h

Concentrations specified
T = Ti 
high pressure

Concentrations specified
T = Tr 
Low  pressure

No mass flux or 
pressure gradient
T = Tm y = h

Positive heat flux, positive vapor flux, negative oxygen flux, no liquid, no pressure gradient

Catalyst Side

FIGURE 8-3. Division of the gas diffusion layer5.
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open to a channel on the left and right. The center region abuts a graphite 
cathode. The channels can be at different pressures, and all quantities are 
assumed to be steady-state. The pressure, P, temperature, T, oxygen con-
centration, u, water vapor concentration, v, and liquid-water volume frac-
tion, q, will be calculated. All of the variables will be functions of q.

Since the physical process exhibited is the same as in the transport 
of groundwater in unsaturated porous media, the governing equation is 
Richard’s equation, which gives the moisture velocity (Vq) of liquid and 
vapor in porous media. The general form of the equation is:

 Vq = −kq(q)∇y (8-59)

where kq is the hydraulic conductivity of the GDL to the liquid water, 
and Ψ is the moisture potential. The total potential should also have a 
gravitational component, but it is disregarded from the Equation 8-59 
because there is little liquid water present. The moisture potential should 
include all relevant properties of the GDL, such as tortuosity and wetting 
potential6.

Since the nonhysterestic case is considered, q will be a single-valued 
function of q only (y = y(q)). Assuming incompressibility (the density of 
water is constant), the conservation equation becomes:

 ∇⋅ =Vθ Σ  (8-60)

where Σ is the source term introduced to incorporate condensation and 
evaporation:

 ∇⋅ − ∇ =( ( ) )κ θ ψθ Σ  (8-61)

The diffusion coeffi cient of water can be defi ned by:

 D
d
d

θ θθ κ θ ψ
θ

( ) ( )=  (8-62)

The chain rule of differentiation can be used:

 ∇⋅ ∇ + =[ ( ) ]Dθ θ θ Σ 0  (8-63)

Evaporation is a temperature-dependent process and is modeled using 
Arrhenius’ law:

 evaporation ∝ −⎛
⎝⎜

⎞
⎠⎟exp

E
RT

A θ  (8-64)
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where EA is the activation energy and R is the gas constant. Condensation 
is not a temperature-dependent process, and depends only upon the con-
centration of the water vapor:

 condensation ∝ ũ (8-65)

Introducing the constant of proportionality, bq, for evaporation and bn 
for condensation:

 β θ β υθ νexp −⎛
⎝⎜

⎞
⎠⎟ + =E

RT
A � Σ  (8-66)

Therefore, this becomes:

 ∇⋅ ∇ − −⎛
⎝

⎞
⎠ + =[ ( ) ] expD

E
RT

A
θ θ νθ θ β θ β υ� 0  (8-67)

For the gases (oxygen), either Fickian diffusion, or the Stefan-Maxwell 
equation can be used to describe the diffusion processes. Fick’s equation 
for diffusion and transport is:

 ∇ · (Du(q)∇ũ − ũṼ g) = 0 (8-68)

where Ṽg is the velocity of the gas phase, and Du is the diffusion coeffi cient 
of oxygen.

In order to model the vapor transport, the evolution of the vapor phase 
of water must include convection:

 ∇⋅ ∇ − + −⎛
⎝

⎞
⎠ +⎡

⎣⎢
⎤
⎦⎥

=[ ( ) ] expD V
E
RTv g

Aθ υ υ υ β θ β υθ ν� � � �1 0  (8-69)

where Dy is the diffusion coeffi cient of the water vapor, and n1 is a normal-
ization factor. The evaporation term produces vapor and the condensation 
term removes it.

In order to model the temperature, the following terms must be taken 
into account: (1) Fourier’s law for heat conduction, (2) convection, (3) heat 
gain due to condensation, and (4) heat loss due to evaporation. Since the 
gas and liquid water velocities are small, it is assumed that the thermal 
transport from water and gas can be neglected. Therefore:

 ∇⋅ ∇ + −⎛
⎝⎜

⎞
⎠⎟ +⎡

⎣⎢
⎤
⎦⎥

=[ ( ) ] exp� � �k T L
E
RT

Aθ ρ β θ β υθ θ υ 0  (8-70)

where k̃ is the thermal conductivity, rq is the density of liquid water, and 
L is the latent heat.
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8.6.1 No Liquid Governing Equations
In the case that there is no liquid, all of the terms due to q are neglected. 
Also, condensation and evaporation terms drop out of the equations. If the 
gas phase convects, the velocity is governed by Darcy’s law:

 � �V Pg
g= − ∇

κ θ
μ
( )

 (8-71)

where kg is the permeability of the GDL to gases and m is the viscosity of 
the gas. The permeability kg depends upon q because liquid water will 
remove the available pore space for the gas. In order to solve for pressure, 
the continuity equation can be used:

 ∇ · Ṽ g = 0 (8-72)

 ∇⋅ = ∇⋅ − ∇⎛
⎝⎜

⎞
⎠⎟

=� �V Pg
gκ θ
μ
( )

0  (8-73)

 ∇⋅ = − ∇⋅ ∇ =� �V Pg g
1

0
μ

κ θ( ( ) )  (8-74)

Since q has been dropped, kg(q) is a constant:

 
κ θ

μ
g P
( )

∇⋅∇ =� 0  (8-75)

Equation 8-75 now becomes:

 Du · ∇ · (∇ũ) − ∇ · (ũṼ g) = 0 (8-76)

 ∇⋅ + ∂
∂

⋅ ∂
∂

+ ∂
∂

⋅ ∂
∂

⎡

⎣
⎢

⎤

⎦
⎥ =�

�
�

�

�
�
�

�

�
u

D
u
x

P
x

u
y

P
y

g

u

κ θ
μ

( )
0  (8-77)

The condensation and evaporation term is dropped because of the no-
liquid assumption.

 ∇⋅ + ∂
∂

⋅ ∂
∂

+ ∂
∂

⋅ ∂
∂

⎡

⎣
⎢

⎤

⎦
⎥ =�

�
�

�

�
�
�

�

�
υ

κ θ
μ

υ υ
υ

g

D x
P
x y

P
y

( )
0  (8-78)

Equation 8-78 becomes:

 ∇2 · T̃ = 0 (8-79)

The governing equations and boundary conditions motivate the fol-
lowing dimensionless parameters:
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x
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 (8-80)

Substituting these into the previous equations:
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∂
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 (8-82)
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= 0  (8-83)
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u P P

D
u
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u

=
−κ

μ
1 1

2
( )

 (8-84)

where Pe is the Peclet number for the oxygen. When v is replaced with u, 
then:

  ε υ υ ε υ υ
υ

2
2

2

2

2
2 0

∂
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 (8-85)

Therefore,
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+ − ∂
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substituting into:

 ε2
2

2

2

2
0

∂
∂

+ ∂
∂

=T
x

T
y

 (8-88)

8.6.2 No Liquid, No Convection, Constant Flux
For the case of no liquid, no convection and constant fl ux, the transport 
will now just be Fickian, and the pressure is constant. Therefore:
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 ε2
2
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2

2
0

∂
∂

+ ∂
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=u
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y

 (8-89)
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+ ∂
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=
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 (8-90)

 ε2
2

2

2

2
0

∂
∂

+ ∂
∂

=T
x

T
y

 (8-91)

When examining the boundary conditions with constant pressure, the 
regions of positive and negative x are symmetric about x = 0. If the region 
from −2 ≤ x ≤ 0 is used, the boundary conditions are as follows:

 
∂
∂

=T
x

y
m

( , )0 0  (8-92)

 
∂
∂

=u
x

y
m

( , )0 0  (8-93)

 
∂
∂

=υm

x
y( , )0 0  (8-94)

At the cathode catalyst layer interface, constant fl ux is assumed. 
Oxygen fl ow out of the gas diffusion layer, therefore:

 D
u
n

D
u
y

x qu u u
∂
∂

= − ∂
∂

= −
� �

� �( , )0  (8-95)

The water vapor and temperature fl uxes are given by:

 D
y

x qυ υ
υ∂

∂
= −

�
� �( , )0  (8-96)

 � �
� �k

T
y

x qC T
∂
∂

= −( , )0  (8-97)

Substituting Equation 8-80 into Equations 8-95 through 8-97:
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u
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u
y

x qu u
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∂
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 D
h y

x qυ υ
υ υ1 0

∂
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= −( , ) �  (8-100)
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�  (8-103)

Using e = 0.2 as the perturbation parameter, the dependent variable 
can be written as:

 T(x,y,e) = T0(x,y) + o(e) (8-104)

Now substituting Equation 8-91 into 8-104:

 ε ε2
2

0
2

2
0

2
0

∂
∂
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∂

+ =T
x

T
y

o( )  (8-105)

Then:

 
∂
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=
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0
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T
y

 (8-106)

Using the following boundary conditions:

 
∂
∂

= ∂
∂

= − ∂
∂

− =T
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y
T
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x q
T
x

y
m

T( , ) , ( , ) , ( , )0 0 0 2 0
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 (8-107)

Integrating and using the boundary conditions:

 
∂
∂

= − = − + ′ − = ′ =T
y

q T q y f x f fT T
0

0 2 0 0, ( ), ( ) ( )  (8-108)

Now the problem has two different regions:

 Tl
0(x, y) = qT(1 − y) + 1 −2 ≤ x ≤ −1 (8-109)

 Tm
0 (x, y) = qT(1 − y) −1 ≤ x ≤ 0 (8-110)

An interior layer variable is introduced to account for the discontinuity at 
x = 0:
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 z
x

T x y q y T z yT
i= + = − +1

1
ε

( , ) ( ) ( , )  (8-111)

where Ti is the interior temperature.
Substituting 8-111 into 8-91, 8-103, and 8-86:
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 (8-112)

 − + ∂
∂

= −q
T
y

z qT

i

T( , )0  (8-113)

 
∂
∂

=T
y

z
i

( , )0 0  (8-114)

 Ti(z,1) = 1 z < 0 (8-115)

 Ti(z,1) = 0 z > 0 (8-116)

Now matching the outer solution:

 qT(1 − y) + Ti(−∞, y) = Tl(−1−, y) = qT(1 − y) + 1 (8-117)

 Ti(−∞, y) = 1 (8-118)

 qT(1 − y) + Ti(−∞, y) = Tm(−1+, y) = qT(1 − y) (8-119)

 Ti(∞, y) = 0 (8-120)

A set of transformations are now introduced:

   f z iy f f f
f
f

f f1 2 1 3
2

2
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1
3

1
1

1
2

1= + = ⋅ = −
+

= + −, exp( ), , sin ( )π
π

 (8-121)

The solution is then:

 T fi = ℜ 4  (8-122)

Example 8-1 illustrates modeling the temperature in the interior layer 
wing MATLAB:
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EXAMPLE 8-1: Modeling the Temperature in the Interior Layer

Create a three-dimensional plot in MATLAB for the temperature of the 
interior layer using the equations derived in this section.

Using MATLAB to solve:

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

% EXAMPLE 8-1: Modeling the Temperature in the 
Interior Layer

% UnitSystem SI 

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

clear all
clc
format rat

% Defi ne the parameters

eps = 0.2; % Perturbation Parameter

% Defi ne the number of grid points in x and y direction

% nx = number of grid points in x direction
% ny = number of grid points in y direction
nx = 201;
ny = 201;

% Defi ne the dimension of the domain

Lx = 1.6; % Length in x of the computation region
Ly = 1.0; % Length in y of the computation region

% Calculate the mesh size

hx = Lx/(nx-1); % Grid spacing in x
hy = Ly/(ny-1); % Grid spacing in y

% Generate the mesh/grid

x(1) = -1.8;
y(1) = 0.0;
for k = 2:nx
 x(k)=x(k-1)+hx;
end
for j = 2:ny
 y(j)=y(j-1)+hy;
end
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% Inner Layer Variable

z = (x+1.0)/eps;

[Z,Y] = meshgrid(z,y);

% Now determine the functions

f1 = complex(Z,Y);
f2 = exp((pi ∗ f1));
f3 = (f2-1.0)./(f2+1.0);
f4 = (1.0/2.0)-(1.0/pi) ∗ (asin(f3));

% Inner Variable

Ti = real(f4);

% Make a 3D plot of Ti

fi gure
surf(Z,Y,Ti,‘EdgeColor’,‘none’)
set(gca,‘DataAspectRatio’,[1 1 1])
axis([-4.0 4.0 0 1 0 1])
view(-35,32)
xlabel(‘ z ’)
ylabel(‘ y ’)
zlabel(‘ Ti(z,y) ’)
print -djpeg Tinteriorlayer

The plot for the temperature in the interior layer is shown in Figure 8-4.
The derivation of the oxygen concentration is analogous to the tem-

perature derivation. Substituting Equation 8-89 into an equation similar to 
8-104:
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 (8-123)

For the left region:

 
∂
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x qu

1
20( , ) ε  (8-124)

Integrating once:

 
∂
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y

f x0 ( )  (8-125)

Now the problem has two different regions:
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 Tl(x, y) = 1 − que2(1 − y) −2 ≤ x ≤ −1 (8-126)

 um(x, y, e) = um
0 (x, y) + e2um

2 (x, y) + o(1) −1 ≤ x ≤ 0 (8-127)

Substituting Equation 8-127 into 8-89 and 8-99:
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u
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Now matching the outer solution:

 um
0 (−1, y) = 1 (8-133)

FIGURE 8-4. Three-dimensional plot of the temperature in the interior layer7.
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∂
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m
0 0  (8-134)

 um
0  = f0(x) (8-135)

The boundary conditions are:

 f0(−1) = 1, f0′(0) = 0 (8-136)

Substituting Equation 8-135 into Equation 8-130 and 8-132:
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Continuing to simplify:

 f′0 = qux (8-140)
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Substituting after integrating:
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where f2(x) is determined from the next order in the perturbation expansion. 
If e → 0 in the solutions, then:

 u(x, y) = 1 + eui(z, y) (8-143)

Taking e → 0, and substituting 8-143 into 8-89 and 8-99:
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 1 + eui(z, 1) = 1 z < 0 (8-146)

 ui(z, 1) = 0 (8-147)
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Now matching the outer solution:

 1 + eui(−∞, y) = ul(−1−, y) = 1 + O(e2) (8-149)

 ui(−∞, y) = 0 (8-150)
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The solutions for water vapor concentration are again analogous to 
those computed for T and u:

 n l(x, y) = 1 + que2(1 − y) −2 ≤ x ≤ −1 (8-153)

 nm(x, y, e) = nm
0 (x, y) + nm

2 (x, y) + o(1) −1 ≤ x ≤ 0 (8-154)

 υ υ0

2

1
1

2
m x y q

x
( , ) = − −⎛

⎝⎜
⎞
⎠⎟

 (8-155)

 υ υ2

2

22
m x y q y

y
g x( , ) ( )= −⎛

⎝⎜
⎞
⎠⎟

+  (8-156)

 n(x, y) = 1 + en i(z, y) (8-157)
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 n i(z, 1) = 1 z < 0 (8-160)

 n i(z, 1) = 0 (8-161)
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Now matching the outer solution:

 n i(−∞, y) = 0 (8-163)
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y q( , )  (8-164)

To determine the regions that are oversaturated, the following vari-
able needs to be defi ned:

 S T
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T
sat
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υ υ υ

υ
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 (8-165)

If S > 0, liquid water will be present.
Example 8-2 shows how to obtain and plot the temperature, water and 

oxygen concentration and saturation using the equations derived in this 
section.

EXAMPLE 8-2: Modeling the Gas Diffusion Layer

Create two-dimensional plots in MATLAB for the temperature, oxygen 
concentration, water vapor concentration, and saturation using the equa-
tions derived in this Section 8.6.2.

Using MATLAB to solve:

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

% EXAMPLE 8-2: Modeling the Gas Diffusion Layer

% UnitSystem SI 

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

clc
clear all
format long e

% Defi ne the parameters

eps = 0.2; % Perturbation Parameter

% Defi ne the number of grid points in x and y direction

% nx = number of grid points in x direction
% ny = number of grid points in y direction
nx = 101;
ny = 65;
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% SOR parameters

omega = 1.4; % SOR parameter
t = (2.0 ∗ cos(pi/(nx ∗ ny)))^2;
% Calculate a optimum value of SOR parameter
omega1 = (16.0+sqrt((256.0-(64.0 ∗ t))))/(2.0 ∗ t);
omega2 = (16.0-sqrt((256.0-(64.0 ∗ t))))/(2.0 ∗ t);
oopt = min(omega1,omega2)
if ( (oopt <= 1.0) || (oopt >= 2.0 ))
 oopt = 1.0;
end
omega = oopt;

% Defi ne the dimension of the domain

Lx = 2.0; % Length in x of the computation region
Ly = 1.0; % Length in y of the computation region

% Calculate the mesh size

hx = Lx/(nx-1); % Grid spacing in x
hy = Ly/(ny-1); % Grid spacing in y

% Generate the mesh/grid

x(1) = -1.0;
y(1) = 0.0;
for i = 2:nx
 x(i)=x(i-1)+hx;
end
for j = 2:ny
 y(j)=y(j-1)+hy;
end

% Solve the Temperature equation 

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

% Initialize the temperature fi eld as zero

T = zeros(nx,ny);

% Max-Norm on Error {L-inf Error) Initialized

Linf = 1.0;
iteration = 0;
while (Linf > 1.0e-5)
 iteration = iteration+1;
 % Store the old values of T in Told
 Told = T;
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% Apply the boundary conditions
for i = 1:nx
 % BC for the bottom boundary
 T(i,1)=T(i,2)+hy;
 % BC for the top boundary
 if ( x(i) <= 0 )
  T(i,ny) = 1;
 else
  T(i,ny) = 0;
 end
end

for j = 1:ny
 % BC for the Left boundary
 T(1,j)=T(2,j);

 % BC for the Left boundary
 T(nx,j)=T(nx-1,j);
end

% Now compute the interior domain using 2nd order fi nite difference
for i = 2:nx-1
 for j = 2:ny-1
  term1 = ((eps/hx)^2) ∗ (T(i-1,j)+T(i+1,j));
  term2 = ((1.0/hy)^2) ∗ (T(i,j-1)+T(i,j+1));

  num = term1+term2;
  den = 2.0 ∗ (((eps/hx)^2)+((1.0/hy)^2));

  Tgs = num/den;
  T(i,j) = (omega ∗ Tgs)+((1.0-omega) ∗ Told(i,j));
 end
end

% Calculate the error
Terr = abs(T-Told);
Linf = norm(Terr,2);

% Print the convergence history every 100 iterations
ccheck = round(iteration/100)-(iteration/100);
if ( (iteration == 1) || ( ccheck == 0) )
  fprintf(‘%d \t %e \n’, iteration, Linf)
 end
end

% Plot the solutions
fi gure
[X,Y] = meshgrid(x,y);
clevel = [-1 -0.005 0 0.053 0.152 0.252 0.352 0.451 0.551 0.65 0.75 0.949 1.049 

1.148 1.248 1.348 1.447 1.547 1.646 1.746 1.848 1.945 2.0 3.0];
contourf(X’,Y’,T,clevel)
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colorbar
axis([-1.2 1.2 -0.8 1.8])
xlabel(‘ x ’)
ylabel(‘ y ’)
zlabel(‘ T(x,y) ’)
hold on
yi = [0:0.01:1];
xi = zeros(length(yi));
plot(xi,yi,‘black’)
print -djpeg fi gures\chap4\temperature4

% Save data to a fi le

save data\chap4\temp.dat T -ASCII -DOUBLE

% Solve the Oxygen concentration equation 

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

%omega = 1.0; % SOR parameter

% Initialize the oxygen concentration fi eld as zero

u = zeros(nx,ny);

% Max-Norm on Error {L-inf Error) Initialized

Linf = 1.0;
iteration = 0;

while (Linf > 1.0e-5)
 iteration = iteration+1;
 % Store the old values of T in Told
 uold = u;

% Apply the boundary conditions
for i = 1:nx
 % BC for the bottom boundary
 u(i,1)=u(i,2)-(1.81 ∗ (eps^2) ∗ hy);

 % BC for the top boundary
 if ( x(i) <= 0 )
  u(i,ny) = 1;
 else
  u(i,ny) = u(i,ny-1);
 end
end

for j = 1:ny
 % BC for the Left boundary
 u(1,j)=u(2,j);
 % BC for the Left boundary
 u(nx,j)=u(nx-1,j);
end
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% Now compute the interior domain using 2nd order fi nite difference
for i = 2:nx-1
 for j = 2:ny-1
  term1 = ((eps/hx)^2) ∗ (u(i-1,j)+u(i+1,j));
  term2 = ((1.0/hy)^2) ∗ (u(i,j-1)+u(i,j+1));

  num = term1+term2;
  den = 2.0 ∗ (((eps/hx)^2)+((1.0/hy)^2));
  ugs = num/den;
  u(i,j) = (omega ∗ ugs)+((1.0-omega) ∗ uold(i,j));
 end
end

% Calculate the error
uerr = abs(u-uold);
Linf = norm(uerr,2);
% Plot the convergence history every 100 iterations
ccheck = round(iteration/100)-(iteration/100);
if ( iteration == 1 )
 fi ghandle = fi gure;
 hold on
end
if ( ccheck == 0 )
 fprintf(‘%d \t %e \n’, iteration, Linf)
 plot(iteration,Linf,‘b-’,iteration,Linf,‘r.’)
 hold on
 end
end
close(fi ghandle);

% Plot the solutions
fi gure
[X,Y] = meshgrid(x,y);
clevel = [-1 -0.5 -0.087 -0.031 0 0.025 0.08 0.136 0.192 0.247 0.303 0.359 0.415 

0.47 0.526 0.582 0.638 0.693 0.749 0.805 0.86 0.916 0.972 1 3.0];
contourf(X’,Y’,u,clevel)
colorbar
axis([-1.2 1.2 -0.8 1.8])
xlabel(‘ x ’)
ylabel(‘ y ’)
zlabel(‘ u(x,y) ’)
hold on
yi = [0:0.01:1];
xi = zeros(length(yi));
plot(xi,yi,‘black’)
print -djpeg fi gures\chap4\oxygen-concentration4

% Save data to a fi le

save data\chap4\oxygen.dat u -ASCII -DOUBLE
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% Solve the Water vapor concentration equation 

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

% Initialize the water vapor concentration fi eld as zero

v = zeros(nx,ny);

% Max-Norm on Error {L-inf Error) Initialized

Linf = 1.0;
iteration = 0;

while (Linf > 1.0e-5)
 iteration = iteration+1;
 % Store the old values of T in Told
 vold = v;

% Apply the boundary conditions
for i = 1:nx
 % BC for the bottom boundary
 v(i,1)=v(i,2)+(0.755 ∗ (eps^2) ∗ hy);

 % BC for the top boundary
 if ( x(i) <= 0 )
  v(i,ny) = 1;
 else
  v(i,ny) = v(i,ny-1);
 end
end

for j = 1:ny
 % BC for the Left boundary
 v(1,j)=v(2,j);

 % BC for the Left boundary
 v(nx,j)=v(nx-1,j);
end

% Now compute the interior domain using 2nd order fi nite difference
for i = 2:nx-1
 for j = 2:ny-1
  term1 = ((eps/hx)^2) ∗ (v(i-1,j)+v(i+1,j));
  term2 = ((1.0/hy)^2) ∗ (v(i,j-1)+v(i,j+1));

  num = term1+term2;
  den = 2.0 ∗ (((eps/hx)^2)+((1.0/hy)^2));

  vgs = num/den;
  v(i,j) = (omega ∗ vgs)+((1.0-omega) ∗ vold(i,j));
 end
end
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% Calculate the error
verr = abs(v-vold);
Linf = norm(verr,2);
% Plot the convergence history every 100 iterations
ccheck = round(iteration/100)-(iteration/100);
if ( iteration == 1 )
 fi ghandle = fi gure;
 hold on
end
if ( ccheck == 0 )
 fprintf(‘%d \t %e \n’, iteration, Linf)
 plot(iteration,Linf,‘b-’,iteration,Linf,‘r.’)
 hold on
 end 
end
close(fi ghandle);

% Plot the solutions
fi gure
[X,Y] = meshgrid(x,y);
clevel = [0. 1. 1.012 1.035 1.058 1.082 1.105 1.128 1.152 1.175 1.198 1.222 1.245 

1.268 1.291 1.315 1.338 1.361 1.385 1.408 1.431 3.0];
contourf(X’,Y’,v,clevel)
colorbar
axis([-1.2 1.2 -0.8 1.8])
xlabel(‘ x ’)
ylabel(‘ y ’)
zlabel(‘ v(x,y) ’)
hold on
yi = [0:0.01:1];
xi = zeros(length(yi));
plot(xi,yi,‘black’)
print -djpeg fi gures\chap4\watervapor-concentration4

% Save data to a fi le

save data\chap4\watervapor.dat v -ASCII -DOUBLE

% Calculate the water vapor saturation

% and the S variable from equation 4.40
for i = 1:nx
 for j = 1:ny
  term1 = 710.0/((2.0 ∗ T(i,j))+353.0);
  term2 = (7.87e-2) ∗ T(i,j);
  term3 = (5.28e-4) ∗ (T(i,j)^2);
  term4 = (2.65e-6) ∗ (T(i,j)^3);
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  vsat(i,j) = term1 ∗ (exp((-0.869+term2-term3+term4)));
  S(i,j) = (v(i,j)-vsat(i,j))/vsat(i,j);
 end
end

% Plot the solutions
fi gure
[X,Y] = meshgrid(x,y);
clevel = [-1. 0 0.045 0.07 0.105 0.134 0.167 0.2 0.233 0.266 0.299 0.332 0.365 

0.397 0.43 0.463 0.496 0.529 0.562 0.595 0.628 0.661 0.694 0.711 1.0];
contourf(X’,Y’,S,clevel)
colorbar
axis([-1.2 1.2 -0.8 1.8])
xlabel(‘ x ’)
ylabel(‘ y ’)
zlabel(‘ S(v,T) ’)
hold on
yi = [0:0.01:1];
xi = zeros(length(yi));
plot(xi,yi,‘black’)
print -djpeg fi gures\chap4\saturation4

% Save data to a fi le

save data\chap4\saturation.dat S -ASCII -DOUBLE

The contour plots for the temperature, oxygen concentration, water vapor 
concentration, and saturation are shown in Figures 8-5, 8-6, 8-7, and 8-8.

Chapter Summary

The gas diffusion layer must be a good proton conductor, chemically stable, 
and able to withstand the temperatures and compression forces of the fuel 
cell stack. There are many methods that have been used to model porous 
media in the literature. Some of the common methods include modeling 
the gas and fl uid through the pores, or modeling the interaction of the 
gas/fl uid with the solid porous media. Commonly used methods for model-
ing the GDL include Fick’s law, Darcy’s law, and the Stefan-Maxwell 
diffusion for the mass transport. Ohm’s law is typically used for charge 
transport, and energy balances can be made on the system in order to obtain 
the most accurate fl ow rates, velocities, and pressure drops through the 
porous media layer.

Problems

• Create the MATLAB code for the case of no liquid, no convection, with 
a radiation condition for the problem set up in Section 8.6.



FIGURE 8-5. Contour plot of temperature.

FIGURE 8-6. Contour plot of oxygen concentration.



FIGURE 8-7. Contour plot of water vapor concentration.

FIGURE 8-8. Contour plot of saturation.
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• Create a two-dimensional contour plot in MATLAB for saturation when 
both liquid water and vapor are present based upon the problem pre-
sented in Section 8.6.

• Create a cathode GDL model in MATLAB using the Stefan-Maxwell 
equation.

• Create an anode GDL model in MATLAB using Fick’s law of 
diffusion.

Endnotes

 [1] Hinds, G. October 2005. Preparation and Characterization of PEM Fuel Cell 
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 [2] Beuscher, U., et al. 2004. Multiphase Flow in a Thin Porous Material. W.L. 
Gore, Inc. Twentieth Annual Workshop on Mathematical Problems in Indus-
try, June 21–25, 2004. University of Delaware. Delaware, U.S.A.

 [3] Ibid.
 [4] Ibid.
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CHAPTER 9

Modeling the Catalyst Layers

9.1 Introduction

The fuel cell electrode layers are where electrochemical reactions occur. 
The electrode layer is made up of the catalyst and a gas diffusion layer. 
When the hydrogen in the fl ow channels meets the electrode layer, it dif-
fuses into the gas diffusion layer as described in Chapters 4 and 8. At the 
anode, the hydrogen is broken into protons and electrons. The electrons 
travel to the carbon cloth, fl ow fi eld plate, to the contact, and then to the 
load. The protons travel through the polymer exchange membrane to the 
cathode. At the cathode catalyst layer, oxygen combines with the protons 
to form water. The catalyst layer must be very effective at breaking mol-
ecules into protons and electrons, have high surface area, and preferably be 
low cost. The catalyst layers are often the thinnest in the fuel cell (5 to 30 
microns [mm]), but are often the most complex due to multiple phases, 
porosity, and electrochemical reactions. It is a challenge to fi nd a low-cost 
catalyst that is effective at breaking the hydrogen into protons and 
electrons.

Figure 9-1 shows a schematic of the fuel cell catalyst layers where the 
chemical reactions occur at the interphase between the electrocatalyst and 
electrolyte. Experimental evidence supports an agglomerate-type structure 
where the electrocatalyst is supported on a carbon agglomerate and covered 
by a thin layer of membrane. Often, a layer of liquid is also assumed to be 
on top of the membrane layer.

There have been many approaches taken in modeling the catalyst 
layer, as shown in Table 9-1. The approach taken depends upon how the 
rest of the fuel cell is modeled. There are both microscopic and macroscopic 
models for the catalyst layer. The microscopic models include pore-level 
models and quantum models. The quantum models deal with detailed reac-
tion mechanisms, elementary transfer reactions, and transition states.

Specifi c topics covered in this chapter include the following:

• Mass and species conservation
• Ion transport
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FIGURE 9-1. Catalyst transport phenomena.

TABLE 9-1
Equations Used to Model the Catalyst Layer 

Model Characteristic Description/equations

No. of dimensions 1, 2, or 3
Mode of operation Dynamic or steady-state
Phases Gas, liquid, or a combination of gas and liquid
Kinetics Tafel-type expressions, Butler-Volmer equations, or 

complex kinetics equations
Mass transport Nernst-Planck + Schlogl, Nernst-Planck + drag coeffi cient, 

or Stefan-Maxwell equation
Ion transport Ohm’s law
Membrane swelling Empirical or thermodynamic models
Energy balance Isothermal or full energy balance
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• Momentum conservation
• Conservation of energy
• Other required relations

The commonly used equations for modeling the fuel cell catalyst layer will 
be described, along with an example for using these equations.

9.2 Physical Description of the PEM Fuel Cell Catalyst Layers

The fuel cell electrode is a thin, catalyst layer where electrochemical reac-
tions take place. The electrodes are usually made of a porous mixture of 
carbon-supported platinum and isonomer. In order to catalyze reactions, 
catalyst particles must have contact to both protonic and electronic con-
ductors. Furthermore, there must be passages for reactants to reach catalyst 
sites and for reaction products to exit. The contacting point of the reactants, 
catalyst, and electrolyte is conventionally referred to as the three-phase 
interface. In order to achieve acceptable reaction rates, the effective area of 
active catalyst sites must be several times higher than the geometric area 
of the electrode. Therefore, the electrodes are made porous to form a three-
dimensional network, in which the three-phase interfaces are located. An 
illustration of the catalyst, electrolyte, and gas diffusion layer is shown in 
Figure 9-1.

The catalyst surface area is a very important characteristic of the 
catalyst layer; thus it is important to have small platinum particles (4 nm 
or smaller) with a large surface area fi nely dispersed on the surface of cata-
lyst support, which is typically carbon powders with a high mesoporous 
area (>75 m2/g). The typical support material is Vulcan XC72R, Black Pearls 
BP 2000, Ketjen Black International, or Chevron Shawinigan1. In order to 
designate the particle size distribution, the platinum particle surface area 
on a per-unit mass basis can be calculated by assuming all of the platinum 
particles are spherical:

 A
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 (9-1)

where rPt is the density of the platinum black and D32 is the volume-
to-surface area mean diameter of all the particles. The active area per 
unit mass can be estimated from the mean D32, and a typical value is 
28 m2/g Pt.

The catalyst layer is thin to help minimize cell potential losses due 
to the rate of proton transport and reactant gas permeation in the depth of 
the electrocatalyst layer. The metal active surface area should be maxi-
mized; therefore, higher Pt/C ratios should be selected (> 40% by weight). 
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It has been noted in the literature that the cell’s performance remained 
unchanged as the Pt/C ratio was varied from 10% to 40% with a Pt loading 
of 0.4 mg/cm2. When the Pt/C ratio was increased beyond 40%, the cell 
performance actually decreased. Fuel cell performance can be increased by 
better Pt utilization in the catalyst layer, instead of increasing the Pt 
loading.

9.3 General Equations

The catalyst layer contains many phases: liquid, gas, different solids, and 
the membrane. Although various models have different equations, most of 
these are derived from the same governing equations, regardless of the 
effects being modeled. The anode reaction can be described by a Butler-
Volmer-type expression in most cases except for those which use a fuel 
other than pure hydrogen. In these cases, the platinum catalyst becomes 
“poisoned.” The carbon monoxide adsorbs to the electrocatalytic sites and 
decreases the reaction rate. There are models in the literature that account 
for this by using a carbon monoxide site balance and examining the reac-
tion steps involved. For the cathode, a Tafel-type expression is commonly 
used due to the slow kinetics of the four-electron transfer reaction.

The membrane and diffusion modeling equations apply to the same 
variables in the same phase in the catalyst layer. The rate of evaporation 
or condensation relates the water concentration in the gas and liquid phases. 
There are many approaches that can be used for the water content and 
chemical potential in the membrane. If liquid water exists, a supersaturated 
isotherm is used—or the liquid pressure can be assumed to be either con-
tinuous or related through a mass-transfer coeffi cient. In order to relate the 
reactant and product concentrations, potentials, and currents in the phases 
in the catalyst layer, kinetic expressions can be used with zero values for 
the total current. The kinetic expressions result in the transfer currents 
relate the potentials and currents in the electrode and electrolyte phases, 
as well as govern the production of reactant and products. To simplify the 
equations for an ionically and an electrically conducting phase, the follow-
ing equation can be used:

 ∇ · i2 = −∇ · i1 = a1,2ih,1−2 (9-2)

where −∇ · i1 represents the total anodic rate of electrochemical reactions 
per unit volume of electrode, a1,2 is the interfacial area between the electri-
cally conducting and membrane phase with no fl ooding, and ih,1−2 is 
the transfer current for reaction h between the membrane and the 
electronically conducting solid. The charge balance assumes that the 
faradic reactions are only electrode processes. The double-layer charge is 
neglected under steady-state conditions. This equation is used with the 
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conservation of mass equation to simplify it. If electroneutrality is 
assumed, then there is no signifi cant charge separation compared with the 
volume of the domain. Since there is accumulation of charge, and elec-
troneutrality has been assumed, the steady-state charge can be assumed to 
be zero:

 ∇⋅ =∑ ik
k

0  (9-3)

A mass balance can be written for each species in each phase as fi rst 
introduced in Chapter 5. The differential form for species i in phase k can 
be written as2:
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where the term on the left side is the total amount of species i accumulated 
in a certain control volume, −∇ · Ni,k is the mass that enters or leaves the 
control volume by mass transport, and the last three terms account for the 
material that is gained or lost due to the chemical reactions. The second 
term on the right side accounts for electron transfer reactions that occur 
at the interface between phase k and the electronically conducting phase, 
the second summation accounts for all other interfacial reactions besides 
electron transfer and the fi nal term accounts for homogeneous reactions 
in phase k3.

If the reduction of oxygen is the only reaction at the cathode, the fol-
lowing mass balance results4:
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where i0Orr is the exchange current density for the reaction, pO2 is the partial 
pressure for O2, pr

O2
ef  is the reference partial pressure for O2, ac is the cathodic 

transfer coeffi cient, and hORR,1−2 is the cathode overpotential. Many models 
use catalyst loading, which is defi ned as the amount of catalyst in grams 
per geometric area. If a turnover frequency is desired, the reactive surface 
area of platinum can be used. This is related to the radius of the platinum 
particle, which assumes a roughness factor that is experimentally inferred 
using cyclic voltammetry measuring the hydrogen adsorption. These vari-
ables are used to calculate the specifi c interfacial area between the electro-
catalyst and the electrolyte5:

 a
m A

L
Pt Pt

1 2, =  (9-6)
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where L is the thickness of the catalyst layer. Another important param-
eter related to the catalyst loading is the effi ciency of the electrode. This 
tells how much of the electrode is actually being used for an electrochem-
ical reaction. Another useful parameter is the effectiveness factor, E, which 
helps to examine the ohmic and mass transfer effects. This is the actual 
rate of reaction divided by the rate of reaction without any transport 
losses.

9.4 Types of Models

Catalyst layer models range from zero to three dimensions in the literature. 
Zero-dimensional models do not consider the actual structure of the cata-
lyst layer. One-dimensional models account for the overall changes across 
the layer. There are also two- and three-dimensional models that consist 
of the catalyst layer and the agglomerate. Agglomerate models can be either 
macro- or micro-models, depending upon how they are calculated. There 
are many more cathode than anode models in the literature. This is due to 
the slower reaction rate of the cathode due to water production and mass 
transfer effects. The anode can almost always be modeled as a simplifi ed 
cathode model—except for the case when the hydrogen is not pure, and the 
poisoning of the electrocatalyst is included. The common types of models 
for the catalyst layer are presented in Table 9-2, and include interface, 
microscopic, porous electrode, and agglomerate models.

TABLE 9-2
Types of Models

Type of Model Description

Interface models Interface models assume that the catalyst layers exist 
at the GDL/membrane interface. The catalyst 
interface layer is the location where oxygen and 
hydrogen are consumed and water is produced.

Microscopic and 
single-pore models

Microscopic and single-pore models contain cylindrical 
gas pores of a defi ned radius. The catalyst layer 
contains Tefl on-coated pores for gas diffusion, and 
the rest of the electrode is fl ooded with liquid 
electrolyte.

Porous electrode models Porous electrode models are based upon the overall 
reaction distribution in the catalyst layer. The 
agglomerates all have a uniform concentration and 
potential.

Agglomerate models Agglomerate models assume a uniform reaction-rate 
distribution, and more accurately represent the 
actual structure of the catalyst layers.
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9.4.1 Interface Models
There are many interface models in the literature that assume that the 
catalyst layer only exists at the GDL/membrane interface. This assumption 
means that the catalyst layers are infi nitely thin, and the structure can be 
ignored. There are several ways to accomplish this in a model. One method 
is to treat the catalyst layer as a location where hydrogen and oxygen are 
consumed and water is produced. Models that focus exclusively on water 
management are set up in this manner, and use Faraday’s law for the mass 
balance between the membrane and diffusion medium. Faraday’s law is the 
rate at which hydrogen and oxygen are consumed and water is generated, 
as shown in Equations 9-7–9-9:
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where N is the consumption rate (mol/s), I is the current (A), and F is 
Faraday’s constant (C/mol).

A more sophisticated method of modeling the catalyst layer is to use 
Equations 9-7–9-9, and then use a polarization curve equation to produce 
a potential for the cell at a specifi c current density. The general equation 
for the fuel cell polarization curve was fi rst presented in Chapter 3:
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The Nernst equation from Chapter 2 is used to determine the theo-
retical electrical potential of the reaction. Equation 9-11 shows the poten-
tial for hydrogen electrochemically reacting with oxygen.
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The Nernst equation is used to fi nd the potential at the active loca-
tions, and the local potential using the half reactions. To obtain a good 
approximation of the actual fuel cell potential, the voltage losses described 
in Chapters 2 through 5 can be utilized.

As mentioned in Chapters 2–5, the activation over-potential and the 
rate of species consumption and generation are determined by the electro-
chemical kinetics and the current density, i. Activation losses and the 
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current density are solved using the appropriate boundary conditions. The 
reaction rate depends upon the current density, and the mass fl ow rates are 
related to the electric current through Faraday’s law:
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where MH2, MO2, and MH2O are the molecular weights of the hydrogen, 
oxygen, and water, respectively.

Another commonly used approach for modeling the catalyst layers is 
to use the Butler-Volmer equation from Chapter 3. The relationship between 
the current density and the activation losses for the anode is:
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where ia is the transfer current density (A/m3), nact is the activation electrode 
losses, io is the exchange current density, and aa is the anodic charge trans-
fer coeffi cient. For the cathode:
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From Chapter 3, the exchange current density depends on the local 
partial pressure of reactants and the local temperature. As the partial pres-
sure of the reactants decreases, the exchange current density will also 
decrease—which decreases performance. This illustrates how activation 
and diffusion limitations affect each other, and why the mass fl ux must be 
solved precisely. The exchange current density for the anode and cathode 
is:
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where i0
0,c and i0

0,a are the reference exchange current density, g 1 and g2 is 
the reaction order, T0 is the reference temperature (303 K) and EA is the 
activation energy.
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One assumption that is sometimes problematic when modeling the 
exchange current density is that it is expressed in terms of geometric area. 
The actual reaction occurs at the active sites, which are a strong function 
of the shapes and volume of the actual particles. These microstructural 
parameters are diffi cult to control and can vary drastically depending on 
the processing techniques and conditions. Therefore, as one would expect, 
two electrodes may have vastly different numbers of active sites in the 
same geometric area. The average current density is the total current gen-
erated in a fuel cell divided by the geometric area:
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c
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Another method for modeling the catalyst layer is to incorporate 
kinetics equations at the interfaces. This enables the models to account for 
multidimensional effects, where the current density or potential changes. 
This allows for nonuniform current density distributions, since the poten-
tial is constant in the cell. Although interface models adequately predict 
catalyst layer performance, modeling the catalyst layers in more detail 
allows relevant interactions to be accounted for—which creates more accu-
rate results.

9.4.2 Microscopic and Single-Pore Models
There are many early models of fuel cell catalyst layers that are micro-
scopic, single-pore models. The catalyst layer typically contains Tefl on-
coated pores for gas diffusion, with the rest of the electrode being fl ooded 
with electrolyte. These models provide a little more detail about the 
microstructure of the catalyst layers than the interface models. There are 
two main types of single-pore models: gas pore and fl ooded agglomerate 
models. In the gas pore model, the pores are assumed to be straight, cylin-
drical gas pores of a certain radius. They extend the length of the catalyst 
layer, and reactions occur at the surface. The second type of model also 
uses gas pores, but the pores are fi lled with electrolyte and catalyst. In these 
pores, reaction, diffusion and migration occur. The equations that were 
previously introduced (Equations 9-2–9-14) are primarily used in these 
models.

In the fl ooded agglomerate models, diffusion along with the use of 
equilibrium for the dissolved gas concentration in the electrolyte is used. 
The fl ooded agglomerate model shows better agreement with experimental 
data than the single-pore model, which is expected because it models the 
actual microstructure better. A disadvantage of the single-pore models is 
that they do not take into account the actual structure of the catalyst 
layer—which has multiple pores that are tortuous. However, the single-
pore models have helped to form some of the later, more complicated 
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models that provide more realistic simulation results. It is currently 
unknown how accurately these equations model PEM fuel cells, since these 
models were originally used for phosphoric acid fuel cells, and the polymer 
electrolyte membrane does not necessarily penetrate the pores.

The other types of microscopic models in the literature are spherical 
agglomerate models, which were introduced by Antoine et al.6. The spher-
ical agglomerates in these models are assumed to exist in three-dimen-
sional hexagonal arrays. Between the agglomerates, there are either gas 
pores or the region is fl ooded with electrolytes. These models examine the 
interactions between agglomerate placement. The equations that are solved 
are Ohm’s law and Fick’s law with kinetic expressions. The results of these 
models show the concentration around an electrocatalyst particle, and the 
placement of these particles helps to enhance or reduce the effi ciency of 
the catalyst layer.

9.4.3 Porous Electrode Models
The porous electrode models calculate the overall reaction distribution 
in the catalyst layer without including the exact geometry details. The 
porous electrode models consider the agglomerate structure, but the layer 
has a uniform concentration and potential. This theory is concerned with 
the overall reaction distribution in the catalyst layer. Therefore, the 
main effects do not occur in the agglomerates, and the agglomerates have 
a uniform concentration and potential. The effect of concentration is 
accounted for in the calculation of the charge transfer resistance, which 
is from the kinetic expressions, and likely to be nonlinear. The charge 
transfer resistances should be in parallel with a capacitor, which repre-
sents double-layer charging. This can be neglected for the steady-state 
operation of the fuel cells, and introduced if transients or impedance 
is studied. The governing equations for porous electrodes are shown in 
Table 9-3.

The next level of models treat the catalyst layers using a complete 
simple porous electrode modeling approach. Therefore, the catalyst layers 
have a fi nite thickness, and all variables are determined as in Table 9-3 
Some of these models assume that the gas phase reactant concentration is 
uniform in the catalyst layers; most allow the diffusion to occur in the gas 
phase.

The fi nal porous electrode models are similar to thin fi lm models. 
Instead of gas diffusion in the catalyst layer, the reactant gas dissolves in 
the electrolyte and moves by diffusion and reaction7. The governing equa-
tions are the same, but a concentration instead of a partial pressure appears 
in the kinetic expressions, and the governing equations for mass transport 
become one of diffusion in the membrane or water. These models are 
simple because they only consider the length scale of the catalyst layer, 
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and the concentrations of the other species are assumed to be in equilib-
rium with their respective gas phase partial pressures8.

9.4.4 Agglomerate Models
Agglomerate models only consider effects that occur on the agglomerate 
scale. They assume a uniform reaction rate distribution. These models 
more accurately represent the structure of the catalyst layers than the 
simple porous electrode models. These are similar to the microscopic 
models, except the geometric arrangement is averaged and each phase 
exists in each control volume. The characteristic length scale of the agglom-
erate is assumed to be the same size and shape. In the model, the reactant 
or product diffuses through the electrolyte fi lm surrounding the particle 
and agglomerate where it diffuses and reacts. The equations again are 
similar to those listed in Table 9-3, except that either spherical or cylindri-
cal coordinates are used for the gradients.

The equation for the porous catalysts has been used in the literature, 
and is known to match experimental results. The porous catalyst equations 
can be used for both the anode and cathode, but this section reviews the 
equations for the cathode reaction. Equation 9-2 has been modifi ed by the 
addition of an effectiveness factor, which allows for the actual rate of reac-
tion to be written as:

 ∇ · i2 = a1,2ih,1−2E (9-20)

TABLE 9-3
Fuel Cell Catalyst Layer Variables and Equations

Variable Equation Equation No.

Overall liquid water fl ux (NL) Mass balance 7-2, 7-10, 9-4 or 
Chapter 5 equations

Overall membrane water fl ux (NW) Mass balance 7-2, 7-10, 9-4 or 
Chapter 5 equations

Gas phase component fl ux (NG,i) Mass balance 7-2, 7-10, 9-4 or 
Chapter 5 equations

Gas phase component partial 
pressure (pG,i)

Stefan-Maxwell 5-63

Liquid pressure (PL) Darcy’s law 8-52
Membrane water chemical 

potential (mw)
Schlogl’s equation 7-6 or 7-7

Electronic phase current density (i1) Ohm’s law 8-46
Membrane current density (i2) Ohm’s law 7-5, 8-46, 9-2 or 9-20
Electronic phase potential (Φ1) Charge balance 8-46
Temperature (T) Energy balance Chapter 6 equations
Total gas pressure (pG) Darcy’s law 8-50
Liquid saturation (S) Saturation relation 8-54
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Since the cathode reaction is a fi rst-order reaction following Tafel 
kinetics, the solution of the mass conservation equation in spherical 
agglomerate yields an analytical expression for the effectiveness factor:

 E = ( ) −( )1
3

3 3 1
2φ

φ φcoth  (9-21)

where f is the Thiele modulus for the system, and can be expressed as:
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where z is the characteristic length of the agglomerate (volume per surface 
area), Ragg/3 for spheres, Ragg/2 for cylinders, dagg for slabs, and k′ is a rate 
constant given by:
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where the reference concentration is that concentration in the agglomerate 
that is in equilibrium with the reference pressure:
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where HO2,agg is Henry’s constant for oxygen in the agglomerate. If external 
mass transfer limitations can be neglected, then the surface concentration 
can be set equal to the bulk concentration, which is assumed uniform 
throughout the catalyst layer in simple agglomerate models. Otherwise, 
the surface concentration is unknown and must be calculated. An expres-
sion for the diffusion of oxygen to the surface of the agglomerate can be 
written:
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where Wd
O2
iff is the molar fl ow rate of oxygen to the agglomerate, Aagg is the 

specifi c external surface area of the agglomerate, and the fi lm can be either 
membrane or water. This expression uses Fick’s law and a linear gradient, 
which should be valid due to the low solubility of oxygen, steady-state 
conditions, and thinness of the fi lm. At steady-state, the above fl ux is equal 
to the fl ux due to reaction and diffusion in the agglomerate; therefore, the 
unknown concentrations can be replaced. Using the resultant expression 
in the conservation equation yields:
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Equation 9-26 is the governing equation for the agglomerate models 
for the cathode catalyst layer, and without external mass transfer 
limitations.

9.5 Heat Transport in the Catalyst Layers

In order to accurately predict rates of reaction and species transport, the 
temperature and heat distribution need to be determined accurately. This 
was fi rst introduced in Chapter 6, Section 6.3. Solving for heat transfer in 
the electrodes is a challenge because convective, radial, and conductive 
heat transfers all exist. There are three main differences with heat transfer 
equations in the catalyst layer in comparison to the other fuel cell layers:

• Conduction plays a dominant role in the solid part of the catalyst 
layers, whereas convection dominates the heat transfer in the 
species transport.

• The porous nature of the layer complicates the heat transfer model. 
In addition, the heat transfer from the gas phase to the solid phase 
may be diffi cult to model.

• The heat source in the catalyst is diffi cult to model in comparison 
with the other fuel cell layers (where the heat source is large and a 
known parameter).

Heat is generated in the electrodes through several different 
methods:

• Ohmic heat is generated due to the irreversible resistance to current 
fl ow.

• Heat is generated due to the potential loss of activation and trans-
port losses. The energy not transformed into current ends up as heat, 
and this heat is released in the electrodes.

• The change in entropy due to the electrochemical reaction generates 
heat. Entropic heat effects can be endothermic or exothermic and 
are generated at the two electrodes in unequal amounts.

A critical parameter in modeling the heat transfer in fuel cells is determin-
ing where the heat is released in the electrode. Most researchers ignore 
radiative transfer, but it is known that the electrodes absorb, emit, and 
transmit radiation. Modeling this radiative transfer will aid in developing 
better fuel cell catalyst layer models.
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EXAMPLE 9-1: Modeling the Catalyst Layer

Model the PEM fuel cell anode and cathode catalyst layer using 
the equations for porous catalysts introduced in this chapter. Create 
expressions for the anode and cathode activation losses, liquid water rate 
of reaction, and hydrogen rate of reaction. Create the following plots: (1) 
Current density versus the effectiveness factor, (2) current density versus 
activation losses, (3) current density versus voltage (polarization curve), 
and (4) current density versus the hydrogen fl ux density. All of the 
parameters required for this example are listed in Table 9-4.

The fi rst step is to calculate the Nernst voltage and voltage losses. 
To calculate the Nernst voltage for this example, the partial pressures 
of water, hydrogen, and oxygen will be used. First calculate the satura-
tion pressure of water:

log PH2O = −2.1794 + 0.02953 ∗ Tc − 9.1837 × 10−5 ∗ T2
c + 1.4454 × 10−7 ∗ T3

c

log PH2O = −2.1794 + 0.02953 ∗ 60 − 9.1837 × 10−5 ∗ 602 + 1.4454 × 
10−7 ∗ 603 = 0.467

Calculate the partial pressure of hydrogen:

pH2
 = 0.5 ∗ (PH2

/exp(1.653 ∗ i/(TK
1.334))) − PH2O = 1.265

TABLE 9-4
Parameters for Example 9-1

Parameter Value

Temperature 348.15 K
O2 permeation in agglomerate 1.5e-11
H2 permeation in agglomerate 2e-11
Agglomerate radius in anode and cathode 110e-5
Total gas pressure 1 atm
Hydrogen pressure 1 atm
Air pressure 1 atm
Saturation 0.6e-12
Anode transfer coeffi cient 1
Cathode transfer coeffi cient 0.9
Constant ohmic resistance 0.02 ohm-cm2

Limiting current density 1.4 A/cm2
Mass transport constant 1.1
Amplifi cation constant 0.085
Gibbs function in liquid form −228,170 J/mol
Electrode-specifi c interfacial area 10,000
Current density 1 to 1.2 A/cm2
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Calculate the partial pressure of oxygen:

pO2
 = (Pair/exp(4.192 ∗ i/(TK

1.334))) − PH2O = 2.527

The voltage losses will now be calculated. The activation losses are 
estimated using the Butler-Volmer equation. For the anode:
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For the cathode:
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The ohmic losses (see Chapter 4) are estimated using Ohm’s law:

Vohmic = −(i ∗ r)

The mass transport (or concentration losses—see Chapter 5) can be 
calculated using the following equation:
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To insure that there are no negative values calculated for Vconc for 
the MATLAB program, the mass transport losses will only be calculated 

if 1 0− ⎛
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, else Vconc = 0.

The Nernst voltage can be calculated using the following equation:
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Since all of the voltage losses had a (−) in front of each equation, 
the actual voltage is the addition of the Nernst voltage plus the voltage 
losses:

V = ENernst + Vact + Vohmic + Vconc

The hydrogen oxidation reaction rate at the anode can be written 
as:
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The liquid water cathode catalyst reaction can be written as:
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where the effectiveness factor is:
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The Thiele modulus is expressed by:
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Using MATLAB to solve:

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

% EXAMPLE 9-1: Modeling the Catalyst Layer

% UnitSystem SI

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

% Handling homogeneous reactions

% Parameters

F = 96 487; % Faraday’s constant
R = 8.314 34; % Ideal gas constant
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R2 = 83.143 4; % Ideal gas constant
T = 348.15; % Temperature (K)
Tc = T − 273.15; % Temperature (degrees C)
Psi_O2_agg = 1.5e-11; % O2 permeation in agglomerate
Psi_H2_agg = 2e-11; % H2 permeation in agglomerate
R_agg_an = 110e-5; % Agglomerate radius in anode
R_agg_cat = 110e-5; % Agglomerate radius in cathode
P_gas = 1; % Total gas pressure 
P_H2 = 1; % Hydrogen pressure in atm
P_air = 1; % Air pressure in atm
S = 0.6e-12; % Saturation
x_O2_g = 0.21; % Mole fraction of O2 in the gas phase 
x_H2_g = 1; % Mole fraction of H2 in the gas phase 
alpha_a = 1; % Anode transfer coeffi cient
alpha_c = 0.9; % Cathode transfer coeffi cient
R_ohm = 0.02; % Constant ohmic resistance (ohm-cm^2)
il = 1.4; % Limiting current density (A/cm2)
k = 1.1; % Constant k used in mass transport
Alpha1 = 0.085; % Amplifi cation constant
Gf_liq = −228 170; % Gibbs function in liquid form (J/mol)
a120 = 10000; % Electrode specifi c interfacial area (1/cm)
volt = 0:0.01:1.2; % Voltage
i = 0:0.01:1.2; % Current Density (A/cm^2)

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

% Calculation of Partial Pressures

% Calculations of saturation pressure of water

x = −2.1794 + 0.02953 .∗ Tc-9.1837 .∗ (10.^-5) .∗ (Tc.^2) + 1.4454 .∗ (10.^-
7) .∗ (Tc.^3);

P_H2O = (10.^x); 

% Calculation of partial pressure of hydrogen

pp_H2 = 0.5 .∗ ((P_H2)./(exp(1.653 .∗ i./(T.^1.334)))-P_H2O);

% Calculation of partial pressure of oxygen

pp_O2 = (P_air./exp(4.192 .∗ i/(T.^1.334)))-P_H2O;

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

% Reaction 1: H2O generation as liquid 

% Exchange current density (A/cm^2)

i_orr = 1.0e-7 .∗ exp((73 269./R) .∗ ((1./303)-(1./T)));
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% Kinetic portion of the Thiele modulus

k_O2 = a120 .∗ i_orr./(4 ∗ F) .∗ exp(((-alpha_c .∗ F)./(R .∗ T)) .∗ (-volt));

% Thiele modulus 

phi_O2 = R_agg_cat .∗ sqrt(k_O2 ./ Psi_O2_agg);

% Effectiveness factor due to mass transfer & reaction

E_O2 = 3 ./ phi_O2.^2 .∗ (phi_O2 ./ tanh(phi_O2) − 1) 

% Reaction rate of liquid water at cathode catalyst layer

rate_rx_H2Ol = k_O2 .∗ x_O2_g .∗ P_gas .∗ (1 − S) .∗ E_O2; 

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

% Reaction 2: Hydrogen oxidation

% Exchange current density (A/cm^2)

i_hor = 1e-3 .∗ exp((9500./R) .∗ ((1./303)-(1./T)));

% Kinetic portion of the Thiele modulus

k_h = a120 .∗ i_hor ./(2 .∗ F) .∗ exp((alpha_a ∗ F)./(R .∗ T) .∗ volt);

% Thiele modulus

phi_H2 = R_agg_an .∗ sqrt(k_h./Psi_H2_agg);

% Effectiveness factor due to mass transfer & reaction

E_H2 = 3 ./ phi_H2.^2 .∗ (phi_H2 ./ tanh(phi_H2) − 1); 
i_h = exp(-(alpha_c .∗ F)./(R .∗ T) .∗ volt)./ exp((alpha_a .∗ F)./(R .∗ T) .∗ volt);

% Reaction rate of hydrogen at anode catalyst layer

rate_rx_H2 = k_h .∗ (x_H2_g .∗ P_gas − i_h) .∗ (1 − S) .∗ E_H2;

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

% Calculate activation losses from Butler-Volmer equation

% Activation loss at the anode

V_act_anode = ((R .∗ T)./((alpha_a + alpha_c) .∗ F)) .∗ log(i./(i_hor .∗ a120 .∗ (1 − 
S) .∗ (x_H2_g .∗ P_gas)));

% Activation loss at the cathode

V_act_cathode = log(i./(-a120 .∗ (1 − S) .∗ i_orr .∗ (x_O2_g .∗ P_gas))) ∗ ((R .∗ T)./
(-alpha_c .∗ F)); 
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% Total activation loss

V_act = V_act_anode + V_act_cathode;

% Ohmic Losses 

V_ohmic = -(i .∗ R_ohm);

% Mass Transport Losses 

term = (1-(i./il));
if term > 0
V_conc = Alpha1 .∗ (i.^k) .∗ log(1-(i./il));
else
V_conc = 0;
end

% Calculation of Nernst voltage 

E_nernst = -Gf_liq./(2 .∗ F)-((R .∗ T) .∗ log(P_H2O./(pp_H2 .∗ (pp_O2.^0.5))))./(2 .∗ F)

% Calculation of output voltage 

V_out = E_nernst + V_ohmic + V_act + V_conc;
if term < 0
V_conc = 0;
end
if V_out < 0
V_out = 0;
end

% Plot the cell current versus the effectiveness factor

fi gure1 = fi gure(‘Color’,[1 1 1]);
hdlp=plot(i,E_O2,i,E_H2);
title(‘Cell Current vs. Effectiveness Factor’,‘FontSize’,14,‘FontWeight’,‘Bold’)
xlabel(‘Cell Current (A/cm^2)’,‘FontSize’,12,‘FontWeight’,‘Bold’);
ylabel(‘Effectiveness Factor’,‘FontSize’,12,‘FontWeight’,‘Bold’);
set(hdlp,‘LineWidth’,1.5);
grid on;

% Plot the cell current versus voltage

fi gure2 = fi gure(‘Color’,[1 1 1]);
hdlp=plot(i,V_act);
title(‘Cell Current vs. Voltage’,‘FontSize’,14,‘FontWeight’,‘Bold’)
xlabel(‘Cell Current (A/cm^2)’,‘FontSize’,12,‘FontWeight’,‘Bold’);
ylabel(‘Voltage (Volts)’,‘FontSize’,12,‘FontWeight’,‘Bold’);
set(hdlp,‘LineWidth’,1.5);
grid on;
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% Plot the polarization curve

fi gure3 = fi gure(‘Color’,[1 1 1]);
hdlp=plot(i,V_out);
title(‘Cell Current vs. Voltage’,‘FontSize’,14,‘FontWeight’,‘Bold’)
xlabel(‘Cell Current (A/cm^2)’,‘FontSize’,12,‘FontWeight’,‘Bold’);
ylabel(‘Voltage (Volts)’,‘FontSize’,12,‘FontWeight’,‘Bold’);
set(hdlp,‘LineWidth’,1.5);
grid on;

% Plot the fl ux density of hydrogen

fi gure4 = fi gure(‘Color’,[1 1 1]);
hdlp=plot(i,rate_rx_H2);
title(‘Superfi cial fl ux density of hydrogen’,‘FontSize’,14,‘FontWeight’,‘Bold’)
xlabel(‘Cell Current (A/cm^2)’,‘FontSize’,12,‘FontWeight’,‘Bold’);
ylabel(‘Flux density of H2 (mol/cm^2-s)’,‘FontSize’,12,‘FontWeight’,‘Bold’);
set(hdlp,‘LineWidth’,1.5);
grid on;

Figures 9-2 through 9-5 show the fi gures plotted from Example 9-1.
One of the main challenges in modeling the catalyst layer is fi nding 

reliable parameters. The reference exchange current density, the transfer 
coeffi cients, and the reaction order are all dependent on the rate determin-
ing step(s) of the complex electrochemical reaction, as well as the electrode 
microstructure. The model becomes more diffi cult when one has to con-
sider the oxidation of various gases (such as CH4, CO, and H2 simultane-
ously). The reaction order has not been extensively studied, and the 
experimental kinetic data are still scarce. Thus, there is a need to establish 
exactly how different fuels are simultaneously oxidized.

Chapter Summary

Modeling the catalyst layer is very complex because it has properties of all 
of the other fuel cell layers combined. Some of the important phenomena 
that need to be included in a rigorous catalyst layer model include mass, 
energy, and charge balances along with a relation that accounts for the 
contact between the porous GDL and polymer membrane layer. In addition, 
knowing how the catalyst agglomerates are distributed along the GDL is a 
challenge. The kinetics equations are the most important when modeling 
the catalyst layer. Commonly used equations are the Tafel and the Butler-
Volmer equations. There are many choices for how the catalyst layer is 
modeled, and the complexity of the model needs to be determined by the 
level of accuracy required and the resources available to help create the 
model.
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FIGURE 9-3. Butler-Volmer activation losses.
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Problems

• Explain the difference between interface, single-pore, porous electrode, 
and agglomerate models.

• Calculate the fl ux density of oxygen for Example 9-1.
• What would make the polarization curve for Example 9-1 more repre-

sentative of an actual polarization curve?
• Complete the model started in Example 9-1 with the rest of the equa-

tions listed in Table 9-3.
• Two 100-cm2 fuel cells are operating at 75 °C and 2 atm with 100% 

humidity. They are both generating the same current, and the only dif-
ference between the two cells is the catalyst loading, which is 0.35 mg/
cm2 Pt in the fi rst cell. What is the platinum loading of the second 
cell?
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CHAPTER 10

Modeling the Flow 
Field Plates

10.1 Introduction

After the actual fuel cell layers (membrane electrode assemble (MEA)) 
have been assembled, the cell(s) must be placed in a fuel cell stack to 
evenly distribute fuel and oxidant and collect the current to power the 
desired devices. In a fuel cell with a single cell, there are no bipolar plates 
(only single-sided fl ow fi eld plates), but in fuel cells with more than one 
cell, there is usually at least one bipolar plate (fl ow fi elds on both sides of 
the plate). Bipolar plates perform many roles in fuel cells. They distribute 
fuel and oxidant within the cell, separate the individual cells in the stack, 
collect the current, carry water away from each cell, humidify gases, and 
keep the cells cool. In order to simultaneously perform these functions, 
specifi c plate materials and designs are used. Commonly used designs can 
include straight, serpentine, parallel, interdigitated, or pin-type fl ow fi elds. 
Materials are chosen based upon chemical compatibility, resistance to cor-
rosion, cost, density, electronic conductivity, gas diffusivity/impermeabil-
ity, manufacturability, stack volume/kW, material strength, and thermal 
conductivity. The materials most often used are stainless steel, titanium, 
nonporous graphite, and doped polymers. Several composite materials have 
been researched and are beginning to be mass produced.

Most PEM fuel cell bipolar plates are made of resin-impregnated 
graphite. Solid graphite is highly conductive, chemically inert, and resistant 
to corrosion but expensive and costly to manufacture. Flow channels are 
typically machined or electrochemically etched into the graphite or stain-
less steel bipolar plate surfaces. However, these methods are not suitable 
for mass production, which is why new bipolar materials and manufactur-
ing processes are currently being researched.

Figure 10-1 shows an exploded view of a fuel cell stack. The stack is 
made of repeating cells of MEAs and bipolar plates. Increasing the number 
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of cells in the stack increases the voltage, while increasing the surface area 
increases the current.

Fuel cell bipolar plates account for most of the stack weight and 
volume; therefore, it is desirable to produce plates with the smallest dimen-
sions possible (< 3-mm width) for portable and automotive fuel cells1. 
Flow channel geometry has an effect on reactant fl ow velocities and mass 
transfer, and therefore, on fuel cell performance. Therefore, modeling the 
fl ow fi eld channels is helpful when deciding on optimal mass transfer, 
pressure drop, and fuel cell water management.

Specifi c topics covered in this chapter include the following:

• Flow fi eld plate materials
• Flow fi eld design
• Channel shape, dimensions, and spacing

MEA

Gasket

Anode flow 
field plate

Cathode flow 
field plate

End
plate

End
plate

Cathode flow 
field pattern

Anode flow 
field pattern

FIGURE 10-1. An exploded view of a fuel cell stack.
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• Pressure drop in fl ow channels
• Heat transfer from the plate channels to the gas

This chapter covers the modeling required for bipolar plate modeling 
and optimization. An effi cient design for the bipolar plates or cell intercon-
nects is necessary for creating the most effi cient fuel cell stack possible for 
the desired application.

10.2 Flow Field Plate Materials

There are many types of materials that have been used for fl ow fi eld plates. 
As mentioned previously, graphite and stainless steel are the most common, 
but other materials such as aluminum, steel, titanium, nickel, and polymer 
composites are also used. Metallic plates are suitable for mass production 
and also can be made into very thin layers, which results in lightweight 
and portable stacks. The bipolar plates are exposed to a corrosive environ-
ment, and dissolved metal ions can diffuse into the membrane, which 
lowers ionic conductivity and reduces fuel cell life. A coating or coatings 
are needed to prevent corrosion while promoting conductivity. Some com-
monly used coatings are graphite, gold, silver, palladium, platinum, carbon, 
conductive polymer, and other types. Some of the issues with protective 
coatings include (1) the corrosion resistance of the coating, (2) micropores 
and microcracks in the coating, and (3) the difference between the coeffi -
cient of thermal expansion and the coating.

Graphite–carbon composite plates have been made using thermoplas-
tics or thermosets with conductive fi llers. These materials are usually 
chemically stable in fuel cells, and are suitable for mass production tech-
niques, such as compression molding, transfer molding, or injection 
molding. Often, the construction and design of these plates are a trade-off 
between manufacturability and functional properties. Important properties 
that need to be considered when designing these plates are tolerances, 
warping, and the skinning effect. Some issues associated with these plates 
are that they are slightly brittle and bulky. Although the electrical conduc-
tivity is several orders of magnitude lower than the conductivity of the 
metallic plates, the bulk resistivity losses are only on the order of a mag-
nitude of several millivolts.

One of the most important properties of the fuel cell stack is the 
electrical conductivity. The contact resistance from interfacial contacts 
between the bipolar plate and the gas diffusion layer is a very important 
consideration. The interfacial contact resistivity losses can be determined 
by putting a bipolar plate between two gas diffusion layers, and then passing 
an electrical current through the sandwich and measuring voltage drop. 
The total voltage drop is a strong function of clamping pressure. Bulk 
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resistance of the bipolar plate and the gas diffusion media is a strong func-
tion of the clamping force.

Interfacial contact resistance depends not only upon the clamping 
pressure, but the surface characteristics of the bipolar plate and Gas Diffu-
sion Layer (GDL) in contact. The relationship between the contact resis-
tance and the clamping pressure between the GDL and a bipolar plate is as 
follows:
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where R is the contact resistance, Ωm2, Aa is the apparent contact area at 
the interface, m2, K is the geometric constant, G is the topothesy of a 
surface profi le, m, D is the fractal dimension of a surface profi le, and k is 
the effective electrical conductivity of two surfaces, S/m, described by:

 
1 1

2
1 1

1 2κ κ κ
= +⎛

⎝⎜
⎞
⎠⎟  (10-2)

L is the scan length, m, and p* is the dimensionless clamping pressure (ratio 
of actual clamping pressure and comprehensive modulus of gas diffusion 
layer). Chapter 12 discusses fuel cell stack design and clamping pressure in 
more detail.

10.3 Flow Field Design

In fuel cells, the fl ow fi eld should be designed to minimize pressure drop 
(reducing parasitic pump requirements), while providing adequate and 
evenly distributed mass transfer through the carbon diffusion layer to the 
catalyst surface for reaction. The three most popular channel confi gura-
tions for PEM fuel cells are serpentine, parallel, and interdigitated fl ow. 
Serpentine and parallel fl ow channels are shown in Figures 10-2 through 
10-4. Some small-scale fuel cells do not use a fl ow fi eld to distribute the 
hydrogen and/or air, but rely on diffusion processes from the environment. 
Because the hydrogen reaction is not rate limiting, and water blockage in 
the humidifi ed anode can occur, a serpentine arrangement is typically used 
for the anode in smaller PEM fuel cells.

The serpentine fl ow path is continuous from start to fi nish. An advan-
tage of the serpentine fl ow path is that it reaches the entire active area of 
the electrode by eliminating areas of stagnant fl ow. A disadvantage of ser-
pentine fl ow is the fact that the reactant is depleted through the length of 
the channel, so that an adequate amount of the gas must be provided to 
avoid excessive polarization losses. The pressure drop is high in serpentine 
channels because fl ow velocity scales with the square of the feature size, 
and the channel length is inversely proportional to the feature size. For 
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FIGURE 10-2. A serpentine fl ow fi eld design.

FIGURE 10-3. Multiple serpentine fl ow channel design.
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high current density operation, very large plates, or when air is used as an 
oxidant, alternate designs have been proposed based upon the serpentine 
design2.

Several continuous fl ow channels can be used to limit the pressure 
drop, and reduce the amount of power used for pressurizing the air through 
a single serpentine channel. This design allows no stagnant area formation 
at the cathode surface due to water accumulation. The reactant pressure 
drop through the channels is less than the serpentine channel, but still high 
due to the long fl ow path of each serpentine channel3.

Although some of the reactant pressure losses can increase the degree 
of diffi culty for hydrogen recirculation, they are helpful in removing the 
product water in vapor form. The total reactant gas pressure is PT = Pvap + 
Pgas, where Pvap and Pgas are the partial pressures of the partial pressure and 
reactant gas in the reactant gas stream, respectively. The molar fl ow rate 
of the water vapor and reactant can be related as follows:
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P
P

P
P P

vap

gas

vap

gas

vap

T vap

= =
−

 (10-3)

The total pressure loss along a fl ow channel will increase the amount 
of water vapor that can be carried and taken away by the gas fl ow if the 
relative humidity is maintained4. This can help remove water in both the 
anode and cathode fl ow streams.

Flow in

Flow out

FIGURE 10-4. A parallel fl ow fi eld design.
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The reactant fl ow for the interdigitated fl ow fi eld design is parallel to 
the electrode surface. Often, the fl ow channels are not continuous from the 
plate inlet to the plate outlet. The fl ow channels are dead-ended, which 
forces the reactant fl ow, under pressure, to go through the porous reactant 
layer to reach the fl ow channels connected to the stack manifold. This 
design can remove water effectively from the electrode structure, which 
prevents fl ooding and enhances performance. The interdigitated fl ow fi eld 
pushes gas into the active layer of the electrodes where forced convection 
avoids fl ooding and gas diffusion limitations. This design is sometimes 
noted in the literature as outperforming conventional fl ow fi eld design, 
especially on the cathode side of the fuel cell. The interdigitated design is 
shown in Figure 10-5. 

10.4 Channel Shape, Dimensions, and Spacing

Flow channels are typically rectangular in shape, but other shapes such as 
trapezoidal, triangular, and circular have been demonstrated. The change 
in channel shape can have an affect upon the water accumulation in the 
cell, and, therefore, the fuel and oxidant fl ow rates. For instance, in rounded 
fl ow channels, the condensed water forms a fi lm at the bottom of the 

FIGURE 10-5. An interdigitated fl ow fi eld design.
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channel, and in tapered channels, the water forms small droplets. The shape 
and size of the water droplets are also determined by the hydrophobicity 
and hydrophilicity of the porous media and channel walls. Channel dimen-
sions are usually around 1 mm, but a large range exist for micro- to large-
scale fuel cells (0.1 mm to 3 mm). Simulations have found that optimal 
channel dimensions for macrofuel cell stacks (not MEMS fuel cells) are 
1.5, 1.5, and 0.5 mm for the channel depth, width, and land width (space 
between channels), respectively. These dimensions depend upon the total 
stack design and stack size. The channels’ dimensions affect the fuel and 
oxidant fl ow rates, pressure drop, heat and water generation, and the power 
generated in the fuel cell. Wider channels allow greater contact of the 
fuel to the catalyst layer, have less pressure drop, and allow more effi cient 
water removal. However, if the channels are too wide, there will not be 
enough support for the MEA layer. If the spacing between fl ow channels is 
also wide, this benefi ts the electrical conductivity of the plate but reduces 
the area exposed to the reactants, and promotes the accumulation of 
water5.

10.5 Pressure Drop in Flow Channels

In many fuel cell types, the fl ow fi elds are usually arranged as a number of 
parallel fl ow channels; therefore, the pressure drop along a channel is also 
the pressure drop in the entire fl ow fi eld. In a typical fl ow channel, the gas 
moves from one end to the other at a certain mean velocity. The pressure 
difference between the inlet and outlet drives the fl uid fl ow. By increasing 
the pressure drop between the outlet and inlet, the velocity is increased. 
The fl ow through bipolar plate channels is typically laminar, and propor-
tional to the fl ow rate. The pressure drop can be approximated using the 
equations for incompressible fl ow in pipes6.

 Δ ΣP f
L
D

Kchan

H
L= +ρ ν ρ ν2 2

2 2
 (10-4)

where f is the friction factor, Lchan is the channel length, m, DH is the 
hydraulic diameter, m, r is the fl uid density, kg/m3, n̄ is the average veloc-
ity, m/s, and KL is the local resistance.

The hydraulic diameter for a circular fl ow fi eld can be defi ned by:

 D
A

P
H

c

cs

= ×4
 (10-5)

where Ac is the cross-sectional area, and Pcs is the perimeter. For the typical 
rectangular fl ow fi eld, the hydraulic diameter can be defi ned as:
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 D
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H
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where wc is the channel width, and dc is the depth.
The channel length can be defi ned as:

 L
A

N w wchan
cell

ch c L

=
+( )

 (10-7)

where Acell is the cell active area, Nch is the number of parallel channels, 
wc is the channel width, m, and wL is the space between channels, m.

The friction factor can be defi ned by:

 f = 56
Re

 (10-8)

The velocity at the fuel cell entrance is:

 ν = Q
N N A

stack

cell ch ch

 (10-9)

where v is the velocity in the channel (m/s), Qstack is the air fl ow rate at the 
stack entrance, m3/s, Ncell is the number of cells in the stack, Nch is the 
number of parallel channels in each cell, and Ach is the cross-sectional area 
of the channel.

The total fl ow rate at the stack entrance is:
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where Q is the volumetric fl ow rate (m3/s), I is the stack current, F is the 
Faraday’s constant, SO2 is the oxygen stoichiometric ratio, rO2 is the oxygen 
content in the air, R is the universal gas constant, Tin is the stack inlet 
temperature, Pin is the pressure at the stack inlet, Φ is the relative humid-
ity, Psat is the saturation pressure at the given inlet temperature, and Ncell 
is the number of cells in the stack7.

By combining the previous equations, the velocity at the stack 
inlet is:

 ν
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Liquid or gas fl ow confi ned in channels can be laminar, turbulent, or 
transitional and is characterized by an important dimensionless number 
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known as the Reynold’s number (Re). This number is the ratio of the iner-
tial forces to viscous forces and is given by:

 Re = =ρν
μ

ν
ν

m ch m chD D
 (10-12)

where nm is the characteristic velocity of the fl ow (m/s), Dch is the fl ow 
channel diameter or characteristic length (m), r is the fl uid density (kg/m3), 
m is the fl uid viscosity [kg/(m ∗ s or N ∗ s/m2], and n is the kinematic viscos-
ity (m2/s). When Re is small (<2300), the fl ow is laminar. When Re is greater 
than 4000, the fl ow is turbulent, which means that it has random fl uctua-
tions. When Re is between 2300 and 4000, it is know to be in the “transi-
tional” range, where the fl ow is mostly laminar, with occasional bursts of 
irregular behavior. It is found that regardless of channel size or fl ow veloc-
ity, f ∗ Re = 16 for circular channels8.

The effective Reynold’s number for rectangular channels is:

 Reh
m h

h
D

D
A
P

= =ρν
μ

where
4

 (10-13)

where Dh is equal to 4 ∗ (cross-sectional area)/perimeter.
A relationship in the literature for rectangular channels can be approx-

imated by:

 fRe = 24(1 − 1.3553 × a* + 1.9467 × a*2 − 1.7012 × a*3 + 
         0.9564 × a*4 − 0.2537 × a*5) (10-14)

where a* is the aspect ratio of the cross-section, and a* = b/a where 2a and 
2b are the lengths of the channels’ sides.
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The velocity profi le remains the parabolic shape, and the pressure 
gradient is constant throughout the region once the fl uid enters the fully 
developed region. The fl ow rate for laminar fl ow in a circular pipe is given 
by the Hagen-Poiseuille equation:

 Q
r

p= π
μ

4

8 �
Δ  (10-16)

where r is the radius of the pipe, l is the length, Δp is the applied pressure 
difference, and m is the viscosity of the fl uid.



Modeling the Flow Field Plates 279

The fl ow rate at the stack outlet is usually different than the inlet. If 
it is assumed that the outlet fl ow is saturated with water vapor, the fl ow 
rate is:
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 (10-17)

where ΔP is the pressure drop in the stack.
The variation in viscosity varies with temperature. For dilute gases, 

the temperature dependence of viscosity can be estimated using a simple 
power law:
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where m0 is the viscosity at temperature T0. In these equations, n, m0, and 
T0 can be obtained from experiments or calculated through kinetic 
theory.

Fuel cell gas streams are rarely composed of a single species. Usually, 
they are gas mixtures, such as oxygen and nitrogen from the air. The fol-
lowing expression provides a good estimate for the viscosity of a gas 
mixture:
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where Φij is a dimensionless number obtained from:
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where N is the total number of species in the mixture, xi and xj are the 
mole fractions of species i and j, and Mi and Mj are the molecular weight 
(kg/mol) of species i and j.

For porous fl ow fi elds, the pressure drop is determined by Darcy’s 
law:

 ΔP
Q
kA

Lcell

c
chan= μ  (10-21)

where m is the viscosity of the fl uid, Qcell is the geometric fl ow rate through 
the cell, m3/s, K is the permeability, m2, Ac is the cross-sectional area of 
the fl ow fi eld, m2, and Lchan is the length of the fl ow fi eld.
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EXAMPLE 10-1: Calculating the Pressure Drop

Calculate the pressure drop through a PEM fuel cell cathode fl ow fi eld 
of a single graphite plate with 100-cm2 cell area. The stack operates at 
3 atm at 60 °C with 100% saturated air. The fl ow fi eld consists of 24 
parallel serpentine channels 1 mm wide, 1 mm deep, and 1 mm apart. 
The cell operates at 0.7 A/cm2 at 0.65 V.

The pressure drop is:
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The fl ow rate at the stack entrance is:
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The velocity in a fuel cell channel near the entrance of the 
cell is:
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When using this set of equations, there are a few assumptions that 
are made that will cause a slight deviation from the actual values9,10.

• The channels are typically smooth on one side of the “pipe,” but 
the GDL side has a rough surface.

• The gas is not simply fl owing through the channels. It is also react-
ing with the catalyst.

• The temperature may not be uniform through the channels.
• There are a number of bends or turns that should be accounted for 

in the channels.
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The Reynold’s number at the channel entrance is:
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Using MATLAB to solve:

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

% EXAMPLE 10-1: Calculating the Pressure Drop

% UnitSystem SI

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

% Inputs

F = 96 485; % Faraday’s constant
R = 8.314; % Universal gas constant
T_in = 333.15; % Inlet temperature (K)
P_in = 101 325; % Inlet pressure (Pa)
psi = 1; % Relative humidity
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P_sat = 19 944; % Saturation pressure (Pa)
N_cell = 1; % Number of cells in the stack
wc = 0.1; % Channel width (cm);
dc = 0.1; % Channel depth (cm);
A_cell = 100; % Active cell area (cm^2)
N_ch = 1:50; % Number of parallel channels
wl = 0.1; % Space between channels
be = 0; % # of bends
n = 4; % Cathode
i = 0.7; % Cell current (A/cm^2)
I = i*A_cell; % Stack current (A/cm^2)
S_O2 = 1; % Stoichiometric ration for O2
x_O2 = 0.21; % O2 content in the air
A_ch = wc*dc; % Channel area
M_air = 29; % Molecular weight of air
M_H2O = 18; % Molecular weight of water
u = 0.0002; % Viscosity (g/cms)

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

% Calculate Pressure drop in fl ow channels

% Hydraulic diameter

%Dh=(4 ∗ Ac)./P_cs; % circular fl owfi eld
Dh =(2 ∗ wc .∗ dc) ./ (wc + dc); % rectangular fl owfi eld

% Channel length

Lc = A_cell ./(N_ch ∗ (wc + wl));

% Flow rate at the fuel cell stack entrance (m^3/s)(anode)

Q_stack =(I ./(n ∗ F)) .∗ (S_O2 ./ x_O2) .∗ ((R .∗ T_in) ./(P_in − (psi .∗ P_sat))) .∗ N_
cell; % m^3/s

Q_stack1 = Q_stack .∗ 1 000 000; % convert to cm^3/s

% Velocity in a fuel cell channel at the channel entrance

v = Q_stack1 ./ ((N_cell) .∗ N_ch .∗ A_ch);% cm/s

% Reynold’s number at the channel entrance

R1 = 8314;
den = (((P_in − P_sat) ∗ M_air)+(P_sat ∗ M_H2O)) ./(R1 ∗ T_in);% kgm^3
den1 = den ./1000; % convert to gcm^3
Re = (den1 .∗ v .∗ Dh) ./u;

% Friction Factor

f = 56 ./ Re; % for rectanglar fi elds
% Pressure Drop



Modeling the Flow Field Plates 283

Lc1 = Lc ./ 100;
Dh1 = Dh ./ 100;
v1 = v ./ 100;
Kl = be .∗ 30 .∗ f;
P = (f .∗ (Lc1 ./Dh1) .∗ den .∗ ((v1.^2) ./ 2))+(Kl .∗ den .∗ ((v1.^2) ./2))
P_atm = P .∗ 9.869 23e-1 % Convert from Pa to atm

10.6 Heat Transfer from the Plate Channels to the Gas

Another important consideration when modeling the fl ow channels is the 
gas temperature and the associated heat transfer from the plate to the gas. 
The temperature of the gas affects the phase change in the channels and 
the GDL layer, which ultimately affects the reaction rate.

There are N nodes distributed uniformly in the y-direction across the 
channel, as shown in Figure 10-6. The control volumes are set up in this 
manner because the velocity at the wall is zero according to the no slip 
condition. This will be modeled in a similar manner as the heat transfer 
through the fuel cell layer in Chapter 6.
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FIGURE 10-6. Heat transfer from plate channels to gas.
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The distance between adjacent nodes is:

 Δy
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and the location of each of the nodes is given by:
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The velocity distribution in the duct is parabolic, therefore, the veloc-
ity at each nodal location is:

 u u
y
H

y
H

i Ni m
i i= − ⎛

⎝⎜
⎞
⎠⎟

⎡

⎣
⎢

⎤

⎦
⎥ =6 1

2

for . . .  (10-24)

The hydraulic diameter associated with the channel is:

 Dh = 2H (10-25)

The Reynold’s number that characterizes the fl ow is:

 Re
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h m
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 (10-26)

If the Reynold’s number implies that the fl ow is laminar, the conduc-
tive heat transfer can be approximated using the molecular conductivity, 
k, rather than a turbulent conductivity. The thermal diffusivity, kinematic 
viscosity, and Prandtl number associated with the fl uid are:

 α
ρ
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 (10-27)
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 Pr = ν
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 (10-29)

The Peclet and Brinkman numbers that characterize the fl ow are:

 Pe = Pr ReDH
 (10-30)

 Br
u

k T T
m

s in

=
−

μ 2

( )
 (10-31)

A control volume can be defi ned around each of the nodes. This defi -
nition is consistent with the approach that was used in Chapter 6 to derive 
the state equations for the time rate of change of temperature. As illustrated 
in Figure 10-6, the internal nodes are treated separately from the boundary 
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nodes. The node has conduction in the y-direction from the adjacent nodes, 
and is also infl uenced by the heat transferred by the fl uid, as well as energy 
carried by fl uid entering the control volume at x and leaving at x + dx. This 
creates the following energy balance:

 (rcmiΔyWTi)x + q
.

top + q
.

bottom = (rcmiΔyWTi)x+dx (10-32)

where W is the depth of the channel. The conduction heat transfer rates 
are approximated with:
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Equations 10-33 and 10-34 are substituted into Equation 10-32, and 
the x + dx term is expanded:

 

( ) ( ) ( )

( )

ρ

ρ

cu yWT
kdxW

y
T T

kdxW
y

T T

cu yWT

i i x i i i i

i i x

Δ
Δ Δ

Δ

+ − + − =

+

+ −1 1

dd
dx

cu yWT dx i Ni i( ) . . . ( )ρ Δ for = −2 1
 (10-35)

Note that the only term in the derivative that changes with x is the 
temperature, therefore Equation 10-35 can be rewritten as:
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Solving for the rate of change of Ti with respect to x:
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An energy balance for the control volume around node 1 leads to:
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The conductive heat transfer from node 2 is approximated with:
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and the conductive heat transfer from the wall is:
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Substituting Equations 10-39 and 10-40 into Equation 10-38 leads 
to:
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Solving for the rate of change of the temperature of node 1 is:
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A similar process applied to node N leads to:
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EXAMPLE 10-2: Heat Transfer from Plate to Gas in 
the Channel

Plot the two dimensional temperature distribution of the gas in a channel 
as a function of axial position. The channel radius is 0.001 m, channel 
height is 0.002 m, and length of the channel is 0.00635. The plate tem-
perature is 352 K, and has the following properties: density: 0.08988 kg/
m3, viscosity: 8.6e-6 Pa-s, conductivity: 0.1805 J/kg-K, and specifi c heat: 
14,304 J/kg-K. Set up a grid with 6 nodes (slices) in the y-direction.

Using MATLAB to solve:

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

% EXAMPLE 10-2: Heat Transfer From Plate to Gas in Channel

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

% Inputs

v_H2_in = 0.000000017; % Volumetric fl ow rate (m3/s)
r = 0.001; % Channel radius (m)
A = 0.5 ∗ pi ∗ r^2; % Area of fl ow channel
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u_m = v_H2_in/A; % Mean velocity (m/s)
H = 0.002; % Channel height (m)
T_in = 295; % Inlet gas temperature (K)
rho = 0.08988; % Density (kg/m^3)
mu = 8.6e-6; % Viscosity (Pa-s)
k = 0.1805; % Conductivity (W/mK)
c = 14304; % Specifi c heat capacity (J/kg-K)
T_s = 352; % Plate temperature (K)
L = 0.00635; % Length of channel (m)
W = 0.00635; % Unit length (depth)(m)

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

% Setup y grid

N = 6; % Number of nodes in y direction (-)
Dy = H/N; % Distance between nodes (m)

for i=1:N
 y(i)=Dy ∗ (i-1/2); % Position of each node (m)
end

% Velocity

for i=1:N
 u(i)=6 ∗ u_m ∗ (y(i)/H-(y(i)/H)^2); % Velocity at each node (m/s)
end

OPTIONS=odeset(‘RelTol’,1e-6);
[x,T]=ode45(@(x,T) dTdx_functionv(x,T,Dy,k,rho,c,u,T_s),[0,L],T_in ∗ ones(N,1),

OPTIONS);

[M,g]=size(T); % Determine number of length steps used

for j=1:M
 T_mean(j)=sum(T(j,:) .∗ u) ∗  % The mean temperature is the velocity weighted
  Dy/(H ∗ u_m);  average temperature at each axial position
 qf(j)=k ∗ (T_s-T(j,1))/(Dy/2); % The heat fl ux is obtained from the thermal
  resistance of the node at the wall
 htc(j)=qf(j)/(T_s-T_mean(j)); % Heat transfer coeffi cent
 Nusselt(j)=htc(j) ∗ 2 ∗ H/k; % Nusselt number
end

% Plot heat distribution in the channel

plot(y,T);
xlabel(‘Axial Position (m)’);
ylabel(‘Temperature (K)’);

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

function[dTdx]=dTdx_functionv(x,T,Dy,k,rho,c,u,T_s)
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 [N,g]=size(T); % Determine number of nodes
 dTdx=zeros(N,1); % Initialize dTdx
 dTdx(1)=k ∗ (T(2)+2 ∗ T_s-3 ∗ T(1))/(rho ∗ c ∗ Dy^2 ∗ u(1));
 for i=2:(N-1)
 dTdx(i)=k ∗ (T(i+1)+T(i-1)-2 ∗ T(i))/(rho ∗ c ∗ Dy^2 ∗ u(i));
 end
 dTdx(N)=k ∗ (T(N-1)+2 ∗ T_s-3 ∗ T(N))/(rho ∗ c ∗ Dy^2 ∗ u(N));
end

Figure 10-7 shows the graph of the temperature as a function of axial 
position at various y-locations for Example 10-2.
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FIGURE 10-7. Temperature as a function of axial position at various y-locations.

Example 10-3 uses the concepts from Chapter 5 for determing the 
mass fl ow rates into and out of the layers in the fuel cell stack (such as the 
fl ow fi eld plates) that have convective mass transport. The basic concepts 
introduced can be expanded to model the fl ow through the fuel cell 
stack.
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EXAMPLE 10-3: Mass Flow Rates into Fuel Cell Layers

Create a transient MATLAB program that will calculate the mass fl ow 
rates and mole fractions of liquid water, water vapor, and hydrogen going 
into and out of six fuel cell layers with corrective mass transport. Assume 
that the hydrogen coming into the stack is fully saturated, with a volu-
metric fl ow rate of 1.7e-8 m3/s.

The code created in this example can act as a start for a program 
that calculates the fl ow rates into and out of the bipolar plates and other 
layers in a fuel cell stack. Plot the fl ow rates after a 20 and 120 second 
simulation time.

As shown in Chapter 5, the mass balances into and out of each fuel 
cell layer needs to be calculated.

First, the volumetric fl ow rate needs to be converted to a molar 
fl ow rate using the ideal gas law:

n
PV
RT

H in2_ =

Since the model is transient, the total molar accumulation can be written 
as:

dn
dt

n ntot
tot in tot out= −_ _

The rate of H2 accumulation is:

d
dt

x n x n x nH tot H in tot in H out tot out( ) _ _ _ _2 2 2= −

The rate of H2O accumulation is:

d
dt

x n x n x nH O tot H O in tot in H O out tot out( ) _ _ _ _2 2 2= −

The inlet molar fl ow rates can be calculated using the following 
equations:

The vapor pressure of the inlet water vapor is:

PH2Ov_in = q inPsat (TH2O_in)

The mole fraction of the water vapor is:

X
P

P
PH Ov in

H Ov in

tot
tot2

2 1_
_= =where
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The mole fraction of the liquid water is:

X
X P T

PH Ol in
H Ov in sat H O in

tot
2

2 2
_

_ _( )
=

∗

The total mole fraction of water is:

XH2O_in = XH2Ov_in + XH2Ol_in

The mole fraction of hydrogen is:

XH2_in = 1 − XH2O_in

The inlet molar fl ow rate of hydrogen is:

nH2_in = xH2_inntot_in

The total inlet molar fl ow rate of water is:

nH2O_in = xH2O_inntot_in

The inlet molar fl ow rate of water vapor is:

nH2Ov_in = XH2Ov_innH2O_in

The inlet molar fl ow rate of liquid water is:

nH2Ol_in = XH2Ol_innH2O_in

The outlet mole fractions and molar fl ow rates can be calculated using 
the same equations.

Using MATLAB to solve:

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

% EXAMPLE 10-3: Mass fl ow rates into fuel cell layers

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

% Inputs

const.N = 6; % Number of layers
const.current = 0.6; % current (amp)
const.tfi nal = 20; % Simulation time (s)
const.F = 96485.3383; % Faraday’s Constant (coulomb/mole)
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const.R = 8.314472; % Ideal gas constant (J/K-mol)
const.P_tot = 1; % Total pressure (bar)
const.A_active = 0.03; % Active area (cm^2)—only used for current (Amps) 
const.phi = 1;  calculations, and for energy calculations of the 
const.mw_H2O = 18;  channels
const.v_H2_in = 1.7e-8; % Molecular weight of water
const.v_air_in = 1.e-8; % Volumetric fl ow rate of wet hydrogen (m^3/s)
const.T_in = 293.2; % Volumetric fl ow rate of air (m^3/s)
const.Tf_in = 353.2; % Initial temperature (K)
const.Tf_air = 273.5; % Initial fl uid temperature (K)
const.phi_air = 1; % Initial air temperature (K)
const.airO2 = 0.21; % Inlet humidity of air
const.airN2 = 0.79; % Fraction of O2 in air
const.damp = 0.6; % Fraction of N2 in air
 % ODE solver damping factor (to avoid ringing of the 
  solution)

% Convert volumetric fl ow rate to molar fl ow rate using ideal 
gas law

const.n_air_in = const.v_air_in ∗ (const.P_tot./const.Tf_air) ∗ (1/0.0831) ∗ 1000; % 
mol/s

% Convert volumetric fl ow rate to molar fl ow rate using ideal 
gas law

const.n_H2_in = const.v_H2_in ∗ (const.P_tot./const.Tf_in) ∗ (1/0.0831) ∗ 1000; 
% mol/s

% Layers

% 1 − Left end plate
% 2 − Gasket
% 3 − Contact (Copper)
% 4 − Contact
% 5 − Gasket
% 6 − End plate

% Parameters defi ned at the layer boundaries 

% 1 2 3 4 5 6 7

% Gas temperature

param.T_f = [353.2, 353.2 353.2 353.2, 353.2, 353.2, 353.2];

% Humidity of gas

param.phi = [1, 1, 1, 1, 1, 1, 1];
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% Parameters defi ned at the layer centers 

% 1 2 3 4 5 6
% Area (m^2)
param.A = [0.0367, 0.0367, 0.0367, 0.0367, 0.0367, 0.0367];

% Thickness (m)
param.thick = [0.025, 0.025, 0.002, 0.002, 0.025, 0.025];

% Number of slices within layer

param.M = [1, 1, 1, 1, 1, 1];

% Channel radius

param.r = [0.000625, 0.000625, 0.000625, 0.000625, 0.000625, 0.000625];

% Channel width (rectangular channels)

param.wc = [0.000625, 0.000625, 0.000625, 0.000625, 0.000625, 0.000625];

% Channel depth (rectangular channels)

param.dc = [0.000625, 0.000625, 0.000625, 0.000625, 0.000625, 0.000625];

% Channel length

param.L = [0.000625, 0.000625, 0.000625, 0.000625, 0.000625, 0.000625];

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

% Grid defi nition

% x - interslice coordinates
% n - molar fl ow rates at slice boundary

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

% Grid up mass fl ows. Assume each layer abuts the

% next one. The mass fl ow rate is at the boundary of each slice. x is at the
% edge of each slice (like a stair plot).
x = 0;
layer = [];
for i=1:const.N,
x = [x, x(end) + (1:param.M(i)) ∗ param.thick(i)/param.M(i)]; %Boundary points
 layer = [layer, i ∗ ones(1,param.M(i))];
end

% Slice thicknesses

dx = diff(x); %gives approximate derivatives between x’s
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% Initial mass fl ows (defi ned at layer boundaries)

n_tot = zeros(size(x)); % Total molar fl ow

% Convert volumetric fl ow rate to molar fl ow rate using ideal 
gas law

n_tot(1) = const.v_H2_in ∗ (const.P_tot./const.Tf_in) ∗ (1/0.0831) ∗ 1000; % mol/s
n_tot(end) = const.v_air_in ∗ (const.P_tot./const.Tf_air) ∗ (1/0.0831) ∗ 1000; % mol/s

f = @(t,n_tot) mass(t,n_tot,x,layer,param,const,dx’);

options = odeset(‘OutputFcn’,@(t,n_tot,opt) massplot(t,n_tot,opt,x));
[t,n_tot] = ode45(f, [linspace(0,const.tfi nal,100)], n_tot, options);
end % of function
%
function dndt = mass(t,n_tot,x,layer,param,const,dx)

% Mass fl ow rates for fuel cell

% Make a convenient place to set a breakpoint

if (t > 30)
 s = 1;
end

% Preallocate output

dndt = zeros(size(n_tot));

% Fluid fl ows from left to right for layers 1–3 and
% right to left for layers 4–6
inlet = [fi nd(layer<4) fi nd(layer>3)+1];
outlet = [fi nd(layer<4)+1 fi nd(layer>3)];

% Treat n_tot as a row vector
n_tot = n_tot(:)’;

% Inlet Mole Fractions

P_H2Ov_inlet = param.phi(inlet) .∗ psat % Calculate the vapor pressure
 (param.T_f(inlet));  of water vapor
x_H2Ov_inlet = P_H2Ov_inlet ./ const.P_tot; % mole fraction of water vapor
x_H2Ol_inlet = (x_H2Ov_inlet .∗ psat % mole fraction of water
 (param.T_f(inlet)))./ const.P_tot;
x_H2O_inlet = x_H2Ov_inlet + x_H2Ol_inlet; % mole fraction of H2O
x_H2_inlet = 1 − x_H2O_inlet; % mole fraction of Hydrogen

% Inlet Molar fl ows

n_H2_inlet = x_H2_inlet .∗ n_tot(inlet); % Total molar fl ow of H2 coming in
n_H2O_inlet = x_H2O_inlet .∗ n_tot(inlet); % Total molar fl ow of H2O coming in
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n_H2Ov_inlet = x_H2Ov_inlet .∗  % Calculate the H2O vapor molar
 n_H2O_inlet;  fl ow rate going in
n_H2Ol_inlet = x_H2Ol_inlet .∗ n_H2O_inlet; % Calculate the H2O liquid molar 
  fl ow rate going in

% Replace hydrogen parts

%Outlet Mole Fractions

P_H2Ov_outlet = param.phi(outlet) .∗ psat % Calculate the vapor pressure
 (param.T_f(outlet));  of water vapor
x_H2Ov_outlet = P_H2Ov_outlet ./ const.P_tot; % mole fraction of water vapor
x_H2Ol_outlet = (x_H2Ov_outlet .∗ psat % mole fraction of water
 (param.T_f(outlet))) ./ const.P_tot;
x_H2O_outlet = x_H2Ov_outlet +  % mole fraction of H2O
 x_H2Ol_outlet;
x_H2_outlet = 1 − x_H2O_outlet; % mole fraction of Hydrogen

% Outlet Molar fl ows

n_H2_outlet = x_H2_outlet .∗ n_tot(inlet); % Total molar fl ow of H2 
  coming out
n_H2O_outlet = x_H2O_outlet .∗ n_tot(inlet); % Total molar fl ow of H2O 
  coming out
n_H2Ov_outlet = x_H2Ov_outlet .∗ n_H2O_outlet; % Calculate the H2O vapor 
  molar fl ow rate going out
n_H2Ol_outlet = x_H2Ol_outlet .∗ n_H2O_outlet; % Calculate the H2O liquid 
  molar fl ow rate going out
n_outlet = n_H2_outlet + n_H2O_outlet;

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
%
% Combine into rate of change of n
%
% Do this in a loop since more than one layer outlet may contribute to
% a given element of dndt.
for i=1:length(outlet)
 dndt(outlet(i)) = dndt(outlet(i)) + n_outlet(i) − n_tot(outlet(i));
end

% Use damping factor to help numerical convergence

dndt = const.damp ∗ dndt;

end % of function
%
function status = massplot(t,n_tot,opt,x)
if isempty(opt)
 plot(t,n_tot), title([‘t = ’,num2str(t)]), hold on
 status = 0;
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 drawnow
end
end % of function

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

function Psat = psat(T)
% PSAT Saturation pressure
% PSAT(T) returns the saturation pressure in bars. T is in degrees K.

Tc=T-273; % Conversion to Celcius for use in Psat
Psat_Pa=–2 846.4+411.24 .∗ Tc − 10.554 .∗ Tc.^2 + 0.166 36 .∗ Tc.^3; % calculation 

of saturation pressure
Psat=Psat_Pa./100 000; % Convert to bar

end % of function

Figures 10-8 and 10-9 both show the transient fl ow rates of hydrogen 
and water into and out of six fuel cell layers at 20 and 120 seconds of 
simulation time.
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FIGURE 10-8. Hydrogen and water fl ow rates after 20 seconds of simulation 
time.
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Chapter Summary

The fl ow fi eld plates have multiple jobs, such as evenly distributing fuel 
and oxidant to the cells, collecting the current to power the desired devices, 
and evenly distributing or discarding heat and water products. The fl ow 
fi eld design is critical for optimal fuel cell performance because it ensures 
even distribution of the reactants and products through the cell. Commonly 
used materials for fl ow fi eld plates are graphite, stainless steel, aluminum, 
and polymer composites. The fl ow fi eld designs that have been traditionally 
used are the serpentine, parallel, and interdigitated designs. The width, 
depth, and length of the channels in the fl ow fi eld plate should be carefully 
considered to ensure proper fl ow rates, mass transfer, and pressure drop. 
Another consideration when designing fl ow fi eld plates is the temperature 
of the gases in the channels. All of these factors contribute to the mass and 
heat transfer in the fuel cell, and can be optimized through modeling.

Problems

• A fuel cell has a 50-cm2 active area and a current density of 1 A/cm2 
with nine parallel channels on the cathode. Each channel is 1 mm wide 

0 20 40 60 80 100 120
-2

0

2

4

6

8

10

12
x 10

-7 t = 118.7879           120

Simulation Time (s)

M
ol

ar
 F

lo
w

 R
at

e 
(m

ol
/s

)

FIGURE 10-9. Hydrogen and water fl ow rates after 120 seconds of simulation 
time.
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and 1 mm deep with 1 mm of spacing between channels. Air at the inlet 
is 100% humidifi ed at 60 °C. The pressure is 3 atm, and there is a 
0.3 atm pressure drop through the fl ow fi eld. The oxygen stoichiometric 
ratio is 1.5. Calculate the velocity and Reynold’s number at the air inlet 
and outlet.

• Calculate the pressure drop through a PEM fuel cell cathode fl ow fi eld 
of a single graphite plate with a 100-cm2 cell area. The stack operates 
at 1 atm at 60 °C with 100% saturated air. The fl ow fi eld consists of 18 
parallel serpentine channels 0.8 mm wide, 1 mm deep, and 1 mm 
apart.

• A fuel cell has a 100-cm2 active area and a current density of 0.8 A/cm2 

with 20 parallel channels on the cathode. Each channel is 1.5 mm wide 
and 1.5 mm deep with 1 mm spacing between channels. Air at the inlet 
is 100% humidifi ed at 70 °C. The pressure is 3 atm, and there is a 
0.3 atm pressure drop through the fl ow fi eld. The oxygen stoichiometric 
ratio is 3. Calculate the velocity, Reynold’s number, and pressure drop 
at the air inlet and outlet.

Endnotes

 [1] Li, X., and I. Sabir. Review of bipolar plates in PEM fuel cells: Flow-fi eld 
designs. Int. J. Hydrogen Energy. Vol. 30, 2005, pp. 359–371.

 [2] Ibid.
 [3] Ibid.
 [4] Ibid.
 [5] Spiegel, C.S. Designing and Building Fuel cells. 2007. New York: McGraw-

Hill.
 [6] Ibid.
 [7] Ibid.
 [8] Ibid.
 [9] Barbir, F. PEM Fuel Cells: Theory and Practice. 2005. Burlington, MA: Elsevier 

Academic Press.
 [10] Barbir, PEM Fuel Cells: Theory and Practice.

Bibliography

Cha, S.W., R. O’Hayre, Y. Saito, and F.B. Prinz. The scaling behavior of fl ow pat-
terns: A model investigation. J. Power Sources. Vol. 134, 2004, pp. 57–71.

Chen, X., N.J. Wu, L. Smith, and A. Ignatiev. Thin fi lm heterostructure solid oxide 
fuel cells. Appl. Phys. Lett. Vol. 84, No. 14, April 2004.

EG&G Technical Services. November 2004. The Fuel Cell Handbook. 7th ed. 
Washington, DC: U.S. Department of Energy.

Feindel, K., W. Logan, P.A. LaRocque, D. Starke, S.H. Bergens, and R.E. Wasylishen. 
J. Am. Chem. Soc. Vol. 126, 2004, pp. 11436–11437.

Gulzow, E., M. Schulze, and U. Gerke. Bipolar concept for alkaline fuel cells. J. 
Power Sources. Vol. 156, 2006, pp. 1–7.



298 PEM Fuel Cell Modeling and Simulation Using MATLAB®

He, S., M.M. Mench, and S. Tadigadapa. Thin fi lm temperature sensor for real-time 
measurement of electrolyte temperature in a polymer electrolyte fuel cell. Sensors 
Actuators A. Vol. 12, 2006, pp. 170–177.

Hermann, A., T. Chaudhuri, and P. Spagnol. Bipolar plates for PEM fuel cells: A 
review. Int. J. Hydrogen Energy. Vol. 30, 2005, pp. 1297–1302.

Hsieh, S.S., C.-F. Huang, J.-K. Kuo, H.-H. Tsai, and S.-H. Yang. SU-8 fl ow fi eld plates 
for a micro PEMFC. J. Solid State Electrochem. Vol. 9, 2005, pp. 121–131.

Hsieh, S.-S., S.-H. Yang, J.-K. Kuo, C.-F. Huang, and H.-H. Tsai. Study of operational 
parameters on the performance of micro PEMFCs with different fl ow fi elds. 
Energy Conversion Manage. Vol. 47, 2006, pp. 1868–1878.

Lee, S.-J., Y.-P. Chen, and C.-H. Huang. Electroforming of metallic bipolar plates 
with micro-featured fl ow fi eld. J. Power Sources. Vol. 145, 2005, pp. 369–375.

Mehta, V., and J.S. Copper. Review and analysis of PEM fuel cell design and manu-
facturing. J. Power Sources. Vol. 114, 2003, pp. 32–53.

Motokawa, S., M. Mohamedi, T. Momma, S. Shoji, and T. Osaka. MEMS-based 
design and fabrication of a new concept micro direct methanol fuel cell. Electro-
chem. Comm. Vol. 6, 2004, pp. 562–565.

Muller, M.A., C. Muller, R. Forster, and W. Menz. Carbon paper fl ow fi elds made 
by WEDM for small fuel cells. Microsystem Technol. Vol. 11, 2005, pp. 280–
281.

Muller, M.C., F. Gromball, M. Wolfl e, and W. Menz. Micro-structured fl ow fi elds 
for small fuel cells. Microsystem Technol. Vol. 9, 2003, pp. 159–162.

Nguyen, N.-T., and S.H. Chan. Micromachined polymer electrolyte membrane and 
direct methanol fuel cells—A review. J. Micromech. Microeng. Vol. 16, 2006, pp. 
R1–R12.

O’Hayre, R., S.-W. Cha, W. Colella, and F.B. Prinz. 2006. Fuel Cell Fundamentals. 
New York: John Wiley & Sons.

U.S. Patent 6,551,736 B1. Fuel Cell Collector Plates with Improved Mass Transfer 
Channels. Gurau, V., F. Barbir, and J.K. Neutzler. Teledyne Energy Systems, Inc., 
Hunt Valley, MD. April 22, 2003.

Wang, C.Y., M.M. Mench, S. Thynell, Z.H. Wang, and S. Boslet. Computational and 
experimental study of direct methanol fuel cells. Int. J. Transport Phenomena. 
Vol. 3, August 2001.



CHAPTER 11

Modeling Micro Fuel Cells

11.1 Introduction

This chapter is concerned with the change in magnitude of proportion 
when fuel cells go from large to small. This is called “scaling,” and the 
exact manner with which the particular quantity changes with respect to 
another quantity is called a “scaling law.” Scaling can be examined in terms 
of systems of forces rather than a single force. When a device also has fi xed 
proportions, the surface area-to-volume ratio always increases as the length 
scale decreases. Therefore, as objects become smaller, surface effects become 
relatively more important. While the point at which surface effects matter 
more than volume effects depends upon the system under consideration; a 
good rule of thumb is that millimeter-scale devices are small enough for 
surface effects to be important, but these effects will be dominant in the 
micron regimen. Some of the differences between macroscopic and micro-
scopic systems include the following:

• Surface effects matter more than bulk effects
• Very small dead volumes
• Issues with bubbles
• No unwanted turbulent fl ow

The classifi cation of microchannels varies in the literature, but a good 
guideline can be found in Table 11-11. Table 11-2 shows the different fl ow 
regimes for various channel dimensions for air and hydrogen2.

There are certain parameters that can be ignored when modeling 
macro-scale fuel cells, that need to be included when modeling micro fuel 
cells. Some of the performance considerations with microdevices are 
minimal dead volume, low leakage, good fl ow control, and rapid diffusion. 
The most commonly used stack confi guration for macro and micro fuel 
cells is the bipolar confi guration, which has been described in previous 
chapters and is shown in Figure 11-1. There are many alternative stack 
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TABLE 11-1
Classifi cation of Microchannels 

Classifi cation Hydraulic Diameter Range

Convectional Dh > 3 mm
Minichannel 3 mm > Dh > 200 mm
Microchannel 200 mm > Dh > 10 mm

TABLE 11-2
Channel Dimensions (microns [mm])

Continuum Flow Slip Flow

Air  >67 0.67 to 67
H2 >123 1.23 to 123
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FIGURE 11-1. Basic micro fuel cell based upon traditional fuel cell design.

confi gurations for micro fuel cells, and the design and modeling of these 
are in their infancy. Important modeling parameters to include are:

• Size, weight, and volume at the desired power
• Temperature
• Humidifi cation and water management
• Fuel and oxidant pressures

As shown in Figure 11-1, the membrane electrode assembly (MEA) is 
separated by a plate with fl ow fi elds to distribute the fuel and oxidant. The 
majority of fuel cell stacks, regardless of size and fuels used, is of this con-
fi guration.

The specifi c topics that will be covered in this chapter include:

• Micro fuel cells in the literature
• Microfl uidics
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• Flow rates and pressures
• Bubbles and particles
• Capillary effects
• Single- and two-phase pressure drop

This chapter explains the differences and potential issues between 
micro and macro fuel cell stacks and introduces microfl uidics for modeling 
the micro-electro mechanical systems (MEMS) fuel cell bipolar plates.

11.2 Micro PEM Fuel Cells in the Literature

Micro fuel cells have been documented in the literature for several years. 
There are many companies currently working on this technology for cel-
lular phones and other small, portable devices. However, many of the 
advantages of MEMS technology have not been applied yet to fuel cells, 
therefore, the optimization of MEMS fuel cells is in its infancy. The next 
few sections present an overview and comparison of the MEMS fuel cell 
technology recently documented in the literature.

11.2.1 The Electrodes
The thickness of the electrodes in traditional fuel cells is typically 250 
to 2000 angstroms (Å) with a catalyst loading of at least 0.5 mg/cm2. For 
micro fuel cells, the typical platinum loading is from 5 to 60 nm in thick-
ness, with a platinum–ruthenium loading for the anode between 2.0 and 
6.0 mg/cm2, and a platinum loading for the cathode between 1.3 and 
2.0 mg/cm2.3–6 An adhesion layer is deposited before the catalyst layer, and 
it is typically 25 to 300 Å in thickness. As mentioned previously, the cata-
lyst loading is a cost-prohibitive factor for the PEM fuel cell. The cost of 
the PEM fuel cell stack would be lowered if the amount of platinum is 
reduced, another (cheaper) element is combined with it, the platinum is 
replaced with another element, or the fuel cell stack is miniaturized to the 
point where the required catalyst loading is not as cost prohibitive. Chapter 
8 covers the details of modeling the catalyst layer. When modeling the 
micro fuel cell system, it is important to use a catalyst model that takes 
into account microscopic effects, such as an agglomerate model. Due to 
the small areas of the micro fuel cell, homogeneous catalyst distribution 
and placement are very important. Taking this into consideration is also 
very important for obtaining an accurate electrode model for a MEMS fuel 
cell.

Diffusion Layer
The diffusion layer is made of electrically conductive porous materials 
such as carbon or Toray paper. The thickness of the diffusion layer is 
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usually 0.25 to 0.40 mm. The conductivity of the paper can be improved 
by fi lling it with electrically conductive powder such as carbon black. 
To help remove water from the pores of the carbon paper, the diffusion 
layer can be treated with PTFE. Some micro fuel cell developers forgo the 
diffusion layer altogether, and platinum is sputtered directly on the proton 
exchange structure. There are several new studies that are helping to 
improve fuel cell performance by creating highly aligned diffusion layers 
from carbon nanotubes. Several studies have shown an increase in fuel cell 
current density from fuel cells made with carbon nanotube diffusion 
layers7–12. Depending upon the micro dimensions of the fuel cell, the GDL 
layer may not be as advantageous as in larger fuel cells. This layer is 
extremely helpful in creating an even fl ow rate to the catalyst layer. In 
micro fuel cells, the MEMS bipolar plates can be altered appropriately to 
provide even fl ow without using the GDL. This also depends highly on the 
fuel cell design. The GDL for micro fuel cells can be modeled using the 
same methods presented in Chapter 9. However, depending upon the GDL 
design, it may improve the model accuracy to rigorously include the geo-
metric details for a micro fuel cell.

11.2.2 Bipolar Plates
Most traditional bipolar plates (in large fuel cells) are made from stainless 
steel or graphite. Stainless steel plates are heavy components for a portable 
or micropower system. Solid graphite plates are highly conductive, chem-
ically inert, and resistant to corrosion, but are expensive, brittle, and costly 
to manufacture. Flow channels are traditionally machined or electrochem-
ically etched to the graphite or stainless steel bipolar plate surfaces. These 
materials are not suitable for mass production, and would not work for 
MEMS-based fuel cell system. Typical materials that have been used in 
MEMS fuel cells are silicon wafers, carbon paper, PDMS, SU-8, and copper 
and stainless steel metal foils. Traditional photolithography and microfab-
rication techniques have begun to be used with MEMS fuel cells during the 
last few years.

Flow Channels
In PEM fuel cells, the fl ow fi eld should be designed to minimize pressure 
drop while providing adequate and evenly distributed mass transfer through 
the carbon diffusion layer to the catalyst surface for reaction, as discussed 
in Chapter 10. As discussed previously, the three most popular channel 
confi gurations for traditional fuel cells are (1) serpentine, (2) parallel, and 
(3) interdigitated fl ow. Most MEMS fuel cell studies in the literature also 
use the same fl ow fi eld patterns. Some small-scale fuel cells do not use a 
fl ow fi eld to distribute the hydrogen and/or air but rely on diffusion pro-
cesses from the environment. Since the hydrogen reaction is not rate lim-
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iting, and water blockage in the humidifi ed anode can occur, a serpentine 
arrangement is typically used for the anode in smaller PEM fuel cells. 
Figure 11-2 illustrates interdigitated, serpentine, and spiral interdigitated 
fl ow patterns for MEMS fuel cells.

There are some MEMS fuel cells that have been fabricated with spiral 
interdigitated channels. Combining the advantages of the serpentine and 
the interdigitated fl ow patterns yields the spiral-interdigitated channel. 
Figure 11-2c shows an example of this fl ow fi eld type. The peak power 
density of the spiral interdigitated cell decreases as the feature size decreases 
from 1000 to 5 mm13. The scaling behavior is slightly similar to interdigi-
tated channels; however, the fl ow path short circuits are highly prominent 
in the smaller channels.

Fuel cell performance improves as the channel gas fl ow velocity 
increases because the increased fl ow velocity enhances mass transport. 
When investigating the effect of fuel cell geometry, the following geomet-
ric parameters need to be considered: the fl ow channel pattern, the channel 
and rib shape, and the diffusion layer thickness, as well as many other 
factors. The velocity in the fl ow channel will increase as the feature size 
decreases. However, one drawback of the smaller feature size is the increased 
pressure drop in the fl ow channels. The feature sizes for fl ow channels in 
the literature range from 100 × 200 × 20 mm to 500 × 500 mm to 750 × 750 
× 12.75 mm, with many length, widths, and depths in between with various 
rib widths14–22. A recent study that was conducted verifi ed that the fuel cell 
performance improves with the decrease in fl ow channel dimension, as 
shown in Figure 11-3.

11.2.3 Stack Design and Confi guration
In the traditional fuel cell stack, the cathode of one cell is connected to the 
anode of the next cell. The main components of the fuel cell stack are the 
membrane electrode assemblies (MEAs), gaskets, bipolar plates with elec-
trical connections, and end plates. The stack is connected together by bolts, 

)c)b)a

FIGURE 11-2. Interdigitated, serpentine, and spiral-interdigitated fl ow fi eld 
designs.
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FIGURE 11-3. Fuel cell a) polarization and b) power density curves for 20–1000 mm 
channel widths and depths.
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rods, or other method to clamp together the cells. The key aspects of fuel 
cell design are:

• Uniform distribution of reactants to the cell
• Uniform distribution of reactants inside the cell
• Maintenance of required temperature inside each cell
• Minimum resistive losses
• No gas leakage
• Mechanical sturdiness

Most MEMS systems use silicon as the preferred material because of 
the availability, low cost, and various processing technologies available. 
Some of the processes normally used to create micro fuel cells are aniso-
tropic etching, deep reactive ion etching (DRIE), and CVD and PVD for 
depositing various materials. Polymers are being used, but silicon/glass 
systems are mechanically more stable, resist high temperatures/pressures, 
and are basically chemically inert. However, silicon is brittle, and polymers 
allow confi gurations and alternative processing techniques. Some of the 
polymers that are being researched include PMMA and PDMS using ion 
etching, polymeric surface micromachining, hot embossing, soft lithogra-
phy, and laser machining. Stainless steel foil and copper fi lms are also being 
researched as materials for fuel delivery/current collector plates23,24.

There is much more variability in fuel cell design and confi guration 
with MEMS fuel cells (1 cm2 or less in area) than with the larger fuel cell 
stacks. An interesting design is shown in Figure 11-4, which was fi rst pro-

Cathode

Anode

Platinum Catalyst

Nafion membrane 
electrolyte

Contact

Microcapillaries 
(Fuel Channel)

FIGURE 11-4. Cross-sectional view of the porous silicon-based stack25,26.
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posed by Aravamudhan et al.27. The fl ow fi elds are made of silicon, and the 
proton exchange membrane is wedged between the two sets of fl ow fi elds. 
Platinum is deposited on both microcolumns to act as an electrocatalyst 
and current collector. The fl ow fi eld pore diameter was carefully controlled 
to use capillary pressure in order to distribute the fuel correctly and mini-
mize methanol crossover. The area of each electrode is 1 cm2.28

Figure 11-5 shows the planar design, which is the most common stack 
design used in micro fuel cells besides the traditional design shown in 
Figure 11-1. The planar design is two-dimensional and requires a large 
surface area to deliver similar performance to the bipolar confi guration. 
The fuel and oxidant are delivered through a single side of the fuel cell29.

Another very interesting micro fuel cell design is shown in Figure 
11-6. This fuel cell structure is usually made of silicon and the channels 
are fabricated at small enough dimensions to allow the fuel and oxidant 
to fl ow in the laminar fl ow regimen without mixing30–32. The protons 
travel from one stream to the next without the aid of a proton exchange 

leuFleuF Oxidant

edonAedonA Cathode

Insulator

Polymer Electrolyte 
Membrane

Diffusion Layer
Catalyst

Flow 
in Fuel

Flow in 
Oxidant

Oxidant

Fuel

250 – 400 
microns

Flow Channel:
 ~ 5 cm long

Anode

Cathode

FIGURE 11-5. Cross-sectional view of planar micro fuel cell stack33,34.

FIGURE 11-6. Cross-sectional view of a membraneless laminar fl ow micro fuel cell 
stack35,36.



Modeling Micro Fuel Cells 307

membrane. There are separate entrances for the fuel and oxidant. The 
electrode materials are deposited on the silicon structure by sputtering 
or evaporation.

Laminar fl ow is a new concept in developing micro fuel cells. The 
most widely known design is a Y-shaped microchannel system where two 
fuels fl ow side-by-side with the help of a large control and monitoring 
system outside the fuel cell. When considering how this system will be 
able to be actualized, one important concept to keep in mind is the size of 
the interface between the two fuels, which is defi ned by the depth and the 
length of the channel. The width is not considered as important because 
the interface remains the same regardless of the width of the channels.

11.3 Microfl uidics

As in continuum mechanics, microfl uidics uses the Navier-Stokes equa-
tions for liquids and gases. The equations are valid for liquids and gases, 
with the exception that gases are compressible while liquids are not. As 
the dimensions become smaller, the differences between gases and liquids 
become more apparent. The fi rst difference is that liquids have interfaces, 
and there are defi nite boundary liquids fl owing in a channel. On the other 
hand, gases readily mix together. The second difference becomes apparent 
when Navier-Stokes equations are analyzed for MEMS systems. A Knudsen 
number that is less than 0.01 indicates that the equations of the continuum 
theory should provide a good approximation, while a Knudsen number 
approaching unity means that the gas must be treated as a collection of 
particles rather than continuum. The useful forms of the Navier-Stokes 
equations for MEMS systems are introduced in this section.

11.3.1 Navier-Stokes Equation
The Navier-Stokes equation describes the behavior of a fl uid in terms of 
stress and strain. In fl uids, in addition to conservation of momentum, 
there is also an equation derived from the principal of conservation of 
mass:

 
∂
∂

∂
∂

∂
∂

ρ ρ ρ
t

u
x

u
x

j
j

i

i

+ + = 0  (11-1)

where r denotes the density of fl uid and ui is a vector of fl uid velocities 
whose ith component is fl uid velocity in direction i. The strain rate 
tensor:
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The stress tensor can be thought of as a 3 × 3 matrix; therefore, it is 
written as:
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The ijth element of this matrix is the force per unit area in the direc-
tion i exerted on a surface element with normal in the j direction. The 
stress tensor is related to the strain tensor through:

 sij = −pdij + 2me.ij + le.kkdij (11-4)

In the equation 11-4, the dot implies differentiation with respect to time, 
p is the pressure in the fl uid, m is the dynamic viscosity, and l is a second 
viscosity coeffi cient. The equation of conservation can now be written as:
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where Fi represents body forces, while the stress tensor captures the inter-
nal stresses. Equation 11-5 is a statement of Newton’s second law, 
F = ma. Using Equation 11-4 in Equation 11-5:
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Equation 11-6 is usually called the Navier-Stokes equation of motion 
and Equations 11-1 and 11-6 are called Navier-Stokes equations. These can 
be rewritten in vector form:
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The Navier-Stokes equations for a viscous, compressible fl uid are a 
system of four nonlinear partial differential equations. However, the system 
contains fi ve unknown functions: pressure, density, and the three compo-
nents of the velocity vector. In order to solve for the unknowns, the con-
servation of energy equation is usually added to the Navier-Stokes equations. 
This introduces one more equation and one more unknown variable, the 
temperature, T. A fi nal equation relating the r, p, and T needs to be intro-
duced to solve for the six unknowns.
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11.3.2 Incompressible Flow
If the fl uid is assumed to be incompressible, the Navier-Stokes equations 
may be simplifi ed. The assumption of incompressibility implies that density 
is a constant. Therefore, Equations 11-7 and 11-8 reduce to:

 ∇ · u = 0 (11-9)

 
∂
∂
u
t

u u p u+ ⋅∇ = − ∇ + ∇( )
1 2

ρ
ν  (11-10)

where v = m/p is called the kinematic viscosity.The assumption of constant 
density reduces the number of equations and unknowns to four.

11.3.3 The Euler Equations
In addition to the assumption of constant density, if it is assumed that the 
fl uid is inviscid as well as incompressible, the Navier-Stokes equations may 
be further simplifi ed to obtain the Euler equations. This assumption means 
that v = 0, and therefore Equations 11-9 and 11-10 reduce to:

 ∇ · u = 0 (11-11)
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Equations 11-11 and 11-12 are called the incompressible inviscid 
Navier-Stokes equations.

11.3.4 The Stokes Equations
If the incompressible Navier-Stokes equations for a fl ow assume a charac-
teristic velocity, U, in a spatial region with characteristics length, l, the 
following equations can be introduced:
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where p∞ is a reference pressure in the system to be thought of as the pres-
sure in the fl uids at infi nity. The dimensionless system is obtained:

 ∇ · u = 0 (11-14)
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As introduced previously, the dimensionless parameter Re is the 
Reynold’s number for the fl ow and is given by:

 Re =
Ul
ν

 (11-16)

when the Reynold’s number is low, the incompressible Navier-Stokes equa-
tions are replaced with the Stokes equations (Equations 11-17 and 11-18). 
The pressure is rescaled with Re where p = p/Re, and the limit as Re → 0 
is used to obtain:

 ∇ · u = 0 (11-17)

 ∇p = ∇2u (11-18)

11.3.5 Boundary and Initial Conditions
In order to formulate the boundary and initial conditions, two types of 
interfaces are examined: a solid–fl uid interface and a fl uid–fl uid interface. 
For the boundary between a fl uid and solid, the no-penetration and no-slip 
boundary conditions are generally used. If the fl uid–solid interface is used 
as shown in Figure 11-7a the boundary conditions would be formulated in 
terms of normal, n, and the velocity, u, as:

 u · n = 0 (11-19)

The no-slip boundary condition comes from experimental evidence. 
It has been observed that the fl uid is moving tangentially to the solid 
surface at the interface between a fl uid and solid. The no-slip boundary 
condition is stated as:

a) b)

Fluid 1

Fluid 2

Fluid

Solid

Normal Normal

FIGURE 11-7. A a) fl uid–solid interface, and b) a fl uid–fl uid interface.
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 u × n = 0 (11-20)

When the two conditions are combined, the no-slip and no- penetration 
at the boundary between a solid and a fl uid, they can be stated as:

 u = 0 (11-21)

When dealing with inviscid fl uid fl ow, it is only necessary to specify no-
penetration into a solid, and not the full no-slip condition.

At a fl uid–fl uid interface, the no-slip boundary condition is used. The 
interface is described by the equation f(x, y, z, t) = 0, as shown in Figure 
11-7b. The location of the interface between the two fl uids is not usually 
known, determining the function f is part of the problem. The change in 
momentum across the interface is balanced by the tensile force of the 
interface, as shown in Figure 11-7:
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where g is the surface tension at the interface, Ri is the radii of curvature 
of the interface, and the s i are the stress tensors in each fl uid. If the fl uid 
is not moving, the stress in the fl uid becomes hydrostatic, and the equation 
reduces to the familiar Laplace-Young law:
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where the pi are the pressures of each fl uid.
Since the location of the interface is unknown, an additional condi-

tion is needed to determine its position. This is called a kinematic 
condition, and it says the fl uid that starts on the boundary remains 
on the boundary. In terms of the interface f as shown, this condition 
may be stated as:
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Here ui is the velocity vector of the ith fl uid.
The study of MEMS sometimes requires the researcher to confront 

unfamiliar parameter regimes, and there are cases where the fl uids do 
sometimes slip along a solid surface. The Knudsen number provides a 
measure of how close a particular system is to the slip regimen:

 Kn
l

=
λ

 (11-25)
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where l is the molecular mean-free-path, and l is the characteristic 
length of the system under consideration. As mentioned previously, 
the mean-free-path is the average distance traveled by a molecule between 
collisions. When the mean path becomes large and the system becomes 
comparable in size, the Knudsen number approaches one. In microfl uidics, 
the Knudsen number becomes large, not because the mean-free-path 
is large, but because the system size becomes small. If Kn is less that 
10−4, the no-slip boundary condition can be applied. If Kn becomes larger 
than 10−4, fl uid will slip along an interface. A modifi ed slip boundary con-
dition is often used. For example, the wall coinciding with the x-axis and 
moving with velocity Vw in the direction of the x-axis can be expressed as:
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where s is called the accommodation coeffi cient, and b is called the slip 
coeffi cient. These coeffi cients are typically determined experimentally.

11.3.6 Poiseuille Flow
A simple solution of the incompressible Navier-Stokes equations can be 
solved for fl ow in a pipe. If a cylinder has a radius R, and a constant pres-
sure gradient in the z direction, then:

 pz = −A (11-27)

where A is a constant. If the velocity vector has fl ow only in the z direc-
tion, then the incompressible Navier-Stokes equations are:
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If Equation 11-27 is substituted in Equation 11-28, and the resulting 
equation is integrated twice with respect to r:
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where c0 and c1 are integration constants. If c0 is zero, and c1 is found by 
applying the no-slip boundary condition at r = R, then:
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11.3.7 Poiseuille Flow with Slip
If the slip coeffi cient, b, from Equation 11-26 is zero, then the boundary 
condition for Equation 11-28 is:
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It is required that c0 = 0 in order to keep the velocity bounded at the 
origin. However, the slip boundary condition implies that:
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Therefore, the solution for velocity is:
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Equation 11-34 reduces to the no-slip solution when Kn goes to 
zero.

11.4 Flow Rates and Pressures

For a pipe of length, l, and circular cross-section with radius, r, the Navier-
Stokes equations can be solved for a steady-state, incompressible fl uid. The 
volumetric fl ow rate is given by the Hagen-Poiseuille law:
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where ΔP is the pressure drop over the length of the pipe and v is the 
dynamic viscosity of the liquid. Using the no-slip boundary condition, the 
average fl uid velocity is:
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 (11-36)
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Therefore, the pressure drop over the length l is:

 ΔP
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r
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8
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 (11-37)

Now let r = el, and suppose the velocity, v, is scaled so that:

 u = a rn (11-38)

where n = 0 for the case of constant velocity, and n = 1 for the 
case of constant time of a particle of the fl uid to transverse the 
pipe. Then:
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These equations illustrate that maintaining a constant velocity of the 
fl uid requires very large pressures. Constant time results in a constant pres-
sure drop across the pipe, however, this requires extremely high pressure 
gradients since:

 ΔP ≈ 8narn−2 (11-40)

Note that in both cases the Reynold’s number decreases with de-
cre asing r. Large pressures and large pressure gradients are unavoidable in 
microsystems.

The fl uidic resistance is the pressure drop over the fl ow rate, and is 
independent of the average velocity of the fl uid:
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which shows that small pipes have very high resistance.

11.5 Bubbles and Particles

Bubbles are more important in MEMS systems than in macroscopic systems. 
Since the channel size is very small, the bubbles can sometimes block 
entire channels, inhibit fl ow, create large void fractions, or introduce many 
other issues in microsystems. Small volumes of one fl uid in another fl uid 
have spherical shapes due to surface tension. If the fl uids have different 
densities, the droplets will move upward or downward due to the buoyant 
forces acting upon them.
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The buoyant force, FB, on a spherical air bubble of radius r in a liquid 
density is given by:

 F g rB = ρ π4
3

3  (11-42)

The force acting to hold a bubble in place on a surface is the interfacial 
force, F is:

 FI = pdg (11-43)

where g is the interfacial tension, and d is the diameter of the contact area 
of the bubble.

For bubbles in fl ow channels, the pressure drop across a liquid–gas 
interface and the pressure difference needed to move the bubbles are given 
by:

 ΔP
r

=
2γ θcos

 (11-44)
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where r is the channel radius and g is a frictional surface tension 
parameter.

Depending upon how a bubble is positioned in a microchannel, the 
pressure drop and pressure required to move the bubble can vary. If 
the bubble impedes the fl ow in a capillary, the pressure may be low. If the 
bubble ends up in a region with different curvatures, the pressure drop may 
be signifi cant, and large pressures may be required to remove the bubble.

When considering the movement of a particle in a fl uid, the friction 
coeffi cient is given by Stokes’ law:

 f = 6prm (11-46)

Like bubbles, particles in microfl uidic systems are important because 
they are of comparable size to fl ow channels. In order to prevent issues 
with particles in MEMS systems, careful fi ltration of fl uids and gases is 
required.

11.6 Capillary Effects

As fi rst discussed in Chapter 8, the surface tension force that draws liquid 
into a small fl ow channel or capillary is:
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 FI = 2prg cos(q) (11-47)

where q is the contact angle between the liquid and surface. For a vertical 
capillary, the gravitational force on the rising column of liquid is given 
by:

 Fg = rgpr2h (11-48)

When these forces are made equal, the maximum rise in height of a fl uid 
in a capillary against gravity is:

 h
gr
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2γ θ

ρ
cos( )

 (11-49)

Therefore, the height of the fl uid column will greatly increase as the 
size of the channel is decreased. Capillary forces are very useful in micro-
fl uidics because very long lengths of channel can be fi lled with fl uid using 
this force alone—as long as the capillary force is not opposed by gravity.

11.7 Single- and Two-Phase Pressure Drop

Single- and two-phase pressure drop calculations for microchannels are 
slightly different than the calculations for conventional channel sizes. 
There are several models in the literature for pressure drop in microchan-
nels for different sizes of microchannels for gas and liquid phases. A pres-
sure drop model proposed by Garimella et al.37 is used in this section. The 
fi rst type of pressure drop is contraction pressure drop is due to reduction 
in the fl ow area. The homogeneous fl ow model is used to calculate the 
contraction pressure drop:
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The multiple fl ow regimen pressure drop model of Garimella et al.38 
for condensing fl ows of refrigerant R134a in tubes with 0.5 < D < 4.9 mm 
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can also be used for other types of fl uids. Although this model consists of 
separate submodels for the intermittent fl ow regimen and the annular/
mist/disperse fl ow regimens, in the current study, the annular fl ow portion 
is used for all data for ease of implementation.

In the annular fl ow model, the interfacial friction factor is computed 
from the corresponding liquid phase Re and friction factor, the Martinelli 
parameter, and a surface tension–related parameter:
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where the laminar region is <2300 and A = 1.308 × 10−3, a = 0.427 3, 
b = 0.9295, and c = −0.1211

The Martinelli parameter X is given by:
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The liquid phase Re is defi ned in terms of the annular fl ow area occupied 
by the liquid phase:
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and the gas phase Re is:

 Reν
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The surface tension parameter y is given by:

 ψ μ
σ

=
jl l  (11-58)

where j
G x

l
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=
−
−
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 is the liquid superfi cial velocity. The interfacial friction 

factor is related to the pressure drop through the void fraction model using 
the following equation:
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Two-phase pressure drops in bends are calculated using the homoge-
neous fl ow model:

 Δ ΨP k
G

bend in B
l

H x out, ,=
2

2ρ _  (11-60)

The mass fl ux required for calculating the pressure drop at an abrupt 
turn in the channel is determined based on the minimum fl ow area in the 
channel when the gas goes into the channel
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where dTS is the depth of the channels. The deceleration pressure gain is 
calculated using:

  
ΔP

G x G x G x
deceleration

l x xin

= +
−
−

⎡
⎣⎢

⎤
⎦⎥

− +
=

2 2 2 2 2 21
1ρ α ρ α ρ αν ν

( )
( )

GG x

l x xout

2 21
1
( )
( )

−
−

⎡
⎣⎢

⎤
⎦⎥ =ρ α

 (11-62)
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The deceleration pressure gain and contraction and expansion losses 
are proportional to the square of the mass fl ux, and therefore, the increase 
or decrease at the same rate with a change in mass fl ux. The contraction and 
expansion pressure drop decreases with an increase in channel width because 
the area contraction or expansion ratio increases. The deceleration pressure 
drop is proportional to the change in quality across the test section.

11.8 Velocity in Microchannels

There are two distinct regions of fl ow in a microchannel: the entrance and 
regular fl ow region. When the fl uid or gas enters the channel, the fl ow 
(velocity) profi le changes from fl at to a more rounded and eventually to the 
characteristic parabolic shape. Once this occurs, it is in the fully developed 
region of fl ow, as shown in Figure 11-8.

The parabolic profi le is typical of laminar fl ow in channels, and is 
caused by the existence of the boundary layer. When the fl uid fi rst enters 
the channels, the velocity profi le will not yet be parabolic. Instead, this 
profi le will develop over a distance called the entrance length. The length 
of the entrance region for a circular duct is given by:
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If the entrance is well rounded, the velocity profi le is nearly uniform. 
Boundary layers form at the entrance as the fl uid enters. The fl uid acts 
according to the Continuity law, which says the fl uid will slow down at 
the walls of the channel, while the fl uid in the center of the wall will 
accelerate. There is an excess pressure drop across the entrance length 
due to the increased shear forces in the entrance boundary layers and the 
acceleration of the core.

In a circular pipe, the velocity distribution across the diameter of the 
pipe is given by:

 ν
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( ) ( )r
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R r= −
Δ
4

2 2  (11-65)

Microchannels with a rectangular shape are widely used in micro-
fl uidics. In the x direction, the two-dimensional velocity distribution, 
u(y, z), satisfi es Poisson’s equation:

 ∇ = −2 1
u y z

dp
dx

( ),
μ  (11-66)

where m is the dynamic viscosity, and dp/dx is the pressure gradient.
Since the velocity at the wall is zero, a Fourier series solution of 

the velocity fi eld u(y, z) in a rectangular channel size of −w/2 ≤ w/2 and 
−H/2 ≤ H/2 can be written as:
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Velocity Profile 
at the Entrance

Entrance Length
(Region of Developing Flow) Region of Fully Developed Flow

Fully Developed 
Velocity Profile 

Partially Developed 
Velocity Profile 

FIGURE 11-8. Developing velocity profi les from the entrance region to the fully 
developed region in a microchannel.
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EXAMPLE 11-1: Plotting the Three-Dimensional Velocity Field

Using Equations 11-68 and 11-69 for a volumetric fl ow rate of 2e-6 m3/s, 
create the three-dimensional velocity fi eld for a fully developed fl ow in 
a rectangular channel. The width-to-depth aspect ratio is 4 (w/H = 4), 
and the viscosity is 1.002e-9.

Using MATLAB to solve:

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

%EXAMPLE 11-1: Plotting the 3-D velocity fi eld

% UnitSystem SI

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

% Inputs

Q = 2e6; % Flow rate (m^3/s)
muu = 1.002e-9; % Viscosity
ymin = -200;
ymax = 200;

where the velocity varies in the channel with the width-to-depth 
aspect ratio (w/H). As cosh approaches infi nity with n, it is a nontrivial 
task to achieve the exact solution of this equation. By integrating the 
equation over the area of the channel section, the volumetric rate can 
be written as:

Q
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dx n
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 (11-68)

where Q is the volumetric fl ow rate, and dp/dx is the pressure gra-
dient along x. The pressure gradient can be related to the mean velocity, 
u, by:

 
dp
dx

k u
H

= −
4

2

μ
 (11-69)

where k is a constant related to the aspect ratio of a rectangular channel.
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% Width of the channel

Zmin = -50;
zmax=50;

% Thickness of the channel

Npts = 40;
dy=(ymax-ymin)/npts;
dz=(zmax-zmin)/npts;
a=(ymax-ymin)/2;
b=(zmax-zmin)/2;
L = 5000;
Pi = 3.141 592 653 59;
P1 = 0.0;
aspectratio = 4; % Width to depth aspect ratio
ku = 14.2;

% Input of fl ow rate to calculate pressure gradient P

P = ku ∗ muu ∗ Q/(ymax-ymin)/(zmax-zmin)/(zmax-zmin)^2;

n = 1000;
ny = ((ymax-ymin)/dy);
nz = ((zmax-zmin)/dz);
for i = 1:ny+1
 for j = 1:nz+1
  u(i,j) = 0.0
 end
end
for i = 1:nz+1
 za(i) = zmin+(i-1) ∗ dz;
end
for i = 1:ny+1
 ya(i) = ymin+(i-1) ∗ dy;
end
for i = 1:ny+1
 for j = 1:nz+1
  for k = 1:800
u(i,j) = u(i,j)+(16 ∗ P ∗ a^2)./(muu ∗ pi^3). ∗ ((-1)^.(k-1). ∗ (1-cosh((2. ∗ k-1). ∗ pi. ∗ za(j)

./2./a)./…
cosh((2 ∗ k-1) ∗ pi ∗ b/2/a)). ∗ cos((2 ∗ k-1) ∗ pi ∗ ya(i)/(2 ∗ a))./(2 ∗ k-1)^3);
  end
 end
end
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FIGURE 11-9. Three-dimensional velocity fi eld in microchannels.

% Plot the 3-D velocity fl ow fi eld

fi gure1 = fi gure(‘Color’,[1 1 1]);
hdlp = surf(ya,za,u);
colormap hsv
colorbar
xlabel(‘y = y/w’,’FontSize’,12,’FontWeight’,’Bold’);
ylabel(‘z = z/H’,’FontSize’,12,’FontWeight’,’Bold’);
zlabel(‘Normalized Velocity (u)’,’FontSize’,12,’FontWeight’,’Bold’);
set(hdlp,’LineWidth’,1.5);
grid on;
I

Figure 11-9 shows the three-dimensional fl ow fi eld in a rectangular 
channel with width to depth aspect ratio (w/H = 4) for example 11-1.
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EXAMPLE 11-2: Modeling the Two-Phase Pressure Drop 
in Microchannels

Create a two-phase pressure drop model for the microchannels using the 
equations introduced in this chapter. Figure 11-10 shows an illustration 
of the channels. The inlet channel diameter is 1.55 mm, with a mass 
fl ow rate of 2.18e-4 kg/s. The outlet value for G is 550. For the channels 
in the bipolar fl ow plate, the horizontal length is 0.0075 m, and the 
vertical length is 0.0015 m. There are 9 channels, and 8 “u” bends. 
Table 11-3 shows the other parameters required for calculating the pres-
sure drop for this problem.

End plate Other fuel 
cell layers

Bipolar plate

Inlet flow
Channel 

Channel length 2) Bend pressure drop 
from inlet channel to 
bipolar channel

3) Contraction pressure 
drop from inlet channel to 
bipolar channel

4) Deceleration pressure 
gain in channels

5) Frictional pressure 
drop in bipolar channels

6) Bend pressure drop in 
bipolar channel bends

1) Frictional 
pressure drop in 
inlet channel

TABLE 11-3
Parameters for Example 11-2

Inlet Outlet

Quality 0.80 70
Vapor density (kg/m3) 100 95
Vapor viscosity (kg/ms) 1.4e-5 1.4e-5
Liquid density (kg/m3) 1000 1075
Liquid viscosity (kg/ms) 1.2e-4 1.24e-4

FIGURE 11-10. Illustration for Example 11-2.
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First calculate the area and G:
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The frictional pressure drop in the channel from the inlet to the 
bipolar channel entrance needs to be calculated next.

The void fraction is:
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The liquid Reynold’s number is:
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The friction factor for the laminar fi lm is:
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The friction factor for vapor is:

fn = 0.316 ∗ Ren
−0.25 = 0.316 ∗ (1.08e − 4)−0.25 = 0.0310

The pressure drops for the liquid and vapor phase are:
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The Martinelli parameter is calculated by:
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The liquid superfi cial velocity is:
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where the laminar region is <2300 and A = 1.308 × 10−3, a = 0.427 3, 
b = 0.9295, and c = −0.1211.
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The bend pressure drop from the fl ow channel to the bipolar channel 
entrance is:
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The contraction pressure drop from the fl ow channel to the bipolar 
channel entrance can be calculated by the following:
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The deceleration pressure gain is calculated using:
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The frictional pressure drop in the bipolar channels is calculated 
in the same manner as the frictional pressure drop from the inlet 
channel to the bipolar channel entrance. The pressure drops in the fl ow 
channel bends are also calculated using the same equation as for the 
bend from the inlet channel to the fl ow fi eld channels. The last 
step involves summing all of the pressure drops to obtain the net 
pressure drop

ΔP = ΔPchan,in + ΔPbend,in + ΔPcon + ΔPdeceleration + ΔPbipolar + ΔPbend,bipolar

Using MATLAB to solve:

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

% EXAMPLE 11-2: Modeling the Two-Phase Pressure Drop 
in Microchannels

% UnitSystem SI

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

% Pressure drop analysis for microchannels

D_chan = 0.001 55; % Channel diameter (m) (1.55 mm)
D_bipolar = 0.000 1; % Bipolar channel diameter (100 um)
m = 2.18e-4; % Mass fl ow rate (kg/s)
x = 0.80; % Quality
pv = 100; % Vapor density (kg/m^3)
pl = 1000; % Liquid density (kg/m^3)
mul = 1.2e-4; % Liquid viscosity (kg/ms)
muv = 1.4e-5; % Vapor viscosity (kg/ms)
sigma = 3.6e-3; % (N/m)
A = 1.308e-3;
a = 0.427 3;
b = 0.929 5;
c = -0.121 1;
L_chan = 0.01; % Channel Length (10 mm)
kb = 0.6;
psi = 7.85;
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% Calculate the area of the inlet channels

A_chan = pi ∗ (D_chan/2)^2;

G_chan = m / A_chan;

% Frictional pressure drop in channel from inlet to the 
bipolar channel

% entrance

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

% Void fraction

alpha = (1 + (((1 − x) / x)^ 0.74) ∗ ((pv/pl)^0.65) ∗ (mul/muv)^0.13)^(-1);

% Liquid Reynold’s number

Re_l = (G_chan ∗ D_chan ∗ (1 − x))/ ((1+ sqrt(alpha))* mul);

% Vapor Reynold’s number

Re_v = (G_chan ∗ D_chan ∗ x)/ (sqrt(alpha) ∗ muv);

% Friction factor for laminar fi lm

f_l = 64/Re_l;

% Vapor friction factor

f_v = 0.316 ∗ Re_v^(-0.25);

% Annular fl ow model

dPdz_l = (f_l ∗ G_chan^2 ∗ (1 − x)^2)/(2 ∗ D_chan ∗ pl); %Pa/m
dPdz_v = (f_v ∗ G_chan^2 ∗ x^2)/(2 ∗ D_chan ∗ pv); %Pa/m

% Martinelli parameter

Xm = (dPdz_l/dPdz_v)^0.5;

j_l = (G_chan ∗ (1-x))/(pl ∗ (1-alpha)); %m/s

phi = (j_l ∗ mul)/sigma;

f_i = A ∗ (Xm^a) ∗ (Re_l^b) ∗ (phi^c) ∗ f_l; % For laminar region

deltaP_chan = 0.5 ∗ f_i ∗ G_chan^2/pv ∗ (x^2)/(alpha^2.5) ∗ (1/D_chan) ∗ L_chan; 
% Pa

% Calculate the area of the bipolar channels

A_bipolar = pi ∗ (D_bipolar/2)^2;

G_bipolar = m / (pi ∗ D_chan ∗ D_bipolar);
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% Bend pressure drop from fl ow channel to bipolar 
channel entrance

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

% Homogenous fl ow model

deltaP_bend_in = kb ∗ ((G_bipolar^2)/(2 ∗ pl)) ∗ psi % Pa

% Contraction pressure drop from the fl ow channel to bipolar 
channel entrance

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

gamma_con = A_chan/A_bipolar %
Cc = 1/(0.639 ∗ ((1-(1/gamma_con))^0.5)+1)

% Homogenous fl ow model

deltaP_con_in =((G_bipolar^2)/(2 ∗ pl)) ∗ ((((1/Cc)-1)^2) + 1 -(1 / gamma_con^2)) ∗ psi; 
% Pa

% Deceleration pressure gain in channels

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
x_in = 0.80; % Quality in
pl_in = 1000; % Liquid density in
mul_in=1.2e-4; % Liquid viscosity in
pv_in = 100; % Vapor density in
muv_in = 1.4e-5; % Vapor viscosity in
pl_out = 1075; % Liquid density out
mul_out = 1.24e-4; % Liquid viscosity out
pv_out = 95; % Vapor density out
muv_out = 1.4e-5; % Vapor viscosity out
x_out = 0.70; % Quality out
G = 550;
alphax_in = (1+ (((1-x_in)/x_in)^0.74) ∗ ((pv_in/pl_in)^0.65) ∗ ((mul_in/muv_

in)^0.13))^(-1);
alphax_out= (1+ (((1-x_out)/x_out)^0.74) ∗ ((pv_out/pl_out)^0.65) ∗ ((mul_out/muv_

out)^0.13))^(-1);
deltaP_decel = (((G^2) ∗ (x_in^2)/(pv_in ∗ alphax_in))+ ((G^2) ∗ (1-x_in)^2)/(pl_in ∗ (1-

alphax_in)))-  .  .  .  (((G^2) ∗ (x_out^2)/(pv_out ∗ alphax_out))+ ((G^2) ∗ (1-x_out)^2)/
(pl_out ∗ (1-alphax_out)));

% Frictional pressure drop in bipolar channels

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
L_bipolar_hor = 0.0075 ∗ 9; % horizontal length x number of channels
L_bipolar_vert = 0.0015 ∗ 8; % % vertical length x number of u bends

% Void fraction

alpha_bipolar = (1 + (((1 − x) / x)^ 0.74) ∗ ((pv/pl)^0.65) ∗ (mul/muv)^0.13)^(-1);
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% Liquid Reynold’s number

Re_l = (G_bipolar ∗ D_bipolar ∗ (1 − x))/ ((1+ sqrt(alpha_bipolar)) ∗ mul);

% Vapor Reynold’s number

Re_v = (G_bipolar ∗ D_bipolar ∗ x)/ (sqrt(alpha_bipolar) ∗ muv);

% Friction factor for laminar fi lm

f_l = 64/Re_l;

% Vapor friction factor

f_v = 0.316 ∗ Re_v^(-0.25);

% Annular fl ow model

dPdz_l = (f_l ∗ G_bipolar^2 ∗ (1 − x)^2)/(2 ∗ D_bipolar ∗ pl); %Pa/m
dPdz_v = (f_v ∗ G_bipolar^2 ∗ x^2)/(2 ∗ D_bipolar ∗ pv); %Pa/m

% Martinelli parameter

Xm = (dPdz_l/dPdz_v)^0.5;

j_l = (G_bipolar ∗ (1-x))/(pl ∗ (1-alpha_bipolar)); %m/s
phi = (j_l ∗ mul)/sigma;

f_i = A ∗ (Xm^a) ∗ (Re_l^b) ∗ (phi^c) ∗ f_l; % For laminar region

deltaP_bipolar_hor = 0.5 ∗ f_i ∗ G_bipolar^2/pv ∗ (x^2)/(alpha_bipolar^2.5) ∗ 
(1/D_bipolar) ∗ L_bipolar_hor; % Pa

deltaP_bipolar_vert = 0.5 ∗ f_i ∗ G_bipolar^2/pv ∗ (x^2)/(alpha_bipolar^2.5) ∗ 
(1/D_bipolar) ∗ L_bipolar_vert; % Pa

% Bend pressure drop in bipolar channel bends

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

bends = 16; % “L” bends

% Homogenous fl ow model

deltaP_bend_bipolar = kb ∗ ((G_bipolar^2)/(2 ∗ pl)) ∗  psi ∗  bends; % Pa

% Net frictional pressure drop in channels

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

deltaP = deltaP_chan + deltaP_bend_in + deltaP_con_in + deltaP_decel +  .  .  .  deltaP_
bipolar_hor +deltaP_bipolar_vert + deltaP_bend_bipolar; % Pa

% Convert to bar

deltaP = deltaP ∗ 1e-5
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Chapter Summary

When designing and modeling MEMS fuel cells, there are many properties 
that need to be considered that could be neglected in the macroscale fuel 
cell system models. Important micro fuel cell properties are surface effects, 
dead volumes, bubbles, and the consideration of both gas and liquid phases. 
In addition, the properties can differ greatly between 1 mm and 1 micron, 
therefore, the system must take into account the necessary parameters. 
Although micro fuel cells have been researched for several years, it appears 
that this science is still in its infancy based upon the current micro fuel 
cell designs in the literature. In order to progress in the area of micro fuel 
cells, mathematical modeling needs to be an integral part of the design 
process since most of the system variables cannot be measured. The lack 
of measurements is due to the small scale of the system, and the inability 
to measure internal variables while the system is operating.

Problems

• Design a micro fuel cell stack that has to operate at 50 °C with air and 
hydrogen pressures of 1 atm. The Pt/C loading is 1 mg/cm2 and the cells 
use the Nafi on 117 electrolyte. The total power should be 2 W.

• Create a new MEMS fuel cell design based upon the concepts introduced 
in this chapter. Describe the theory behind the design.

• Calculate the two-phase pressure drop for a bipolar plate with 25 chan-
nels and bends, with a length of 1 cm, width of 50 mm, and depth of 
50 mm. The inlet fl ow rate is 0.5 mL/min.

• For Example 11-2, the bipolar plate is heated to 75 °C. What would be 
the new outlet parameters, and the associated pressure drop?
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CHAPTER 12

Modeling Fuel Cell Stacks

12.1 Introduction

As seen in the previous chapters, many parameters must be considered 
when designing and modeling fuel cells. The calculations involved with 
designing fuel cell stacks are very basic, but sometimes are unknown 
to newcomers in the fi eld. The most commonly used stack confi guration 
is the bipolar confi guration, which is very similar to how batteries are 
designed. There are also many alternative stack confi gurations, however, 
the materials, designs, and methods of fabricating the components are 
similar. When considering the design of a fuel cell stack, usually several 
limitations should be considered. Some of these limitations may include 
the following:

• Size, weight, and volume at the desired power
• Cost
• Water management
• Fuel and oxidant distribution

Figure 12-1 illustrates a PEM fuel cell stack.
This chapter explains the basics of modeling stack design, stack 

clamping, and adequate fuel distribution.

12.2 Fuel Cell Stack Sizing

The sizing of a fuel cell stack is very simple; there are two independent 
variables that must be considered—voltage and current. The known require-
ments are the maximum power, voltage, and/or current. Recall that power 
output is a product of stack voltage and current:

 WFC = Vst · I (12-1)
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Other initial considerations that are helpful when designing a fuel cell 
stack are the current and power density. These are often unavailable ini-
tially, and can be calculated from the desired power output, stack voltage, 
effi ciency, and volume and weight limitations. The current is a product of 
the current density and the cell active area:

 I = i ∗ Acell (12-2)

As mentioned previously, the cell potential and the current density 
are related by the polarization curve:

 Vcell = f(i) (12-3)

Figure 12-2 shows example polarization curves for single PEM fuel 
cells from the literature. Most fuel cell developers use a nominal voltage 
of 0.6 to 0.7 V at nominal power. Fuel cell systems can easily be designed 
at nominal voltages of 0.8 V per cell or higher if the correct design, materi-
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FIGURE 12-1. Schematic of a PEM fuel cell stack.
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als, operating conditions, balance-of-plant, and electronics are selected. 
Balance-of-plant components, are discussed in Chapter 13.

12.3 Number of Cells

The number of cells in the stack is often determined by the maximum 
voltage requirement and the desired operating voltage. The total stack 
potential is a sum of the stack voltages or the product of the average cell 
potential and number of cells in the stack4:

 V V V Nst i cell cell
i

Ncell

= = ∗
=
∑

1

 (12-4)

The cell area must be designed to obtain the required current for the 
stack. When this is multiplied by the total stack voltage, the maximum 
power requirement for the stack will be obtained. The average voltage and 
corresponding current density selected can have a large impact upon stack 
size and effi ciency. The fuel cell stack effi ciency can be approximated with 
the following equation:

 ηstack
cellV

=
1 482.

 (12-5)
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EXAMPLE 12-1: Designing the Fuel Cell Stack

Design a fuel cell with a voltage, current, cell area, and number of cells 
to power a scooter with a power requirement of 5.9 kW.

The number of cells depends upon the required operating voltage. 
The electric scooter industry in Taiwan is standardizing on 48-V electric 
motors, so the number of cells is chosen to have the stack operate in the 
vicinity of 48 V at the most common power demand. Note that in a fuel 
cell, as the total power output changes, the voltage varies as well5.

Using MATLAB to solve:

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

% EXAMPLE 12-1: Designing the Fuel Cell Stack

% UnitSystem SI

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

% Inputs

Power = 5900; % Required stack power (W)
Voltage = 48; % Stack Voltage (V)
V_cell = 0.6; % Cell voltage
i = 0.5; % Current Density (A/cm^2)

% Calculate the required stack current

I = Power / Voltage; % The current is the power divided by the voltage

% Assume that the fuel cell voltage is 0.6 V per cell

N_cells = Voltage/V_cell;

% Assume the current density is 0.5 A/cm^2, therefore, the 
current needed per cell is

i_cell = I/N_cells;

% The area required per cell is

A_cell = i_cell/i; % cm^2

12.4 Stack Confi guration

In the traditional bipolar stack design, the fuel cell stack has many cells in 
series, and the cathode of one cell is connected to the anode of the next 
cell. The MEAs, gaskets, bipolar plates, and end plates are the layers of the 
fuel cell. The stack is held together by bolts, rods, or another pressure 
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device to clamp the cells together. When contemplating a fuel cell design, 
the following should be considered6:

• Fuel and oxidant should be uniformly distributed through each cell, 
and across its surface area.

• The temperature must be uniform throughout the stack.
• If designing a fuel cell with a polymer electrolyte, the membrane 

must not dry out or become fl ooded with water.
• The resistive losses should be kept to a minimum.
• The stack must be properly sealed to ensure no gas leakage.
• The stack must be sturdy and able to withstand the necessary envi-

ronments it will be used in.

The most common fuel cell confi guration is shown in Figure 12-3 and has 
been shown throughout the book. Each cell (MEA) is separated by a plate 
with fl ow fi elds on both sides to distribute the fuel and oxidant. The fuel 
cell stack end plates have only a single-sided fl ow fi eld. The majority of 
fuel cell stacks, regardless of fuel cell type, size, and fuels used, is of this 
confi guration.

MEA
Bipolar 
Plate

MEA

FIGURE 12-3. Typical fuel cell stack confi guration (a two-cell stack).
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12.5 Distribution of Fuel and Oxidants to the Cells

Fuel cell performance is dependent upon the fl ow rate of the reactants. 
Uneven fl ow distribution can result in uneven performance between cells. 
Reactant gases need to be supplied to all cells in the same stack through 
common manifolds. Some stacks rely on external manifolds, while others 
use an internal manifolding system. One advantage of external manifolding 
is its simplicity, which allows a low pressure drop in the manifold, and 
permits good fl ow distribution between cells. A disadvantage is that the 
gas fl ows may fl ow in crossfl ow, which can cause uneven temperature 
distribution over the electrodes and gas leakage. Internal manifolding dis-
tributes gases through channels in the fuel cell itself. An advantage of 
internal manifolding is more fl exibility in the direction of fl ow of the gases. 
One of the most common methods is ducts formed by the holes in the 
separator plates that are aligned once the stack is assembled. Internal 
manifolding allows a great deal of fl exibility in the stack design. The main 
disadvantage is that the bipolar plate design may get complex, depending 
on the fuel fl ow channel distribution design. The manifolds that feed gases 
to the cells and collect gases have to be properly sized. The pressure drop 
through the manifolds should be an order of magnitude lower than the 
pressure drop through each cell in order to ensure uniform fl ow distribu-
tion. When analyzing the fl ow for the cells7:

1. The fl ow into each junction should equal the fl ow out of it.
2. The fl ow in each segment has a pressure drop that is a function of 

the fl ow rate and length through it.
3. The sum of the pressure drops around a closed loop must be 

zero.

Some of the factors that need to be considered when designing manifold 
stacks include manifold structure, size, number of manifolds, overall gas 
fl ow pattern, gas channel depth, and the active area for electrode reactions. 
The manifold holes can vary in shape from rectangular to circular. The area 
of the holes is important because it determines the velocity and type of 
fl ow. The fl ow pattern is typically a U-shape (reverse fl ow), where the 
outlet gas fl ows in the opposite direction to the inlet gas, or a Z-shape 
(parallel fl ow), where the directions of the inlet and outlet gas fl ows are the 
same as shown in Figures 12-4 and 12-5. The pressure change in manifolds 
is much lower than that in the gas channels on the electrodes in order to 
ensure a uniform fl ow distribution among cells piled in a stack8,9.

The pressure drop, fl ow rates, velocity, and mole fractions can be calcu-
lated in a similar manner to the equations introduced in Chapters 5, 10, and 11. 
The pressure drop can be calculated from the Bernoulli equation as follows:

 ΔP i
u i u i
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u i
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u is

H
f( )

[ ( )] [ ( )] [ ( )] [ ( )]
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where r is the density of the gas (kg/m3), n is the velocity (m/s), f is the 
friction coeffi cient, Ls is the length of the segment (m), DH is the hydraulic 
diameter of the manifold segment (m), and Kf is the local pressure loss 
coeffi cient.

For laminar fl ow (Re < 2300), the friction coeffi cient f for a circular 
conduit (as mentioned previously) is:

 f =
64
Re

 (12-7)

The walls of the fuel cell manifolds are considered “rough” when 
the stack has bipolar plates that are clamped together. The friction coeffi -
cient for turbulent fl ow is a function of wall roughness. The friction 
coeffi cient is

 
f

D

=
−⎛

⎝
⎞
⎠

1

1 14 2
2

. log
ε  (12-8)

where 
ε
D

 is the relative roughness, which can be as high as 0.1.

Stack Inlet

Stack Outlet

FIGURE 12-4. A U-type manifold.

Stack Inlet

Stack Outlet

FIGURE 12-5. A Z-type manifold.
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EXAMPLE 12-2: Transient Pressure Drop Model

Create a transient MATLAB program that will calculate the pressure 
drop of six fuel cell layers. Use the fuel cell parameters introduced in 
Example 10-3 in Chapter 10. The code created in this example can act 
as a start for a program that calculates the fl ow rates, velocities, mass 
fl ows, and pressure drops through the layers in a fuel cell stack. Plot the 
fl ow rates after a 20 and 120 second simulation time.

The pressure drops into and out of each fuel cell layer need to be 
calculated. The pressure drop for a circular channel is:

Δ ΣP f
L

D
K

H
L= +ρ ν ρ ν2 2

2 2

where the hydraulic diameter is:

D
A

P
H

c

cs

=
×4

and Reynold’s number is:

Re = ρν
μ

m chD

The friction factor is:

f =
64
Re

Using MATLAB to solve:

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

% EXAMPLE 12-2: Transient Pressure Drop Model

% UnitSystem SI

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

% Inputs

function [t,P] = fl ow
% FUELCELL Fuel Cell Stack pressure and velocity model
% Best viewed with a monospaced font with 4 char tabs.

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
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% Constants

const.N = 6; % Number of layers
const.tfi nal = 50; % Simulation time (s)
const.R = 8.314 472; % Ideal gas constant (J/K-mol)
const.v_H2_in = 1.7e-8; % Volumetric fl ow rate of wet hydrogen (m^3/s)
const.v_air_in = 1.e-8; % Volumetric fl ow rate of air (m^3/s)
const.P_tot = 2; % Total pressure (bar)
const.Tf_in = 353.2; % Initial fl uid temperature (K)
const.Tf_air = 273.5; % Initial air temperature (K)
const.mu_H2 = 8.6e-6; % Viscosity of wet hydrogen (Pa-s)
const.mu_air = 8.6e-6; % Viscosity of air (Pa-s)
const.be = 0; % # of bends in channel
const.rho = 0.089 88; % Density of hydrogen (kg/m^3)
%const.damp = 0.6; %  ODE solver damping factor (to avoid ringing of the 

solution)

% Convert volumetric fl ow rate to molar fl ow rate using ideal 
gas law
const.n_air_in = const.v_air_in ∗ (const.P_tot./const.Tf_air) ∗ (1/0.083 1) ∗ 1000; 

% mol/s

% Convert volumetric fl ow rate to molar fl ow rate using ideal 
gas law
const.n_H2_in = const.v_H2_in ∗ (const.P_tot./const.Tf_in) ∗ (1/0.083 1) ∗ 1000; 

% mol/s

% Layers
% 1 − Left end plate
% 2 − Gasket
% 3 − Contact (Copper)
% 4 − Contact
% 5 − Gasket
% 6 − End plate

% Parameters defi ned at the layer boundaries 
% 1 2 3 4 5 6 7
% Gas temperature
param.T_f = [353.2, 353.2 353.2 353.2, 353.2, 353.2, 353.2];

% Parmeters defi ned at the layer centers 
% 1 2 3 4 5 6
% Area (m^2)
param.A = [0.036 7, 0.036 7, 0.036 7, 0.036 7, 0.036 7, 0.036 7];

% Channel Area (m^2)
param.Ach = [1.570 8e-006, 1.570 8e-006, 1.570 8e-006, 1.570 8e-006, 1.570 8e-

006, 1.570 8e-006];
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% Thickness (m)

param.thick = [0.025, 0.025, 0.002, 0.002, 0.025, 0.025];

% Number of slices within layer

param.M = [1, 1, 1, 1, 1, 1];

% Channel radius

param.r = [0.000 625, 0.000 625, 0.000 625, 0.000 625, 0.000 625, 0.000 625];

% Channel width (rectangular channels)

param.wc = [0.000 625, 0.000 625, 0.000 625, 0.000 625, 0.000 625, 0.000 625];

% Channel depth (rectangular channels)

param.dc = [0.000 625, 0.000 625, 0.000 625, 0.000 625, 0.000 625, 0.000 625];

% Channel length

param.L = [0.000 625, 0.000 625, 0.000 625, 0.000 625, 0.000 625, 0.000 625];

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

% Grid defi nition

% x − interslice coordinates
% n − molar fl ow rates at slice boundary

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

% Grid up mass fl ows. Assume each layer abuts the
% next one. The mass fl ow rate is at the boundary of each slice. x is at the
% edge of each slice (like a stair plot).
x = 0;
layer = [];
for i = 1:const.N,
x = [x, x(end) + (1:param.M(i)) ∗ param.thick(i)/param.M(i)]; %Boundary points 

layer = [layer, i ∗ ones(1,param.M(i))];
end

% Slice thicknesses

dx = diff(x); %gives approximate derivatives between x’s

% Initial pressure (defi ned at layer boundaries)

P = zeros(size(x)); % Pressure
u_m = zeros(size(x)); % Velocity
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% Intial pressure equals the outside pressure

P(1) = const.P_tot; % mol/s
P(end) = const.P_tot; % mol/s

% Mean velocity in a channel with area A and molar fl ow rate 
of MOL. P is the pressure and T is the temperature

% Use ideal gas law to calculate initial velocity of hydrogen coming in
u_m(1) = (const.n_H2_in ./ (const.P_tot ./ const.Tf_in ∗ (1/0.083 1) ∗ 1000))./ param.

A(1); % m^3/s
u_m(end) = (const.n_air_in ./ (const.P_tot ./ const.Tf_air ∗ (1/0.083 1) ∗ 1000))./ 

param.A(end); % m^3/s

f = @(t,P) pressure(t,P,u_m,x,layer,param,const,dx’);

options = odeset(‘OutputFcn’,@(t,P,opt) pressureplot(t,P,opt,x));
[t,P] = ode45(f, [linspace(0,const.tfi nal,100)], P, options);

end % of function

%

function dPdt = pressure(t,P,u_m,x,layer,param,const,dx)
% Pressure calculations for fuel cell

% Make a convenient place to set a breakpoint

if (t > 30)
 s = 1;
end

% Preallocate output

dPdt = zeros(size(P));

% Fluid fl ows from left to right for layers 1-3 and
% right to left for layers 4-6
inlet = [fi nd(layer < 4) fi nd(layer > 3)+1];
outlet = [fi nd(layer < 4)+1 fi nd(layer > 3)];

% Treat P as a row vector
P = P(:)’;

% Calculate outlet pressure drop in fl ow channel from each layer

% Calculate velocity (m/s) % Calculation is on the fl ows into and out of each
% block
u_m(outlet) = 6 ∗ u_m(inlet) ∗ (x(outlet)/param.dc(layer)-(x(outlet)/param.dc(layer))^2); 

% velocity (m/s)

%Hydraulic diameter % Calculation is dependent upon the number of layers
Dh_outlet = (4 ∗ param.Ach(layer))./(2 ∗ pi ∗ param.r(layer)); %circular fl ow channel 

(m)
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%Reynold’s number at the channel exit
Re_outlet = (const.rho . ∗ u_m(outlet) . ∗ Dh_outlet)./ const.mu_H2;

%Friction Factor
f_outlet = 64./Re_outlet; %for circular channels

%Pressure Drop
Kl_outlet = const.be ∗ 30 ∗ f_outlet(layer);

P_outlet = (f_outlet. ∗ param.thick(layer)./ Dh_outlet). ∗ const.rho. ∗ ((u_m(outlet).^2)./ 
2)+(Kl_outlet. ∗ const.rho. ∗ ((u_m(outlet).^2)./ 2)); %bar

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

%

% Combine into rate of change of P

%

% Do this in a loop since more than one layer outlet may contribute to
% a given element of dPdt.
for i = 1:length(outlet)
 dPdt(outlet(i)) = dPdt(outlet(i)) + P_outlet(i) − P(outlet(i));
end

% Use damping factor to help numerical convergence
%dPdt = const.damp ∗ dPdt;

end % of function

%

function status = pressureplot(t,P,opt,x)
if isempty(opt)
 plot(t,P), title([‘t = ’,num2str(t)]), hold on
 status = 0;
 drawnow
end

end % of function

12.6 Stack Clamping

The stacking design and cell assembly parameters signifi cantly affect the 
performance of fuel cells. Adequate contact pressure is needed to hold 
together the fuel cell stack components to prevent leaking of the reactants, 
and minimize the contact resistance between layers. The required clamping 
force is equal to the force required to compress the fuel cell layers 
adequately while not impeding fl ow. The assembly pressure affects the 
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characteristics of the contact interfaces between components. If inadequate 
or nonuniform assembly pressure is used, there will be stack-sealing prob-
lems, such as fuel leakage, internal combustion, and unacceptable contact 
resistance. Too much pressure may impede fl ow through the GDL, or 
damage the MEA, resulting in a broken porous structure and a blockage of 
the gas diffusion passage. In both cases, the clamping pressure can decrease 
the cell performance. Every stack has a unique assembly pressure due to 
differences in fuel cell materials and stack design. Due to thin dimensions 
and the low mechanical strength of the electrodes and electrolyte layer 
versus the gaskets, bipolar plates, and end plates, the most important goal 
in the stack design and assembly is to achieve a proper and uniform pres-
sure distribution.

12.6.1 Clamping Using Bolts
The most common method of clamping the stack is by using bolts. When 
considering the optimal clamping pressure on the properties of the fuel cell 
stack, sometimes an overlooked factor is the torque required for the bolts, 
and the factors that contribute to the ideal torque. The optimal torque is 
not merely due to the ideal clamping pressure on the fuel cell layers, but 
it is also affected by the shape and material of the bolt and nut, the bolt 
seating and threading, the stack layers, thickness, and number of layers. 
Materials bolted together withstand moment loads by clamping the sur-
faces together, where the edge of the part acts as a fulcrum, and the bolt 
acts as a force to resist the moment created by an external force or moment. 
Figure 12-6 shows forces exerted by the clamped materials (fuel cell layers) 
on a clamping bolt and nut.

Tightening the bolts stretches the bolts and compresses the stack 
materials. If an external force is applied to the stack, the optimal torque 
usually means that the stack stays compressed. This ensures proper stiff-
ness of the stack. Figure 12-7 shows how the region under a bolt head acts 
like a spring.

12.6.2 Force Required on the Stack for Optimal Compression 
of the GDL
The contact resistance and GDL permeability are governed by the material 
properties of the contacting GDL and bipolar plate layers. The contact 
resistance between the catalyst and membrane layers is low because they 
are fused together, and the contact resistance between the bipolar plates 
and other layers is low because the materials are typically nonporous with 
similar material properties (high density, with similar Poisson’s ratios and 
Young’s moduli). The GDL and the bipolar plate layers have several char-
acteristics that make the contact resistance and permeability larger than 
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FIGURE 12-6. The forces exerted by the clamped materials (fuel cell layers) on the 
bolt and nut.

between the other layers: (1) the Poisson’s ratios and Young’s moduli have 
large differences (a hard material with a soft material); (2) the GDL layer is 
porous, and the permeability has been reduced due to the reduction in pore 
volume or porosity; and (3) part of the GDL layer blocks the fl ow channels 
that are in the bipolar plate creating less permeability through the GDL as 
the compression increases.

The amount of compression of the GDL and bipolar plate material 
layers can be determined using a Herzian compression equation. The cal-
culations assume that the surfaces in contact are not perfectly smooth, that 
the elastic limits of the materials are not exceeded, that the materials are 
homogeneous, and that there are no frictional forces within the contact 
area. The compression formula for two spheres in contact is:
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where acomp is the total elastic compression at the point of contact of 
two bodies, measured along the line of applied force, F is the total applied 
force, D is the diameter of the active area of the material (width of 
MEA), and

 V
E

=
−( )1 2ν
π

 (12-10)

where n is Poisson’s ratio, and E is the Young’s modulus.
As shown in Figure 12-8, both the in-plane and through-plane conduc-

tivities increase as the compressed thickness of the GDL was decreased. 
The conductivities have a linear dependence on the GDL compressed thick-
ness. This may be due to the reduced porosity of the GDL, which leads to 
shorter distances between conductive carbon fi bers and better contact 
between the fi bers.

12.6.3 The Stiffness of Bolted Layers
In order to accurately determine the ideal clamping pressure (tightening 
torque) for a fuel cell stack, the stiffness of the materials between the bolts 
has to be estimated. The stiffness of the materials includes the compressive 
stiffness of the materials under the bolt head in series with the stiffness of 
the physical interface, which increases with pressure, and the stiffness of 
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FIGURE 12-7. The forces exerted by the clamped materials and bolt.



350 PEM Fuel Cell Modeling and Simulation Using MATLAB®

the threaded material. Some of the dimensions used in the bolt and layer 
stiffness calculations are shown in Figure 12-9.

In order to determine the stiffness of the cone-like section under the 
bolt head, the fi rst step is to calculate the stiffness of each layer of the fuel 
cell stack:

 k
h

E d d
hlayer

layer

bolthead bolthead
stack

=
∗

∗ + ∗ ⎛
⎝

⎞
⎠

4

2
2 180

π απ
cos⎛⎛

⎝⎜
⎞
⎠⎟ −⎛

⎝⎜
⎞
⎠⎟dbore

2
  (12-11)

 k
h

E De
h

d
layer

layer

seat
stack

bore

≈
∗

+ ∗⎛
⎝⎜

⎞
⎠⎟

⎛
⎝⎜

⎞
⎠⎟ −

4

0 2
2

2
2π mod

.⎛⎛
⎝⎜

⎞
⎠⎟

 (12-12)

where klayer is the stiffness of the fuel cell layer (such as the end plate or 
bipolar plate), hlayer is the thickness of that particular layer, Emod is the 
modulus of elasticity in tension (MPa) of the material, dbolthead is the diam-
eter of the bolt head, hstack is the stack thickness (total thickness of all 
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materials), a is the effective cone angle, Deseat is the outer diameter of the 
seating face, and dbore is the clearance hole diameter.

The stiffness of the bolt, head, shaft, and nut is calculated in a similar 
fashion. The tensile stiffness of the bolt shaft is:
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where dbolt_dia is the bolt diameter d
d d

bolt dia
pitch rt
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, Ebolt is the Young’s 

modulus of the bolt, and Lbolt is the bolt length. The shear stiffness of the 
bolt head is:
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where hbolthead is the thickness of the bolt head, Ebolt is the Young’s modulus 
of the bolt, and nbolt is the Poisson’s ratio of the bolt. The shear stiffness in 
the nut is:
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The total stiffness of the stack is:
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where N is the number of bolts in the stack. The stiffness of the bolt shaft 
in tension, and the head and nut (if a nut is used) in shear, all act in series, 
so their stiffness combines to give the total stiffness of the bolt:
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 (12-20)

As the stack thickness increases, the length of the bolt to pass through 
the stack thickness also increases, so the bolt stiffness decreases in a linear 
fashion. On the other hand, the diameter of the strain cone increases, which 
offsets much of the height increase, and the stack stiffness decreases far 
more slowly than that of the bolt.

The ratio of fl ange to bolt stiffness is:
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The total stiffness can be expressed by:

 ktot = kbolt + kstack (12-22)

12.6.4 Calculating the Tightening Torque
The stiffness of the group of surcharged parts of the stack is:
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where n is the coeffi cient of implementation of the operational force (0.5). 
The resulting stiffness of the group of relieved parts of the stack is:

 c
k

n
stack

2 =  (12-24)

The part of the operational force relieving the clamped parts is:
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where F is the force required for the ideal compression of the GDL by 75 
microns (from fi gure 12-8). The bolt seating coeffi cient is calculated by:
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where Deseat is the outer diameter of the seating face, Diseat is the inner 
diameter of the seating face, and mc is the friction coeffi cient in the seating 
face of head (nut) of the bolt.

The assembly force of the stack can be calculated by:

 F0 = qa ∗ F ∗ F2 + F0T + 0.05 (12-27)

where qa is the desired coeffi cient of tightness, and F0T is the change of force 
required due to the heating of the connection. F0T was assumed to be zero 
for all of the calculations since the stacks used for validating the model 
were all air-breathing fuel cell stacks tested at room temperature. The bolt 
seating is calculated by:

 Mseat = mseat1 ∗ F0 (12-28)

The tightening torque is then:
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π

π
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where F0 is the assembly force of the stack, dpitch is the pitch diameter, 
thrpitch is the thread pitch, and mi is the friction coeffi cient in thread (0.15).

12.6.5 Relating Torque to the Total Clamping Pressure
The average interface contact pressure, Pavg, can be calculated by dividing 
the total clamp force (product of the number of bolts, and the individual 
bolt clamp force) with the interface contact area, Aint

5,6:
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The average contact pressure is a linear function of bolt torque.

TABLE 12-1
Material Properties Used for Material Stiffness and Compression Calculations for 
Example 12-3

Fuel Cell Layer/Material Thickness 
(mm)

Modulus of 
Elasticity in 

Tension (MPa)

Young’s 
Modulus 
(N/mm2)

Poisson’s 
Ratio

Polycarbonate end plate 10   2896   2200 0.37
Gasket: black conductive 

rubber
 1    2   100 0.48

SS fl ow fi eld plate  0.5 206,000 200,000 0.31
Carbon cloth  0.4    2   300 0.4
Nafi on  0.05    2   236 0.487
Carbon cloth  0.4    2   300 0.4
SS fl ow fi eld plate  0.5 206,000 200,000 0.31
Gasket: black conductive 

rubber
 1    2   100 0.48

Polycarbonate end plate 10   2896   2200 0.37

TABLE 12-2
Bolt Properties Used for Bolt Stiffness and Torque Calculations for Example 12-3

Property Stack Bolts

No. of bolts  4
Material SS 316
Hex key size 5/32″
Bolt diameter (mm)  4.826
Bolt thread root diameter (mm)  3.451
Thread pitch  1.058
Pitch diameter (mm)  4.139
Bolt head diameter (mm)  8
Thickness of bolt head (mm)  5
Bolt length (between bolt head & nut) (mm) 25
Outer diameter of annulus seating face (mm)  7.925
Inner diameter of annulus seating face (mm)  5.232
Nut thickness (mm)  3
Bolt clearance hole (mm)  5.232



Modeling Fuel Cell Stacks 355

EXAMPLE 12-3: Calculate Optimal Tightening Torque

Using the parameters given in Tables 12-1 and 12-2, calculate the optimal 
tightening torque for the stack using equations 12-9–12-30.

Using MATLAB to solve:

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

% EXAMPLE 12-3: Calculate the Optimal Tightening Torque

% UnitSystem SI

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

% Inputs

%Design of optimal bolt connection through stack. Force and pressure applied to 
the stack

%The bolt is connected with a through bolt, and the loading is in the bolt axis. The 
course of loading is static.

clear;
N = 4; % number of bolts

% Material properties of the bolt

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

% Material of bolt

E_bolt = 200 000; % Young’s Modulus of the bolt (N/mm)
v_bolt = 0.31; % Poisson’s ratio of the bolt
Em_bolt= 210 000; % Modulus of elasticity in tension (MPa) or 30 000 ksi

% Bolt and Thread Parameters

dia_bolt = 4.826; % Thickness
dia_rt = 3.451; % bolt thread root diameter (mm)
thread_pitch = 1.058; % Thread Pitch
pitch_dia = 4.139; % Pitch diameter
dbolthead = 8; % Bolt head diameter (mm)
hnut = 3; % Nut thickness (0 if threaded into fl ange)
hbolthead = 5; % Thickness of bolt head (mm)
Lbolt = 35; % Bolt length
L_bolt = 25.4; % Bolt length between the bolt head and nut

% Geometry of the bolt connection – Calculated for annulus 
seating face

seatDe = 7.925; % Outer diameter of the seating face (mm)
seatDi = 5.232; % Inner diameter of the seating face (mm)
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% bolt hole

dbore = 5.232; % Bolt clearance hole (mm)
alpha = 45; % Cone angle
qa = 0.5; % Desired coeffi cient of tightness
n = 0.5; % Coeffi cient of implementation of the operational force
mi = 0.150; % Friction coeffi cient in thread
mc = 0.150; %  Friction coeffi cient in seating face of head (nut) of the 

bolt

% Material properties of end plate (polycarbonate)

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

Em_end = 2896; % Modulus of elasticity in tension (MPa)
thick_end = 10; % Thickness (mm)

%Material properties of rubber gasket

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

Em_gask = 2; % Modulus of elasticity in tension (MPa)
thick_gask = 1; % Thickness (mm)

% Material properties of stainless steel

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

Em_nia = 206 000; % Modulus of elasticity in tension (MPa) or 30 000 ksi
thick_nia = 0.5; % Thickness (mm)

% Material properties of carbon cloth

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

Em_cc = 2; % Modulus of elasticity in tension (MPa) or 0.3 ksi
thick_cc = 0.4; % Thickness (mm)

% Material properties of Nafi on

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

Em_naf = 2; % Modulus of elasticity in tension (MPa) or 0.3 ksi
thick_naf = 0.05; % Thickness (mm)

% Stiffness calculations

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

% Total thickness of parts

tot_thick = (thick_end + thick_gask + thick_nia + thick_cc + thick_naf + thick_cc + 
thick_nia + thick_gask + thick_end);

De = seatDe + (tot_thick ∗ 0.2)/2;
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% Bolt stiffness

boltdia = (pitch_dia + dia_rt)/2;
nut =1.8/(pi ∗ pitch_dia);
head = 1.5/(pi ∗ boltdia);
kboltshaft = (4 ∗ L_bolt)/(pi ∗ boltdia^2);
cb = Em_bolt/(kboltshaft + head + nut);

% Calculate stiffness of each part

kcomp_end=(4 ∗ thick_end)/(pi ∗ (De^2-dbore^2) ∗ Em_end);
kcomp_gask =(4 ∗ thick_gask)/(pi ∗ (De^2-dbore^2) ∗ Em_gask);
kcomp_nia = (4 ∗ thick_nia)/(pi ∗ (De^2-dbore^2) ∗ Em_nia);
kcomp_cc = (4 ∗ thick_cc)/(pi ∗ (De^2-dbore^2) ∗ Em_cc); %multiply by the area
kcomp_naf = (4 ∗ thick_naf)/(pi ∗ (De^2-dbore^2) ∗ Em_naf);

% Total stiffness of the clamped parts

cm1 = 1/(kcomp_end + kcomp_gask + kcomp_nia + kcomp_cc + kcomp_naf + 
kcomp_cc + kcomp_nia + kcomp_gask + kcomp_end);

cm = N/(kcomp_end + kcomp_gask + kcomp_nia + kcomp_cc + kcomp_naf + 
kcomp_cc + kcomp_nia + kcomp_gask + kcomp_end);

kjoint = cb + cm1; % total layers stiffness

% Force calculations

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

d_gdl = 40; % diameter (mm)
d_bpp = 40; % diameter (mm)
rho_GDL = 1.1e4; %  Electrical resistivity through plane (800 u-ohm-m) uohm 

mm
rho2 = 300; %  Electrical resistivity through plane of bipolar plate (190 u-

ohm-m) uohm mm
void = 0.8; % GDL porosity
E_gdl = 3; % Young’s modulus of carbon cloth (3 GPa)
E_bpp = 200; % Young’s modulus of stainless steel
v_gdl = 0.4; % Poisson’s ratio of Carbon Cloth
v_bpp = 0.31; % Poisson’s ratio of stainless steel
V_gdl =(1-(v_gdl^2))/(pi ∗ E_gdl);
V_bpp =(1-(v_bpp^2))/(pi ∗ E_bpp);
% Amount of compression in microns
alpha = (((3 ∗ pi)^(2/3))/2 ∗ (F_bolt_max^(2/3)) ∗ ((V_gdl + V_bpp)^(2/3)) ∗ ((1/d_

gdl)+(1/d_bpp))^(1/3)) ∗ 10

% Electrical constriction resistance of the single contact

rho1 = rho_GDL ∗ (1 − void)^1.5;  % transverse electrical resistivity of GDL
r = d_gdl/2;
Resist = (rho1 + rho2)./(4 . ∗ r) % Resistivity
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% Maximum force

F_bolt_max = 310; % compression is 75.92 um GDL, Resistivity = 16.05

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

% Tightening torque calculation

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
c1 = 1/((1/cb) + ((1-n)/cm)); %  Resulting stiffness of the group of surcharged 

parts of the joint
c2 = cm/n; %  Resulting stiffnes of the group of relieved 

parts of the joint
F2 = F_bolt_max ∗ c2/(c1 + c2); %  Part of operational force relieving clamped 

parts
mseat1 = mc ∗ (seatDe + seatDi)/2;
F0T = 0; %  Change of prestressing due to the heating of 

the connection
F0L = 0; %  Loss of prestressing due to the deformation 

of the connection
F0 = qa ∗ F_bolt_max + F2 + F0T − F0L + 0.5 % Assembly prestressing of the joint 

(N)–based upon axial load only
Mseat = (mseat1 ∗ F0)/(2 ∗ 1000);

% Tightening torque
M = F0 ∗ pitch_dia ∗ (thread_pitch ∗ pi ∗ pitch_dia ∗ mi)/(pi ∗ pitch_dia − thread_pitch ∗ mi)/

(2 ∗ 1000)+ Mseat

% N-m
Mm = 141.61 ∗ M % oz-in

% Average interface contact pressure using bolt clamp force
F = F0/1000; % Force in kN
w = 8/100; % width in m
l = 8/100; %length in m
A_int = w ∗ l; %m^2
P_avg_MPa = (N ∗ F /A_int)/1000 % MPa
P_avg_bar = P_avg_MPa ∗ 10

Figure 12-10 shows the actual polarization curves of the PEM fuel cell 
stack described in Example 12-3 under fi ve different clamping pressures. 
The current is dynamically stable for four of the fi ve clamping pressures. 
The lowest clamping pressure of 0.20 Nm (28 oz-in) displayed the worst 
I-V performance, due to mass-transfer limitations and high contact resis-
tance. The polarization curves continuously increase until a torque of 
0.25 Nm (36 oz-in) is reached. As the torque continues to increase to 
0.31 Nm (44 oz-in), the polarization curves again begin to decrease.
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The material and bolt properties from Tables 12-1 and 12-2 were 
entered into the numerical model in Example 12-3, and the optimal force, 
pressure, and tightening torque were calculated. The results are shown in 
Table 12-3.

The values in Table 12-3 show that the calculated optimal tightening 
torque matches the tightening torque associated with the best fuel cell I-V 
curve in Figure 12-10.

Chapter Summary

Many parameters must be considered when designing a fuel cell. Some of 
the most basic design considerations include power required, size, weight, 
volume, cost, transient response, and operating conditions. From these 
initial requirements, the more detailed design requirements (such as the 
number of cells, material and component selections, fl ow fi eld design, etc.) 
can be chosen. The most commonly used stack confi guration is the bipolar 
confi guration, which has been described in previous chapters. Common 
manifold types for even reactant fl ow through the cell and alternate cell 
interconnections for electron fl ow through the stack are also presented. 
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FIGURE 12-10. Polarization curves with tightening torques of 0.20 to 0.31 Nm 
(28 oz-in to 44 oz-in).

TABLE 12-3
Calculated Force, Tightening Torque, and Contact Pressure

Total force on the stack 310.8 N
Optimal tightening torque 36.35 oz-in (0.257 N-m)
Average interface contact pressure 0.194 MPa (1.94 bar)
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Although it is not emphasized in the literature, the clamping pressure is a 
critical parameter for optimal fuel cell performance. A model was created 
to estimate the optimal torque, and to emphasize how the mechanical 
characteristics of the stack, bolts, and pressure have a substantial affect on 
fuel cell performance.

Problems

• Design a fuel cell stack that has to operate at 80 °C with air and hydro-
gen pressures of 1 atm. The Pt/C loading is 1 mg/cm2 and the cells use 
the Nafi on 117 electrolyte. The total power should be 250 W.

• Design a PEMFC stack that has to operate at 0 °C. The total power 
should be 250 W.

• Design a PEMFC stack that has to operate at 60 °C and 3 atm. The total 
power should be 100 W.

• Design a PEMFC stack that has to operate at 25 °C and 1 atm. The total 
power should be 50 W.
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CHAPTER 13

Fuel Cell System Design

13.1 Introduction

In order to obtain optimum performance from a fuel cell stack, the hydro-
gen and oxidant fl ow, water removal, and the voltage output should be 
optimized using external plant components. Fuel cell system designs range 
from very simple to very complex depending upon the fuel cell application 
and the system effi ciency desired. A fuel cell system can be very effi cient 
with a few plant components, as shown in Figure 13-1. Usually, the larger 
the fuel cell stack, the more complex the fuel cell plant subsystem. Model-
ing the fuel cell system effi ciency and output allows the system designer 
to be more effi cient when creating new systems.

Most of the fuel cell system components shown in Figure 13-1 are 
used to distribute air and hydrogen fl ows into and out of the fuel cell stack. 
The part of the fuel cell system that is responsible for air fl ow includes a 
particulate fi lter for cleaning the system, humidifi cation module, and a 
pressure transducer. There is also a pump to ensure an adequate supply of 
air into the fuel cell stack. The hydrogen fl ows into the fuel cell stack using 
a pressurized tank. A mass fl ow controller should be installed in this 
system to monitor the fl ow rate. The water and hydrogen coming out of 
the system are cleaned and the pressure is monitored before it exits the 
system1.

As the fuel cell system increases in size, it becomes more complex as 
the temperature, pressure, water, and heat become more problematic, and 
need to be monitored more closely. In addition, if a carbon-based fuel is 
converted to hydrogen for electrical power and heat, fuel processing units 
and gas cleanup units may be necessary. Other additional components often 
found in fuel cell plant include: heat exchangers, pumps, fans, blowers, 
compressors, electrical power inverters, converters and conditioners, water 
handling devices, and control systems.

Only a few sensors and pressure transducers are included in Figure 
13-1. A fully developed control system will consist of thermocouples, 
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pressure transducers, methanol/hydrogen sensors, and mass fl ow con-
trollers, which will measure and control data using a data acquisition 
program. As described in Chapters 7 through 12, the fuel cell catalyst, 
membranes, and fl ow fi eld plates are very important areas for fuel cell 
design, modeling, and improvement, but stack optimization is equally 
important. This chapter focuses on modeling these important 
subsystems.

13.2 Fuel Subsystem

As seen in Figure 13-1, the fuel subsystem is very important because the 
reactants may need to undergo several processes before they are ultimately 
delivered to the fuel cell with the required conditions. Plant components 
such as blowers, compressors, pumps, and humidifi cation systems have to 
be used to deliver the gases to the fuel cell with the proper temperature, 
humidity, fl ow rate, and pressure. Other plant components, such as tur-
bines, are also useful because they can harness energy from the heated 
exhaust gases leaving the fuel cell. This chapter describes these plant com-
ponents and gives some of the relevant equations needed for producing 
quick models for the fuel cell plant subsystem.

Oxidant Air

Air Pressure 
Transducer

Oxidant Air 
Filter

Oxidant Air 
Pump

Particulate 
Filter

Humidification 
Module

PEM Fuel Cell 
Stack

External Product 
Water Vent
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Purge Particulate 
Filter

Pressure 
Transducer

H2 Purge 
Valve

External H2

Purge

DC/DC Power

FIGURE 13-1. Simple PEM fuel cell system2.
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13.2.1 Humidifi cation Systems
In PEM fuel cells, a hydrogen humidifi cation system may be required to 
prevent the fuel cell PEM from dehydrating under the load. As discussed 
previously, water management is a challenge in the PEM fuel cell because 
there is ohmic heating under high current fl ow, which will dry out the 
polymer membrane and slow ionic transport. Some fuel cell stacks may 
not require any humidifi cation due to water generation at the cathode. In 
larger fuel cell systems, either the air or the hydrogen or both the air and 
hydrogen must be humidifi ed at the fuel inlets. The gases can be humidi-
fi ed by bubbling the gases through water, water or steam injection, fl ash 
evaporation, or through a water/heat exchanger device. Examples of these 
humidifi cation methods are shown in Figure 13-2.

When the total pressure is constant, the humidity depends upon the 
partial pressure of vapor in the mixture. For a vapor–gas system where the 
vapor is component A and the fi xed phase is component B3,4:

 Φ =
−

M p
M p p

A A

B tot A( )
 (13-1)

For an air–water system:
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The mole fraction of the vapor is:
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The saturation humidity is where the gas has vapor in equilibrium 
with the liquid at gas temperature:
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The percent humidity is the ratio of the actual humidity to the 
saturation humidity:

 Φ Φ
Φ

Φwater
s

R
tot H O

tot H O

p p
p p

= ∗ = −
−

100 2
0

2

 (13-4)

The heat that is required to increase the temperature of one pound of 
gas and the vapor it contains by 1 °F for the air–water system is:
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FIGURE 13-2. Conventional humidifi cation methods: (a) dewpoint humidifi cation, 
(b) evaporation humidifi cation, (c) steam injection humidifi cation, and (d) fl ash 
evaporation humidifi cation5.
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 c c cs p H O p air= + ≈ + ∗( ) ( ) . .2 0 24 0 45Φ Φ  (13-5)

The wet bulb temperature is the dynamic equilibrium temperature 
attained by the liquid surface when the rate of heat transfer to the surface 
by convection equals the rate of heat required for evaporation away from 
the surface6. The partial pressure and the vapor pressure are usually small 
relative to the total pressure; therefore, the wet bulb equation can be 
expressed in terms of humidity conditions7:

 Φ Φs c
wh

T T
k

− =
−

λ 1

 (13-6)

For the air–water system, this equation becomes:

Φ Φs c
wh

T T
k

− =
−

18
29 1λ

The adiabatic saturation temperature is reached when a stream of air 
is mixed with water at a temperature, Ts, in an adiabatic system. This can 
be expressed as:

 Φ Φs s
sc

T T
− =

−
λ

 (13-7)

A humidity (psychrometric) chart provides a way to determine the 
properties of a gas–vapor mixture. Figure 13-3 shows an example of a psy-
chrometric chart for a mixture of air and water. Any point on the chart 
represents a specifi c mixture of air and water. Points above and below the 
saturation lines represent a mixture of saturated air as a function of air tem-
perature. The curved lines between the saturation line and the temperature 
axis represent mixtures of air and water at specifi c percentage humidities.

Commercial humidifi ers usually use heating coils and a warm water 
spray to bring the gas to the desired temperature and humidity. Figure 
13-4 shows the process that can occur in a humidifying device. Point A 
represents the entering air with the dry bulb temperature, T1 and humidity 
H1. A dry bulb temperature of T2 and humidity of H2 is desired (point B). 
The method of reaching point B is by going from point A to point ∗ by 
water spray, and then heating to reach point B. In addition, the length of 
the pipe required for suffi cient mixing after the steam injection needs to be 
calculated to ensure a uniformly humidifi ed gas is entering the fuel cell.

13.2.2 Fans and Blowers
A commonly used method of providing air to a fuel cell is through the use 
of fans or blowers. The fan or blower is driven by an electric motor, which 
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requires power from the fuel cell or other source to run. One of the most 
commonly used fans is the axial fan, which is effective in moving air over 
parts, but not effective across large pressure differentials. The back pressure 
of this fan type is very low at 0.5 cm of water11. These fans are well suited 
for many hydrogen–air PEM fuel cell designs. The actual fan power is given 
by the following equation12:

 W
W

act
ideal

s

=
η

 (13-8)

The ideal power can be calculated by:

 W mc T T
v v

ideal p avg= − + −, ( )2 1
2
2
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2 2
 (13-9)

where cp,avg is the specifi c heat at the average temperature of the inlet and 
outlet. The ideal exit temperature can be calculated from Equation 
(13-10):
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where T2 is the isentropic temperature, and g is the ratio of the 
specifi c heat capacities of the gas, Cp/Cv. The actual exit temperature 
is then:
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The actual speed and power required can be found from the manufac-
turer’s table once the inlet volume rate and pressure boost are specifi ed. 
Fan data can sometimes be represented in terms of dimensionless param-
eters. These are defi ned as:

Discharge Coeffi cient:

 C
V

ND
Q =

�
3

 (13-12)

Pressure Coeffi cient:

 C
P

N D
H =

Δ
ρ 2 2

 (13-13)
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Isentropic Effi ciency:

 ηfan
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=  (13-14)

Specifi c Speed:
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where V
.
 is the volumetric fl ow rate, r is the density of the fl uid, D is the 

wheel blade diameter, N is the fan speed, ΔP is the fan pressure boost, and 
W is the fan power. The ideal fan power is:
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Often the temperature rise of the fl uid as it passes through the fan is 
often neglected, and the following equation can be used to calculate the 
fan power:

 W V Pact = + −⎡
⎣⎢

⎤
⎦⎥

Δ ρν ν2
2

1
2

2
 (13-17)

Since the total pressure can be expressed as P P0
2
2

2
= + ρν

, then:

 W V Pact = ∗Δ 0  (13-18)

Larger pressure differences can be obtained by using centrifugal fans. 
Centrifugal fans have air or gases entering in the axial direction, and dis-
charge air or gases in the radial direction13. These are used for circulating 
cooling air through small- to medium-sized fuel cells. The pressure created 
by these fans is from 3 to 10 cm of water14,15.

Blowers are also used in atmospheric systems to draw air into the fuel 
cell. The blower is typically powered by a battery for startup, and then some 
of the power output of the fuel cell is used to keep the blower running (like 
other plant components). The blower power required is

 W = (ΔPV)/hblower (13-19)

where hblower is the blower effi ciency.
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EXAMPLE 13-1: Calculate the Fan Effi ciency

A fan is used to move air into a fuel cell system at 20 °C and 100 kPa. 
The fan moves 0.05 m3/s of air with a pressure boost of 0.6 kPa. The 
actual power is 50 W, and the outlet velocity is 1 m/s. Determine the 
effi ciency of the fan.

With the pressure boost, P2 = 100.6 kPa. The ideal work must fi rst 
be calculated to determine the effi ciency:

wideal = cp(T2 − T1)

where T2 comes from our isentropic ratio, and g is 1.38:

T
T

P
P

2

1

2

1

1 1 38 1 1 3

293 15
100 6
100

= ⎛
⎝⎜

⎞
⎠⎟ = ∗⎛

⎝⎜
⎞
⎠⎟

− −( ) ( . ) .

( . )
.γ γ/ / 88

293 63= . K

wideal = (1.005) ∗ (293.63 − 293.15) = 0.4858 kJ/kg

Then:

ηs
ideal

act

ideal

act

W
W

W
w m

= =
� �/

where

m = n./V = n./(RT/P) = (0.05 ∗ 100)/(0.286 ∗ 293.15) = 0.0596 kg/s

Therefore,

ηs
ideal

act

ideal

act

W
W

W
w m

kJ kg
kW kg s

= = =
� �/

/
/ /

0 4858
0 05 0 0596

.
( . . ))

.= 0 579

Using MATLAB to solve:

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

% EXAMPLE 13-1: Calculate the Fan Effi ciency

% UnitSystem SI

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

% Inputs

T = 20; % Operating temperature (degrees C)
P = 100; % Operating pressure (kPa)
PBoost = 0.6; % PBoost: the boost in the pressure
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fanPower = 0.05; % fanPower(cm3/s)
actualPower = 50; % actualPower: the actual power generated in Watts
outletVelocity = 1; % outletVelocity (m/s)
cp = 1.005; % Specifi c heat
T = T + 273.15; % Convert temperature to K
gamma = 1.38;
R = 0.286;

% Calculate the exit temperature from isentropic ratio

T2 = T .∗ ((P + PBoost)./P).^((gamma- 1)./gamma);

% Ideal work (kJ/kg)

W_ideal = cp .∗ (T2 − T)

% Mass fl ow rate (kg/s)

m = fanPower ./ (R .∗ T ./ P);

% Fan Effi ciency

etha = W_ideal ./ ((actualPower ./ 1000) ./ m)

13.2.3 Compressors
Compressors are used to compress air, which allows a greater concentration 
of oxygen per volume per time, and therefore, increases the fuel cell effi -
ciency. This enables the dropoff in voltage due to mass transport to be 
delayed until higher current densities. If the pressure is higher, a lower 
volumetric fl ow rate can be used for the same molar fl ow rate, and humid-
ifi cation requires less water for saturation (per mole of air). The compres-
sion can be isothermal or adiabatic. Isothermal compression allows 
temperature equilibration with the environment, and adiabatic uses com-
pression without any heat exchange with the environment16.

The most common type of compressor is the centrifugal compressor. 
It uses kinetic energy to create a pressure increase. The centrifugal com-
pressor can be operated with high effi ciencies through a high range of fl ow 
rates by changing both the fl ow rate and the pressure. This compressor type 
is commonly found on engine turbocharging systems. Figure 13-5 shows 
an example of a motor-driven turbocompressor for PEM fuel cells17.

The effi ciency of the compressor is important for the overall effi ciency 
of the fuel cell system. The effi ciency is found by using the ratio of actual 
work done to raise the pressure from P1 to P2:
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−( )γ γ/

 (13-20)
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where T2 is the isentropic temperature, and g is the ratio of the specifi c 
heat capacities of the gas, Cp/Cv. In order to use Equation (13-21), the heat 
fl ow from the compressor and the kinetic energy of the gas through the 
compressor should be considered negligible. The gas is also considered to 
be ideal, therefore, it can be assumed that the specifi c heat is constant at 
a constant pressure.

The actual work done by the system is:

 W = cp(T2 – T1)m (13-21)

where m is the mass of the gas compressed (air fl ow rate, g/s), T1 and T2 
are the inlet and exit temperatures, respectively, and cp is the specifi c heat 
at constant pressure (J/gK). The effi ciency is the ratio of these two quanti-
ties of work:

η η= =
−
−

= −
isentropic work/real work and

c T T m
c T T m

Tp

p
c

( )
( )

(2 1

2 1

2 TT
T T

1

2 1

)
( )−

 (13-22)

The change in temperature at the end of compression can be found 
from the following equation:

 ΔT T T
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 (13-23)

FIGURE 13-5. Example of a motor-driven turbocompressor for PEM fuel cells18.



376 PEM Fuel Cell Modeling and Simulation Using MATLAB®

where y is the ratio of specifi c heats (for diatomic gases, k = 1.4). The total 
effi ciency is the compressor effi ciency multiplied by the mechanical effi -
ciency of the shaft:

 hT = hm × hc (13-24)

The power required to increase the temperature of the gas is defi ned 
as:

 W = cpΔTm
.

 (13-25)

Taking into account the ineffi ciencies with the compression process, 
and substituting this into equation 13-25, then:

 P c
T P

P
mcompressor p
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γ �  (13-26)

Many compressors are manufactured commercially, and when design-
ing the fuel cell system, the important factors to consider are the tempera-
ture, pressure, type of gas handled, reliability, effi ciency, and corrosion-free 
materials.

EXAMPLE 13-2: Designing an Air Compressor

Air at 100 kPa and 298 K enters a compressor at 2 kg/s and receives a 
pressure boost of 100 kPa. Determine the power required, adiabatic effi -
ciency, and exit temperature for an (a) ideal compressor and (b) adiabatic 
compressor with 75% effi ciency.

Using the ideal gas law:

ν1
1

1

0 287 298
100

0 8553= = ∗ =RT
P

.
.

The volumetric fl ow rate can be calculated by:

V m
m
s1 1

3

0 8553 2 1 710= ∗ = ∗ =ν . .

(a) The exit pressure can be estimated by:

P2 = P1 + ΔP = 100 + 100 = 200 kPa
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The ideal calculation of T2 can be estimated by:
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P
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..68K

The ideal work can be calculated by:

W = cp,avg(T2 − T1)m = 1.005 ∗ (360.68 − 298) ∗ (2) = 125.98 kW

The effi ciency of an ideal compressor is 100%.

(b) For an adiabatic compressor with an effi ciency of 75%:

W
W

kWact
ideal

s

= = =
η

125 98
0 75

167 98
.

.
.

The actual exit temperature can be calculated by:

T T
W
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Kact
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2 1 298

167 98
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381 57= +
∗

= +
∗

=
,

.
.

.

Using MATLAB to solve:

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

% EXAMPLE 13-2: Designing an Air Compressor

% UnitSystem SI

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

% Inputs

T = 298; % Operating temperature (K)
P = 100; % Operating pressure (kPa)
PBoost = 100; % PBoost: the boost in the pressure
eta = 0.75; % Effi ciency
m_air = 2; % Mass fl ow rate (kg/s)
gamma = 1.38;
cp = 1.005; % Specifi c heat
R = 0.286; % Ideal gas constant

% Calculate volume using the ideal gas law

v1 = R ∗ T/P;

% Calculate volumetric fl ow rate (m3/s)

V1 = v1 ∗ m_air;
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% Ideal exit temperature

T_exit_ideal = T ∗ ((P + PBoost)/P)^((gamma- 1)/gamma)

% Ideal work

W_ideal = cp ∗ (T_exit_ideal − T) ∗ m_air

% Actual work

W_actual = W_ideal / eta

% Actual exit temperature

T_exit_actual = T + W_actual/ (cp ∗ m_air)

EXAMPLE 13-3: Designing an Air Compressor

A fuel cell stack with an output power of 50 kW operates with a pressure 
of 2 bar. Air is fed to the stack using a screw compressor at 1.0 bar and 
22 °C with a stoichiometry of 1.5. The average cell voltage is 0.7 V. The 
rotor speed factor is 300 rev/minK1/2, and the effi ciency is 0.6. Find the 
required rotational speed of the air compressor, the temperature of 
the air as it leaves the compressor, and the power of the electric motor 
needed to drive the compressor.

The mass fl ow rate of air should be found fi rst:

m
P
V

kg se

c

= × × ×−3 57 10 7. ,λ /

where l is the stoichiometry

m kg s= × × × =
−3 57 10 1 5 50 000
0 70

0 03825
7. . ,

.
. /

This should then be converted to the mass fl ow factor:

m
kg

s K bar
ff =

×
=

0 03825 295 15
1 0

0 657. .
.

.

The mass fl ow factor helps to fi nd the rotor speed factor and effi -
ciency from many standard compressor performance charts. In this 
example, the rotor speed factor was given as 300 rev/minK1/2, and the 
effi ciency is 0.6. The rotor speed calculation is

300 295 15 5153 98× =. . rpm
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The temperature rise is calculated:

ΔT K= ⎛
⎝⎜
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⎞
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=
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0 286.

.
.
.

.
.

Because the inlet air temperature is 22 °C, the exit temperature will 
be 129.86 °C. This indicates that the PEM fuel cell would need cooling.
The compressor power is

Wcompressor = × ⎛
⎝⎜

⎞
⎠⎟ −

⎛
⎝⎜

⎞
⎠⎟

∗1004
295 15

0 6
2 0
1 0

1 0 0382
0 286.

.
.
.

.
.

55 4142 15= . kW

This power ignores the mechanical losses in the bearings and drive 
shafts. Many PEM fuel cells also require that the inlet air be humidifi ed, 
which will alter the specifi c heat capacity and the ratio of specifi c heat 
capacities, and thus alter the performance of the compressor. Sometimes 
the air will also be humidifi ed after the compression when the air is 
hotter.

Using MATLAB to solve:

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

% EXAMPLE 13-3: Designing an Air Compressor

% UnitSystem SI

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

% Inputs

T_input = 22; % Input Temperature (C)
P_input = 1; % Input Pressure (kPa)
P_op = 2; % Operating Pressure (kPa)
S = 1.5; % Air stoichiometry
rotorSpeedFactor = 300; % Rotor speed factor in rev/(min ∗ sqrt(K))
eta = 0.6; % Effi ciency
P_output = 50; % Output_power (kW)
V = 0.7; % Average cell voltage (V)
T_input = T_input + 273.15; % Convert temperature to K
R = 0.286; % Ideal gas constant

% Calculate the mass fl ow rate of air (kg/s)

m = 3.57 ∗ 10^-4 ∗ S ∗ P_output / V;

% Mass fl ow factor

mff = m ∗ sqrt(T_input) / P_input;
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% Rotor speed calculation

rotorSpeed = rotorSpeedFactor ∗ sqrt(T_input);

% Temperature rise

T_rise = (T_input / eta) ∗ ((P_op/P_input)^R − 1)

% Outlet temperature

T_outlet = T_input + T_rise − 273.15;

% Compressor power

powerNeeded = 1004 ∗ T_rise ∗ m;

13.2.4 Turbines
In pressurized fuel cell systems, the outlet gas is typically warm and pres-
surized (though lower than the inlet pressure). This hot gas from fuel cells 
can be turned into mechanical work through the use of turbines. This 
energy can be used to generate work that may offset the work needed to 
compress the air. An example of a turbocompressor system was shown in 
Figure 13-5. The effi ciency of the turbine determines whether it should be 
incorporated into the fuel cell system19,20.

Like compressors and fans, the effi ciency of the turbine can be deter-
mined using the following equation:
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By substituting the proper equations, the effi ciency becomes:
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where hc is the ratio between the actual work and the ideal isentropic work 
between P1 and P2. The temperature at the end of expansion is:
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The power of the turbine can be found using the same equation as the 
compressor:
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 W = cpΔTm
.

 (13-30)
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Due to the ineffi ciency of the compression and expansion process, 
a turbine may only recover a portion of work that is required of other 
system components. If the temperature of the exhaust is high, the 
turbine may generate all of the required power needed for other fuel cell 
subsystems.

EXAMPLE 13-4: Calculate Available Power

For the fuel cell analyzed in Example 13-2, the exit temperature is 100 °C 
(383.15 K) and the pressure is 1.8 bar. The effi ciency and rotor speed of 
the turbine are 0.55 and 4000 rev/(minK1/2) respectively. Use cp = 1100 J/
kgK and g  = 1.38. What power will be available from the exit gases?

The cathode exit gas mass would have been increased by the water 
present in the fuel cell, but since the mass change will be very small, 
we will consider it negligible for this problem, so the value of 0.03825 kg/
s will be used. First, calculate the mass fl ow factor:

m
kg

s K bar
ff = × =0 03825 383 15

1 8
0 416. .

.
.

The rotor speed is

Sp RPMrotor = × =5000 383 15 97 871 09. , .

Since the effi ciency is 0.55, the available power is

Pturbine = × × ⎛
⎝

⎞
⎠ −

⎛
⎝⎜

⎞
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∗ ≈ −1100 0 55 383 15
1 0
1 8

1 0 03825
0 275

. .
.
.

.
.

11323 37. kW

This is the amount of power given out, which is a useful addition 
to the 50 kW generated by the fuel cell, but it is not nearly enough to 
drive the compressor.

Using MATLAB to solve:
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%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

% EXAMPLE 13-4: Calculate Available Power

% UnitSystem SI 

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

T = 110; % Operating temperature (C)
P_input = 1; % Input Pressure (kPa)
P_op = 1.8; % Operating Pressure (kPa)
S = 1.5; % Air stoichiometry 
rotorSpeedFactor = 5000; % Rotor speed factor in rev/(min ∗ sqrt(K))
eta = 0.55; % Effi ciency
P_output = 50; % Output_power (kW)
V = 0.7; % Average cell voltage (V)
T = T + 273.15; % Convert temperature to K
cp = 1100; % Specifi c heat
gamma = 1.38;

% Calculate the mass fl ow rate of air (kg/s)

m = 3.57 ∗ 10^-4 ∗ S ∗ P_output / V;

% Mass fl ow factor 

mff = m ∗ sqrt(T) / P_input;

% Calculate rotor speed

rotorSpeed = rotorSpeedFactor ∗ sqrt(T);

% Calculate the temperature rise

T2 = T ∗ ((P_op/P_input)^((gamma- 1)/gamma) − 1);

% Compressor power

powerGenerated = cp ∗ eta ∗ T2 ∗ m;

13.2.5 Fuel Cell Pumps
Pumps, like blowers, compressors, and fans, are among the most important 
components in the fuel cell plant system. These components are required 
to move fuels, gases, and condensate through the system and are important 
factors in the fuel cell system effi ciency. Small- to medium-sized PEM fuel 
cells for portable applications have a back pressure of about 10 kPa or 1 m 
of water21. This is too high for most axial or centrifugal fans, as discussed 
earlier22.
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Choosing the correct pump for the fuel cell application is important. 
As in fans, blowers, and compressors, factors to consider are effi ciency, 
reliability, corrosion-free materials, and the ability to work with the required 
temperatures, pressures, and fl ow rates for the specifi c fuel cell system. 
The appropriate matching of a high-effi ciency pump with the appropriate 
motor speed/torque curve may allow for a more effi cient fuel cell stack and 
system. The equations that describe pump performance characteristics are 
the same as the fan performance characteristics (Equations (13-13–13-16)).

EXAMPLE 13-5: Pump Design

A pump needs to be selected to move 10 kg/s of water with a pressure 
boost of 100 kPa. Calculate the work required, exit temperature and, if 
applicable, the pump speed and diameter for (a) the ideal pump, (b) an 
axial fl ow pump at maximum effi ciency, and (c) a centrifugal pump at 
maximum effi ciency. The maximum effi ciency for an axial fl ow pump 
has the following parameters:

(CQ)max = 0.6398 (CH)max = 1.4922 hmax = 0.8488

The maximum effi ciency for a centrifugal fl ow pump has the fol-
lowing parameters:

(CQ)max = 0.11509 (CH)max = 5.3317 hmax = 0.93508

(a) The ideal work can be calculated by:

Wideal = m
.

nΔP = (10)(1.002 ∗ 10−3) ∗ 100 = 1.002 kW

The exit temperature is equal to the inlet temperature.

(b) The actual work can be calculated by:

W
W

kWact
ideal= = =

ηmax

.
.

.
1 002
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1 18

The temperature change is then given by:

ΔT
W W

mc
Kact ideal

p

= − = − =1 18 1 002
10 4 181

0 00427
. .
( )( . )

.

At maximum effi ciency, the following equations apply for the 
pump diameter and speed:
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(c) The actual work can be calculated by:
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The temperature change is then given by:
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At maximum effi ciency:

D
C m

P C
H

Q

= ⎡
⎣⎢

⎤
⎦⎥

= ∗
∗ ∗

( )
( )

. ( )
( ) ( ) .

max

max

2

2

1 4 25 3317 10
998 100 0ρΔ

/

111509
0 4032

0 25
⎡
⎣⎢

⎤
⎦⎥

=
.

. m

N
m

D C
rps rpm

Q

= =
∗ ∗

= =
ρ 3 3

10
998 0 403 0 11509

1 330 79 81
( ) . .

. .
max

Using MATLAB to solve:

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

% EXAMPLE 13-5: Pump Design

% UnitSystem SI 

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

% Inputs

m_H2O = 10; % Mass fl ow rate (kg/s) 
PBoost = 100; % PBoost: the boost in pressure 
cp = 4.181; % Specifi c heat
rho = 998; % Density
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eta_axial = 0.8488; % Axial pump effi ciency
actual_CQ_max = 0.6398;
actual_CH_max = 1.4922;
eta_cent = 0.93508; % Centrifugal pump effi ciency
cent_CQ_max = 0.11509;
cent_CH_max = 5.3317;

% Part a: Calculate ideal work

W_ideal = m_H2O ∗ 0.001002 ∗ PBoost;

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

% Part b: Calculate actual work of axial fl ow pump 
@ max effi ciency

W_actual = W_ideal / eta_actual;

% Temperature change

delT_actual = (W_actual - W_ideal) / (m_H2O ∗ cp);

% Pump diameter

d_axial = ((actual_CH_max ∗ m_H2O^2)/(rho ∗ PBoost ∗ actual_CQ_max^2))^0.25;

% Pump speed

pumpSpeed_axial = m_H2O / (rho ∗ (d_axial^3) ∗ actual_CQ_max) ∗ 60;

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

% Part c: Calculate actual work of centrifugal fl ow pump 
@ max effi ciency

W_cent = W_ideal / eta_cent;

% Temperature change

delT_cent = (W_cent - W_ideal) /(m_H2O ∗ cp);

% Pump diameter

d_cent = ((cent_CH_max ∗ m_H2O^2)/(rho ∗ PBoost ∗ cent_CQ_max^2))^0.25;

% Pump speed

pumpSpeed_cent = m_H2O / (rho ∗ d_cent^3 ∗ cent_CQ_max) ∗ 60;
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EXAMPLE 13-6: System Design

A 1-kW PEM fuel cell operates at a temperature of 80 °C and 3 atm with 
a cell voltage of 0.65 V, as shown in Figure 13-6. The air stoichiometry 
is 2.5. The compressor and turbine effi ciency is 0.6. The temperature 
and pressure of the air entering the compressor are 25 °C and 1 atm, 
respectively. (a) Find the amount of power required for the compressor, 
and the associated temperature change. (b) Is a humidifi er needed for this 
fuel cell system? (c) Would putting a turbine into the fuel cell system 
be useful? If so, calculate the associated temperature change with the 
turbine. (d) Calculate the amount of heat generated by the stack.

(a)  With the molar mass of air being 28.97 × 10−3 kg/mol and the 
mole fraction of air that is oxygen is 0.21, the inlet air fl ow rate 
can be estimated by:

m
S M P

x V F
air in

O air

O cell
, =

× ×
× × ×

2

24

m kg sair in,
. .

. . ,
.=

× × ×
× × ×

=
−2 5 28 97 10 1000

4 0 21 0 65 96 485
0 001375

3

/

FIGURE 13-6. Fuel cell system for Example 13-6.
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Using air at 25 °C, g = 1.4, the temperature rise associated with the 
compression of air can be calculated by:
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With cp = 1004 J/kg ∗ K, the power needed to compress the air is:
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There is a large temperature rise, which will need to be compen-
sated for by cooling the air before it enters the cell.

(b) The exit air fl ow rate can be estimated by:
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If the exit air is at 100% humidity and the saturated vapor pressure 
of water at 80 °C is 47.39 kPa, then the pressure of the dry air is the 
total pressure of the exit air minus the saturated vapor pressure. If we 
estimate the exit pressure to be less than the entry pressure due to pres-
sure drop through the fl ow fi elds, we estimate a 20 kPa pressure drop, 
then 303,975.03 − 20,000 = 283,975.03 Pa, and the pressure of dry air is 
283,975.03 Pa − 47,390 Pa = 236,585.03 Pa.

With the molecular mass of water is 18 and the molecular mass of 
air is 28.97, then the humidity ratio is:
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Therefore, the mass fl ow rate of water leaving the cell is:

mw = wma = 0.1245 × 0.001246 kg/s = 0.000155 kg/s

The rate of water production:

m
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The rate that water should enter the cell can be estimated by 
0.000155 − 0.000231 = −0.000076, which implies that no water needs 
to enter the cell. Therefore, a humidifi er is not needed. The total exit 
fl ow rate is the dry air fl ow rate plus the water fl ow rate, which is 
0.001246 kg/s + 0.000155 kg/s = 0.001401 kg/s.

(c)  If cp = 1100 J/kg ∗ K, and g = 1.33, and the turbine exit pressure 
is still above atmospheric pressure (≈ 283,975.03 − 100,000 Pa = 
183,975.03), then the turbine power can be calculated by:
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About 33 W would make a useful contribution to the 253 W needed. 
The temperature change through the turbine can be calculated by:
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This would bring the exit gas temperature down to 58.38 K.

(d) The heating rate is:
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Using MATLAB to solve:
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%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

% EXAMPLE 13-6: System Design

% UnitSystem SI 

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

T_in = 25; % Inlet temperature (C)
T_op = 80; % Operating temperature (C)
P_op = 3000; % Operating Pressure (kPa)
P_input = 1000; % Inlet Pressure (kPa)
S = 2.5; % Air stoichiometry 
V = 0.65; % Average cell voltage (V)
eta = 0.5; % Effi ciency
P =1000; % Power
F = 96485; % Faraday’s law
M_air = 28.97e-3; % Molecular weight of air
x_O2 = 0.21; % Oxygen mole fraction
cp = 1004; % Specifi c heat
P_W = 47390; % Pressure drop of water (Pa)
P_A = 236585.03; % Pressure drop of air (Pa)
gamma = 1.4; 
T_in = T_in + 273.15; % Convert temperature to K
T_op = T_op + 273.15; % Convert temperature to K

% Inlet air fl ow rate

m_air = S ∗ M_air ∗ P_input / (4 ∗ x_O2 ∗ V ∗ F);

% Temperature rise due to the compression of air

delta_temp = T_in / eta ∗ ((P_op/P_input)^((gamma- 1)/gamma) − 1);

% Power needed to compress the air

P_compressor = cp ∗ delta_temp ∗ m_air;

% Exit air fl ow rate

m_air_out = m_air − 32e-3 ∗ P_input / (4 ∗ V ∗ F);

% Humidity ratio

w = 18 ∗ P_W / (28.97 ∗ P_A);

% The mass fl ow rate of water leaving the cell

m_w = w ∗ m_air_out;

% Rate of water production

m_H2O = M_air ∗ P_input / (2 ∗ V ∗ F);
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% Remaining water

remainingWater = m_w − m_H2O;
if (remainingWater > 0)
‘humidifi er required’
else
‘no humidifi er required’
end
cp = 1100; % Specifi c heat
gamma = 1.33;
P1 = 283975.03; % Pressure drop 
P2 = 183975.03; % Pressure drop 

% Temperature rise due to the compression of air

delta_temp2 = T_op ∗ eta ∗ ((P2/P1)^((gamma- 1)/gamma) − 1);

% Turbine power

P_turbin = cp ∗ delta_temp2 ∗ (m_w + m_air_out);

% Heating rate

heating_rate = P_input ∗ (1.25/V − 1);

Chapter Summary

A fuel cell system can be very effi cient with a simple plant and electrical 
subsystem—or a very complex one. Typically, the larger the fuel cell stack, 
the more complex the fuel cell plant subsystem will be. The number of 
ways to design and optimize the fuel cell plant and electrical subsystems 
are endless. The plant components reviewed in this chapter include humid-
ifi ers, fans, blowers, compressors, turbines, and pumps. A series of quick 
models (like those presented in this chapter) can aid the fuel cell stack 
designer to make the best design decisions.

Problems

• A 100 kW fuel cell operates at 0.8 V per cell at 60 °C at ambient pressure 
with an oxygen stoichiometry of 2.0. Liquid water is separated from the 
cathode exhaust. Calculate the amount of water that needs to be stored 
for 3 days of operation.

• Calculate the temperature in a compressor that provides air for a 50 kW 
fuel cell system. Assume that air is dry at 25 °C and 1 atm, and the 
delivery pressure is 2 atm. The fuel cell generates 0.70 V per cell 
and operates with an oxygen stoichiometric ratio of 2. The compressor 
effi ciency is 0.65.
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• For the fuel cell described in the second problem, calculate the amount 
of power that can be recovered if the exhaust air is run through the 
turbine. The exhaust gas has 100% humidity with a pressure drop of 
0.3 atm. The turbine effi ciency is 65%.

• For the fuel cell system described in the second problem, calculate the 
amount of water (g/s) needed to fully saturate the air at the fuel cell 
entrance at 70 °C.

• For the fuel cell system described in the second problem, calculate the 
amount of heat (W) needed for the air humidifi cation process.
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CHAPTER 14

Model Validation

14.1 Introduction

Model validation is the most important step in the model-building process. 
However, it is often neglected. Validating a mathematical model usually 
consists of quoting the R2 statistic from the fi t. Unfortunately, a high R2 
value does not mean that the data actually fi t well. If the model does not 
fi t the data well, this negates the purpose of building the model in the fi rst 
place.

There are many statistical tools that can be used for model validation. 
This chapter covers the basic concepts for model validation, which include 
residuals, normal distribution of random errors, missing terms in the func-
tional part of the model, and unnecessary terms in the model. The most 
useful is graphical residual analysis. There are many types of plots of residu-
als that allow the model accuracy to be evaluated. There are also several 
methods that are important to confi rm the adequacy of graphical techniques. 
To help interpret a borderline residual plot, a lack-of-fi t test for assessing the 
correctness of the functional part of the model can be used. The number of 
plots that can be used for model validation is limited when the number of 
parameters being estimated is relatively close to the size of the data set. This 
occurs when there are designed experiments. In this case, residual plots are 
often diffi cult to interpret because of the number of unknown parameters.

14.2 Residuals

The residuals from a fi tted model are the differences of the responses at 
each combination of variables, and the predicted response using the regres-
sion function. The defi nition of the residual for the ith observation in the 
data set can be written as:

 eij = yij − ȳij (14-1)

with yij denoting the ith response in the data set and ȳij represents the list 
of explanatory variables, each set at the corresponding values found in the 
ith observation in the data set. If a model is adequate, the residuals should 
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have no obvious patterns or systematic structure. The primary method of 
determining whether the residuals have any particular pattern is by study-
ing the scatterplots. Scatterplots of the residuals are used to check the 
assumption of constant standard deviation of random errors.

14.2.1 Drifts in the Measurement Process
Drifts in the measurement process can be checked by creating a “run order” 
or “run sequence” plot of the residuals. These are scatterplots where each 
residual is plotted versus an index that indicates the order (in time) in 
which the data were collected. This is useful when the data have been col-
lected in a randomized run order, or an order that is not increasing or 
decreasing in any of the predictor variables. If the data are increasing or 
decreasing with the predictor variables, then the drift in process may not 
be separated from the functional relationship between the predictors and 
the response. This is why randomization is encouraged in the design of 
experiments1,2.

14.2.2 Independent Random Errors
A lag plot of residuals helps to assess whether the random errors are inde-
pendent from one to the next. If the errors are independent, the estimate 
of the error in the standard deviation will be biased, which leads to improper 
inferences about the process. The lag plot works by plotting each residual 
value versus the value of the successive residual. Due to the way that the 
residuals are paired, there will be one less point than most other types of 
residual plots.

There will be no pattern or structure in the lag plot if the errors are 
independent. The points will appear randomly scattered across the plot, 
and if there is a signifi cant dependence between errors, there will be some 
sort of deterministic pattern that is evident.

Example 14-1 shows the types of scatterplots used for determining 
consistent standard deviation.

EXAMPLE 14-1: Plotting Residuals

A parametric model has been developed to predict the performance of 
a PEM fuel cell over a range of operating currents and temperatures. The 
parametric equation predicts activation overvoltage from a linear regres-
sion analysis. Table 14-1 shows the run order, experimental temperature, 
experimental current, calculated experimental activation overpotential, 
and predicted activation overpotential from the model given in Amphlett 
et al.3. (a) Calculate and plot the residuals versus the experimental 
factors using scatterplots, (b) create the run order plot, and (c) create the 
lag plot.

Using MATLAB to solve:
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%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

% EXAMPLE 14-1: Plotting Residuals

% UnitSystem SI

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

% Inputs

% Number of experiments
run_number = [1:28];

TABLE 14-1
Experimental and Calculated Results for Example 14-1

Run 
Order

Temperature 
(K)

Current 
(Amps)

Experimental Activation 
Overvoltage (V)

Predicted Activation 
Overvoltage (V)

 1 358  2.72 −0.2717 −0.2647
 2 328  6.66 −0.4017 −0.4014
 3 343  6.66 −0.3522 −0.35
 4 358  6.66 −0.3038 −0.3025
 5 343  6.66 −0.3341 −0.3283
 6 343  6.66 −0.3756 −0.3775
 7 328  6.66 −0.3727 −0.3747
 8 343  2.72 −0.322 −0.3188
 9 343  6.66 −0.3492 −0.35
10 343  6.66 −0.3472 −0.35
11 328  2.72 −0.3141 −0.3193
12 328  6.66 −0.352 −0.3541
13 343  6.66 −0.3482 −0.35
14 358  6.66 −0.3473 −0.3537
15 358  6.66 −0.325 −0.3252
16 358  6.66 −0.3218 −0.3252
17 343 16.33 −0.4075 −0.4083
18 343 16.33 −0.3902 −0.3868
19 343  6.66 −0.3492 −0.35
20 343  6.66 −0.3788 −0.3775
21 358 16.33 −0.3834 −0.386
22 343  2.72 −0.2969 −0.292
23 343  6.66 −0.3249 −0.3283
24 343  2.72 −0.2868 −0.292
25 343 16.33 −0.4453 −0.4379
26 343  6.66 −0.3502 −0.35
27 328  6.66 −0.3793 −0.3747
28 343 16.33 −0.4062 −0.4083
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% Temperature of each run

T = [358 328 343 358 343 343 328 343 343 343 328 328 343 358 358 358 
343  .  .  .  343 343 343 358 343 343 343 343 343 328 343];

% Current density of each run

i = [2.72 6.66 6.66 6.66 6.66 6.66 6.66 2.72 6.66 6.66 2.72 6.66 6.66  .  .  .  6.66 6.66 
6.66 16.33 16.33 6.66 6.66 16.33 2.72 6.66 2.72 16.33 6.66  .  .  .  6.66 16.33];

% Activation polarization (experimental)

V_act_ex = [−0.2717 −0.4017 −0.3522 −0.3038 −0.3341 −0.3756 −0.3727 
−0.322  .  .  .−0.3492 −0.3472 −0.3141 −0.352 −0.3482 −0.3473 −0.325 −0.3218 
−0.4075  .  .  .  −0.3902 −0.3492 −0.3788 −0.3834 −0.2969 −0.3249 −0.2868 
−0.4453 −0.3502  .  .  .  −0.3793 −0.4062];

% Activation polarization (predicted)

V_act_sim = [−0.2647 −0.4014 −0.35 −0.3025 −0.3283 −0.3775 −0.3747 
−0.3188  .  .  .  −0.35 −0.35 −0.3193 −0.3541 −0.35 −0.3537 −0.3252 −0.3252 
−0.4083  .  .  .  −0.3868 −0.35 −0.3775 −0.386 −0.292 −0.3283 −0.292 −0.4379 
−0.35  .  .  .  −0.3747 −0.4083];

% Obtain residuals

e = V_act_ex - V_act_sim;

% Plot residuals versus temperature

fi gure1 = fi gure(‘Color’,[1 1 1]);
hdlp=scatter(T,e);
xlabel(‘Temperature (K)’,‘FontSize’,12,‘FontWeight’,‘Bold’);
ylabel(‘Residuals’,‘FontSize’,12,‘FontWeight’,‘Bold’);
set(hdlp,‘LineWidth’,1.5);
grid on;

% Plot residuals versus current density

fi gure2 = fi gure(‘Color’,[1 1 1]);
hdlp=scatter(i,e);
xlabel(‘Current Density (A/cm2)’,‘FontSize’,12,‘FontWeight’,‘Bold’);
ylabel(‘Residuals’,‘FontSize’,12,‘FontWeight’,‘Bold’);
set(hdlp,‘LineWidth’,1.5);
grid on;

% Plot residuals versus run order

fi gure3 = fi gure(‘Color’,[1 1 1]);
hdlp=scatter(run_number,e);
xlabel(‘Run Order’,‘FontSize’,12,‘FontWeight’,‘Bold’);
ylabel(‘Residuals’,‘FontSize’,12,‘FontWeight’,‘Bold’);
set(hdlp,‘LineWidth’,1.5);
grid on;



Model Validation 397

% Plot residuals versus residuals (Lag plot)

fi gure4 = fi gure(‘Color’,[1 1 1]);
hdlp=scatter(e(2:28),e(1:27));
xlabel(‘Residuals’,‘FontSize’,12,‘FontWeight’,‘Bold’);
ylabel(‘Residuals’,‘FontSize’,12,‘FontWeight’,‘Bold’);
set(hdlp,‘LineWidth’,1.5);
grid on;

Figures 14-1 through 14-4 show the residuals versus the experimental 
factors, the run order plot, and the lag plot for Example 14-2.

For Figures 14-1 and 14-2, the range of the residuals in these fi gures 
looks essentially constant across the levels of the predictor variables, which 
are temperature, and current. There are points randomly scattered above 
and below y = 0 line. This suggests that the standard deviation of the 
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FIGURE 14-1. Scatterplot of temperature versus residuals.



398 PEM Fuel Cell Modeling and Simulation Using MATLAB®

random error is the same for the responses observed at each temperature 
and current. These scatter plots indicate that the parametric model is most 
likely a good fi t to the experimental data.

14.3 Normal Distribution of Normal Random Errors

14.3.1 Histograms and Normal Probability Plots
In order to determine the normal distribution of normal random errors, 
there are two plots that can be used: the histogram and the normal prob-
ability plot. These plots can be used to verify if the random error in the 
process has been obtained from a normal distribution. When making a deci-
sion about the model and process, the normality assumption is needed to 
obtain more information about the error rates. If the random errors are not 
from a normal distribution, incorrect decisions will be made more or less 
often than the stated confi dence levels indicate.

2 4 6 8 10 12 14 16 18
-8

-6

-4

-2

0

2

4

6

8
x 10

-3

Current(A)

R
e
s
id

u
a
ls

FIGURE 14-2. Scatterplot of current versus residuals.
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The normal probability plot is a plot of the sorted values of the 
residuals versus the associated theoretical values from the standard normal 
distribution. Unlike most residual scatterplots, a random scatter of points 
does not validate that the assumption being checked was met. If the random 
errors are normally distributed, the plotted points will lie close to a straight, 
diagonal line. If points deviate signifi cantly from the line, the random errors 
are probably not randomly distributed, and the data have some outliers in 
them.

If the normal probability plot suggests that the errors come from a 
non-normal distribution, then a histogram can be used to determine what 
the distribution looks like. If the histogram is bell-shaped, the conclusions 
of the normal probability plots are correct. It is important to note that 
information about the distribution of random errors from the process can 
only be obtained if the functional part of the model is correctly specifi ed, 
the standard deviation is constant, there is no drift in the process, and the 
random errors are not dependent on the run4,5.
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FIGURE 14-3. Run order plot for Example 14-1.
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EXAMPLE 14-2: Creating a Histogram and Normal 
Probability Plot

Using the residuals from Example 14-1, create a normal probability plot 
and histogram to determine if the data are normally distributed. Another 
method of presenting the error data is through the use of a box plot. Use 
a box plot to view the residuals from Example 14-1.

Using MATLAB to solve:
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FIGURE 14-4. Lag plot for Example 14-1.
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%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

% EXAMPLE 14-2: Creating a Histogram and Probability Plot

% UnitSystem SI

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

% Plot normal probability plot

fi gure1 = fi gure(‘Color’,[1 1 1]);
hdlp=normplot(e);
xlabel(‘Quantities from Standard Normal Distribution’,‘FontSize’,12,‘FontWeight’,

‘Bold’);
ylabel(‘Residuals’,‘FontSize’,12,‘FontWeight’,‘Bold’);
set(hdlp,‘LineWidth’,1.5);
grid on;

% Plot Histogram
n = length(e);
b = −0.01:0.002:0.01;
fi gure2 = fi gure(‘Color’,[1 1 1]);
hdlp = hist(e,b);
maxn=max(hdlp);
cs = cumsum(hdlp ∗ maxn/n);
bar(b,hdlp,0.95,‘g’)
axis([-0.01,0.01,0,maxn])
box off
hold on
plot(b,cs,‘k-s’)
xlabel(‘Residuals’,‘FontSize’,12,‘FontWeight’,‘Bold’);
ylabel(‘Count’,‘FontSize’,12,‘FontWeight’,‘Bold’);
plot([-0.01 0.01],[maxn maxn],‘k’,[0.01 0.01],[0 maxn],‘k’)
j=0:0.1:1;
lenj=length(j);
text(repmat(0.011,lenj,1), maxn. ∗ j’,num2str(j’,2))
plot([repmat(0.01,1,lenj);repmat(0.01,1,lenj)],[maxn ∗ j;maxn ∗ j],‘k’)

% Box plot
fi gure3 = fi gure(‘Color’,[1 1 1]);
boxplot(e,‘Notch’,‘on’);

Figures 14-5 through 14-7 show the normal probability plot, histo-
gram, and box plot for Example 14-2.

14.4 Missing Terms in the Functional Part of the Model

Residual plots are the most valuable tool for assessing whether variables 
are missing in the functional part of the model. However, if the results are 



402 PEM Fuel Cell Modeling and Simulation Using MATLAB®

nebulous, it may be helpful to use statistical tests for the hypothesis of the 
model. One may wonder if it may be more useful to jump directly to the 
statistical tests (since they are more quantitative), however, residual plots 
provide the best overall feedback of the model fi t. These quantitative tests 
are termed “lack-of-fi t” tests, and there are many illustrated in any statis-
tics textbook.

The most commonly used strategy is to compare the amount of vari-
ation in the residuals with an estimate of the random variation in the model 
is to use an additional data set. If the random variation is similar, then it 
can be assumed that no terms are missing from the model. If the random 
variation from the model is larger than the random variation from the 
independent data set, then terms may be missing or misspecifi ed in the 
functional part of the model.

Comparing the variation between experimental and model data sets 
is very useful, however, there are many instances where a replicate meas-
urement is not available. If this is the case, the lack-of-fi t statistics can be 
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FIGURE 14-5. Normal probability plot for Example 14-2.
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calculated by partitioning the residual standard deviation into two inde-
pendent estimators of the random variation in the process.

One estimator depends upon the model, and the means of the repli-
cated sets of data (sm), and the other estimator is a standard deviation of 
the variation observed in each set of replicated measurements (sr). The 
squares of these two estimators are often called “mean square for lack-of-
fi t.” The model estimator can be calculated by6:

 σm
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2  (14-2)

where p is the number of unknown parameters in the model, n is the 
sample size of the data set used to fi t the model, nu is the number of com-
binations of predictor variable levels, and ni is the number of replicated 
observations at the ith combination of predictor variable levels.

If the model is a good fi t, the value of the function would be a good 
estimate of the mean value of response for every combination of predictor 
variable values. If the function provides good estimates of the mean response 
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at the ith combination, then sm should be close in value to sr and should 
also be a good estimate of s. If the model is missing any important terms, 
or any of the terms are correctly specifi ed, then the function will provide 
a poor estimate of the mean response for some combination of predictors, 
and sm will probably be greater than sr.

The model-dependent estimator can be calculated using7:
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 (14-3)

Since sr depends only on the data and not on the functional part of the 
model, this indicates that sr will be a good estimator of s, regardless of 
whether the model is a complete description of the process. Typically, if 
sm > sr, then one or more parts of the model may be missing or improperly 
specifi ed. Due to random error in the model, sometimes sm will be greater 
than sr even when the model is accurate. To ensure that the model hypoth-
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FIGURE 14-7. Box plot for Example 14-2.
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esis is not rejected by accident, it is necessary to understand how much 
greater sr can possibly be. This will ensure that the hypothesis is only 
rejected when sm is greater than sr. A ratio that can be used when the model 
fi ts the data is8:

 L m

r

=
σ
σ

2

2
 (14-4)

The probability of rejecting the hypothesis is controlled by the prob-
ability distribution that describes the behavior of the statistic, L. One 
method of defi ning the cut-off value is using the value of L when it is 
greater than the upper-tail cut-off value from the F distribution. This allows 
a quantitative method of determining when sm is greater than sr.

The probability specifi ed by the cut-off value from the F distribution 
is called the “signifi cance level” of the test. The most commonly used 
signifi cance value is a = .05, which means that the hypothesis of an ade-
quate model will only be rejected in 5% of tests for which the model really 
is adequate. The cut-off values can be calculated using the F distribution 
described in most statistics textbooks.

14.5 Unnecessary Terms in the Model

Sometimes models fi t the data very well, but there are additional unneces-
sary terms. These models are said to “overfi t” the data. Since the param-
eters for any unnecessary terms in the model usually have values near zero, 
it may seem harmless to leave them in the model. However, if there are 
many extra terms in the model, there could be occurrences where the error 
from the model may be larger than necessary, and this may affect conclu-
sions drawn from the data.

Overfi tting often occurs when developing purely empirical models for 
experimental data, with little understanding of the total and random vari-
ation in the data. This happens when regression methods fi t the data set 
instead of using functions to describe the structure in the data. There are 
models that are sometimes are made to fi t very complex patterns, but these 
may actually be fi nding structure in the noise if the model is analyzed 
carefully.

To determine if a model has too many terms, statistical tests can also 
be used. The tests for overfi tting of data is one area in which statistical 
tests are more effective than residual plots. In this case, individual tests for 
each parameter in the model are used rather than a single test. The test 
statistics for testing whether or not each parameter is zero is typically based 
on T distribution. Each parameter estimated in the model is measured in 
terms of how many standard deviations it is from its hypothesized value 
of zero. If the parameter’s estimated value is close enough to the hypoth-
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esized value, then any additional deviation can be attributed to random 
error, and the hypothesis that the parameter’s true value is not zero is 
accepted. However, if the parameter’s estimated value is so far away from 
the hypothesized value that the deviation cannot be plausibly explained by 
random error, the hypothesis that the true value of the parameter is zero 
is rejected.

The test statistic for each of these tests is simply the estimated param-
eter value divided by its estimated standard deviation:

 T i

i

=
β

σβ
 (14-5)

Equation 14-5 provides a measure of the distance between the estimated 
and hypothesized values of the parameter in standard deviations. Since the 
random errors are normally distributed, and the value of the parameter is 
zero, the test statistic has a Student’s T distribution with n − p degrees of 
freedom. Therefore, the cut-off values from the T distribution can be used 
to determine the amount of variable that is due to random error. These 
tests should each be used with cut-off values with a signifi cance level of 
a/2 since these tests are generally used to simultaneously test whether or 
not a parameter value is greater than or less than zero. This will ensure 
that the hypothesis of each parameter equals zero will be rejected by chance 
with probability a.

EXAMPLE 14-3: Creating ANOVA Tables and 
Confi dence Intervals

Using the residual data given in Example 14-1, create the ANOVA table 
for the activation voltage, temperature, and pressure. Find the confi -
dence interval for error mean at a 95% confi dence level.

Using MATLAB to solve:

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

% EXAMPLE 14-3: Creating ANOVA Tables and 
Confi dence Intervals

% UnitSystem SI

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

% ANOVA Tables
% ANOVA with the temperature and current as factors
p = anovan(V_act_ex, {T i})
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% Confi dence Interval

meen = mean(e);
L = length(e);
q = std(e) ∗ tinv(0.975,L-1)/sqrt(L);
disp([‘Sample mean =’ num2str(meen)])
disp(‘Confi dence interval for error mean at 95% confi dence level –’)
disp([‘ ’ num2str(meen-q) ‘<=Error mean<=’ num2str(meen+q)])

FIGURE 14-8. ANOVA for temperature and current for Example 14-3.

Figure 14-8 illustrates the ANOVA table with the temperature and 
current as factors.

The confi dence limits printed in the MATLAB workspace from 
Example 14-3 are as follows:

Sample mean = −3.5714e-006
Confi dence interval for sample mean at 95% confi dence level –
−0.0014334 <= Sample mean <= 0.0014262

In Figure 14-8, the model F-values of 50.93 and 11.45 indicate that the 
model terms are signifi cant. There is a 0.0% and 0.04% chance that a model 
F-Value this large can be due to noise. When the values of Prob > F are less 
than 0.05, this typically indicates that the model terms are signifi cant. If 
the values are greater than 0.100, this indicates that the model terms are 
not signifi cant. If there are many insignifi cant model terms, model reduc-
tion may improve the model.

Chapter Summary

Fuel cell validation is the most important step in the model-building 
process. However, little attention is usually given to this step. A fast 
method for analyzing the validity of a model is to look at plots of residuals 
versus the experimental factors, run plots, and lag plots. These plots give 
a good feel for how accurately a model fi ts the experimental data, and 
how dependable it is. Selecting various statistical techniques, or using a 
combination of them, will tell the user if there are any unnecessary por-
tions of the model, or will help determine the amount of noise. Some of 
the techniques that are useful in comparing experimental and calculated 
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results are histograms, normal probability plots, T and F distributions, 
analysis of variance, and confi dence levels. If residual scatterplots are used 
with one or more of the tests listed above, there will be substantial evidence 
that a model is a good fi t to the experimental data.

Problems

• Perform a regression analysis for the data in Example 14-1.
• Determine the T and F distribution tests for the data in Example 14-1.
• How well do you think that the calculated data in Example 14-1 fi t the 

experimental data?
• Perform a lack-of-fi t test for the data in Example 14-1.
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APPENDIX A

Physical Constants

The following table lists constants and conversions that may be helpful for 
fuel cell design calculations. These constants are used in many equations 
throughout the book.

Avogadro’s Number NA 6.02 × 1023 Atoms/mol

Universal gas constant R 0.08205 L atm/mol K
8.314 J/mol K
0.08314 bar m3/mol K
8.314 kPa m3/mol K

Planck’s constant h 6.626 × 10−34 J s
4.136 × 10−15 eV · s

Boltzmann’s constant k 1.38 × 10−23 J/K
8.61 × 10−5 eV/K

Electron mass m 9.11 × l0−31 kg
Electron charge q 1.60 × 10−19 C
Faraday’s constant F 96,485.34 C/mol
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APPENDIX B

The following table lists enthalpy of formation, the Gibbs function of for-
mation, and absolute entropy for selected substances at 25 °C and 1 atm.

Substance Formula Hf (J/mol) Gf (J/mol) S (J/mol ∗ K)

Acetylene C2H2(g) +226,730 +209,170 200.85
Ammonia NH3(g) −46,190 −16,590 192.33
Benzene C6H6 (g) +82,930 +129,660 269.20
Carbon C(s) 0 0  5.74
Carbon dioxide CO2(g) −393,522 −394,360 213.80
Carbon monoxide CO(g) −110,530 −137,150 197.65
Ethane C2H6(g) −84,680 −32,890 229.49
Ethyl alcohol C2H5OH(g) −235,310 −168,570 282.59
Ethyl alcohol C2H5OH(l) −277,690 −174,891 160.70
Ethylene C2H4 (g) +52,280 +68,120 219.83
Hydrogen H2 (g) 0 0 130.68
Hydrogen H(g) +217,999 +203,290 114.72
Hydrogen peroxide H2O2(g) −136,310 −105,600 232.63
Hydroxyl OH(g) +38,987 +34,280 183.70
Methane CH4(g) −74,850 −50,790 186.16
Methyl alcohol CH3OH(g) −200,670 −162,000 239.70
Methyl alcohol CH3OH(l) −238,660 −166,360 126.80
n-Butane C4H10(g) −126,150 −15,710 310.12
n-Dodecane C12H2(g) −291,010 +50,150 622.83
Nitrogen N2(g) 0 0 191.61
Nitrogen N(g) +472,680 +455,510 153.30
n-Octane C8H18(g) −208,450 +16,530 466.73
n-Octane C8H18 (l) −249,950 +6,610 360.79
Oxygen O2(g) 0 0 205.14
Oxygen O(g) +249,170 +231,770 161.06
Propane C3H8(g) −130,850 −23,490 269.91
Propylene C3H6 (g) +20,410 +62,720 266.94
Water H2O(g) −241,826 228,590 188.83
Water H2O(l) −285,826 237,180  69.92
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APPENDIX C

The following table lists the ideal gas-specifi c heat at constant pressure for 
selected substances at 300 K.

Gas Formula Molecular Weight 
W kg/kmol

Gas Constant 
kJ/(kg K)

Specifi c Heat 
kJ/(kg K)

Air — 28.97 0.2870  1.005
Argon Ar  39.948 0.2081  0.5203
Butane C4H10  58.124 0.1433  1.7164
Carbon dioxide CO2 44.01 0.1889  0.846
Carbon monoxide CO  28.011 0.2968  1.040
Ethane C2H6  30.070 0.2765  1.7662
Ethylene C2H4  28.054 0.2964  1.5482
Helium He  4.003 2.0769  5.1926
Hydrogen H2  2.016 4.1240 14.307
Methane CH4  16.043 0.5182  2.2537
Neon Ne  20.183 0.4119  1.0299
Nitrogen N2  28.013 0.2968  1.039
Octane C8H18 114.230 0.0729  1.7113
Oxygen O2  31.999 0.2598  0.918
Propane C3H8  44.097 0.1885  1.6794
Steam H2O  18.015 0.4615  1.8723
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APPENDIX D

The following table lists the ideal gas-specifi c heat at constant pressure at 
various temperatures.

T(K) Air 
kJ/(kg K) 

CO2 
kJ/(kg K)

CO 
kJ/(kg K)

H2 
kJ/(kg K)

H2O(g) 
kJ(kmol K)

N2 
kJ/(kg K)

O2 
kJ/(kg K)

 250 1.003 0.791 1.039 14.051 33.324 1.039 0.913
 300 1.005 0.846 1.040 14.307 33.669 1.039 0.918
 350 1.008 0.895 1.043 14.427 34.051 1.041 0.928
 400 1.013 0.939 1.047 14.476 34.467 1.044 0.941
 450 1.020 0.978 1.054 14.501 34.914 1.049 0.956
 500 1.029 1.014 1.063 14.513 35.390 1.056 0.972
 550 1.040 1.046 1.075 14.530 35.891 1.065 0.988
 600 1.051 1.075 1.087 14.546 36.415 1.075 1.003
 650 1.063 1.102 1.100 14.571 36.960 1.086 1.017
 700 1.075 1.126 1.113 14.604 37.523 1.098 1.031
 750 1.087 1.148 1.126 14.645 38.100 1.110 1.043
 800 1.099 1.169 1.139 14.695 38.690 1.121 1.054
 900 1.121 1.204 1.163 14.822 39.895 1.145 1.074
1000 1.142 1.234 1.185 14.983 41.118 1.167 1.090
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APPENDIX E

The following table lists specifi c heat at constant pressure for saturated 
liquid water H2O.

Temperature (°C) Specifi c Heat, Cp kJI(kg K)

 0 4.2178
 20 4.1818
 40 4.1784
 60 4.1843
 80 4.1964
100 4.2161
120 4.250
140 4.283
160 4.342
180 4.417
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APPENDIX F

The following tables list thermodynamic data for hydrogen, oxygen, water, 
carbon monoxide, carbon dioxide, methane, and nitrogen for 200 through 
1000 K.

Hydrogen Thermodynamic Data 

T(K) ĝ(T)(kJ/mol) ĥ(T)(kJ/mol) ŝ(T)(J/mol K) Cp(T)(J/mol K)

 200  −26.66 −2.77 119.42 27.26
 220  −29.07 −2.22 122.05 27.81
 240  −31.54 −1.66 124.48 28.21
 260  −34.05 −1.09 126.75 28.49
 280  −36.61 −0.52 128.87 28.7
 298.15  −38.96  0 130.68 28.84
 300  −39.20  0.05 130.86 28.85
 320  −41.84  0.63 132.72 28.96
 340  −44.51  1.21 134.48 29.04
 360  −47.22  1.79 136.14 29.1
 380  −49.96  2.38 137.72 29.15
 400  −52.73  2.96 139.22 29.18
 420  −55.53  3.54 140.64 29.21
 440  −58.35  4.13 142 29.22
 460  −61.21  4.71 143.3 29.24
 480  −64.08  5.3 144.54 29.25
 500  −66.99  5.88 145.74 29.26
 520  −69.91  6.47 146.89 29.27
 540  −72.86  7.05 147.99 29.28
 560  −75.83  7.64 149.06 29.3
 580  −78.82  8.22 150.08 29.31
 600  −81.84  8.81 151.08 29.32
 620  −84.87  9.4 152.04 29.34
 640  −87.92  9.98 152.97 29.36
 660  −90.99 10.57 153.87 29.39
 680  −94.07 11.16 154.75 29.41
 700  −97.18 11.75 155.61 29.44
 720 −100.30 12.34 156.44 29.47
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T(K) ĝ(T)(kJ/mol) ĥ(T)(kJ/mol) ŝ(T)(J/mol K) Cp(T)(J/mol K)

 740 −103.43 12.93 157.24 29.5
 760 −106.59 13.52 158.03 29.54
 780 −109.75 14.11 158.8 29.58
 800 −112.94 14.7 159.55 29.62
 820 −116.14 15.29 160.28 29.67
 840 −119.35 15.89 161 2972
 860 −122.58 16.48 161.7 29.77
 880 −125.82 17.08 162.38 29.83
 900 −129.07 17.68 163.05 29.88
 920 −132.34 18.27 163.71 29.94
 940 −135.62 18.87 164.35 30
 960 −138.91 19.47 164.99 30.07
 980 −142.22 20.08 165.61 30.14
1000 −145.54 20.68 166.22 30.2

Oxygen Thermodynamic Data 

T(K) ĝ(T)(kJ/mol) ĥ(T)(kJ/mol) ŝ(T)(J/mol K) Cp(T)(J/mol K)

 200  −41.54 −2.71 194.16 25.35
 220  −45.45 −2.19 196.63 26.41
 240  −49.41 −1.66 198.97 27.25
 260  −53.41 −1.10 201.18 27.93
 280  −57.45 −0.54 203.27 28.48
 298.15  −61.12  0.00 205.00 28.91
 300  −61.54  0.03 205.25 28.96
 320  −65.66  0.62 207.13 29.36
 340  −69.82  1.21 208.92 29.71
 360  −74.02  1.81 210.63 30.02
 380  −78.25  2.41 212.26 30.30
 400  −82.51  3.02 213.82 30.56
 420  −86.80  3.63 215.32 30.79
 440  −91.12  4.25 216.75 31.00
 460  −95.47  4.87 218.14 31.20
 480  −99.85  5.50 219.47 31.39
 500 −104.25  6.13 220.75 31.56
 520 −108.68  6.76 221.99 31.73
 540 −113.13  7.40 223.20 31.89
 560 −117.61  8.04 224.36 32.04
 580 −122.10  8.68 225.48 32.19
 600 −126.62  9.32 226.58 32.32
 620 −131.17  9.97 227.64 32.46
 640 −135.73 10.62 228.67 32.59
 660 −140.31 11.27 229.68 32.72
 680 −144.92 11.93 230.66 32.84
 700 −149.54 12.59 231.61 32.96
 720 −154.18 13.25 232.54 33.07
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T(K) ĝ(T)(kJ/mol) ĥ(T)(kJ/mol) ŝ(T)(J/mol K) Cp(T)(J/mol K)

 740 −158.84 13.91 233.45 33.19
 760 −163.52 14.58 234.33 33.30
 780 −168.21 15.24 235.20 33.41
 800 −172.93 15.91 236.05 33.52
 820 −177.66 16.58 236.88 33.62
 840 −182.40 17.26 237.69 33.72
 860 −187.16 17.93 238.48 33.82
 880 −191.94 18.61 239.26 33.92
 900 −196.73 19.29 240.02 34.02
 920 −201.54 19.97 240.77 34.12
 940 −206.36 20.65 241.51 34.21
 960 −211.20 21.34 242.23 34.30
 980 −216.05 22.03 242.94 34.40
1000 −220.92 22.71 243.63 34.49

H2O(l) Thermodynamic Data 

T(K) ĝ(T)(kJ/mol) ĥ(T)(kJ/mol) ŝ(T)(J/mol K) Cp(T)(J/mol K)

273 −305.01 −287.73 63.28 76.10
280 −305.46 −287.20 65.21 75.81
298.15 −306.69 −285.83 69.95 75.37
300 −306.82 −285.69 70.42 75.35
320 −308.27 −284.18 75.28 75.27
340 −309.82 −282.68 79.85 75.41
360 −311.46 −281.17 84.16 75.72
373 −312.58 −280.18 86.85 75.99

H2O(g) Thermodynamic Data

T(K) ĝ(T)(kJ/mol) ĥ(T)(kJ/mol) ŝ(T)(J/mol K) Cp(T)(J/mol K)

 280 −294.72 −242.44 186.73 33.53
 298.15 −298.13 −241.83 188.84 33.59
 300 −298.48 −241.77 189.04 33.60
 320 −302.28 −241.09 191.21 33.69
 340 −306.13 −240.42 193.26 33.81
 360 −310.01 −239.74 195.20 33.95
 380 −313.94 −239.06 197.04 34.10
 400 −317.89 −238.38 198.79 34.26
 420 −321.89 −237.69 200.47 34.44
 440 −325.91 −237.00 202.07 34.62
 460 −329.97 −236.31 203.61 34.81
 480 −334.06 −235.61 205.10 35.01
 500 −338.17 −234.91 206.53 35.22
 520 −342.32 −234.20 207.92 35.43
 540 −346.49 −233.49 209.26 35.65
 560 −350.69 −232.77 210.56 35.87
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T(K) ĝ(T)(kJ/mol) ĥ(T)(kJ/mol) ŝ(T)(J/mol K) Cp(T)(J/mol K)

 580 −354.91 −232.05 211.82 36.09
 600 −359.16 −231.33 213.05 36.32
 620 −363.43 −230.60 214.25 36.55
 640 −367.73 −229.87 215.41 36.78
 660 −372.05 −229.13 216.54 37.02
 680 −376.39 −228.39 217.65 37.26
 700 −380.76 −227.64 218.74 37.50
 720 −385.14 −226.89 219.80 37.75
 740 −389.55 −226.13 220.83 37.99
 760 −393.97 −225.37 221.85 38.24
 780 −398.42 −224.60 222.85 38.49
 800 −402.89 −223.83 223.83 38.74
 820 −407.37 −223.05 224.78 38.99
 840 −411.88 −222.27 225.73 39.24
 860 −416.40 −221.48 226.65 39.49
 880 −420.94 −220.69 227.56 39.74
 900 −425.51 −219.89 228.46 40.00
 920 −430.08 −219.09 229.34 40.25
 940 −434.68 −218.28 230.21 40.51
 960 −439.29 −217.47 231.07 40.76
 980 −443.92 −216.65 231.91 41.01
1000 −448.57 −215.83 232.74 41.27

CO Thermodynamic Data 

T(K) ĝ(T)(kJ/mol) ĥ(T)(kJ/mol) ŝ(T)(J/mol K) Cp(T)(J/mol K)

 200 −150.60 −113.42 185.87 30.20
 220 −154.34 −112.82 188.73 29.78
 240 −158.14 −112.23 191.31 29.50
 260 −161.99 −111.64 193.66 29.32
 280 −165.89 −111.06 195.83 29.20
 298.15 −169.46 −110.53 197.66 29.15
 300 −169.83 −110.47 197.84 29.15
 320 −173.80 −109.89 199.72 29.13
 340 −177.81 −109.31 201.49 29.14
 360 −181.86 −108.72 203.16 29.17
 380 −185.94 −108.14 204.73 29.23
 400 −190.05 −107.56 206.24 29.30
 420 −194.19 −106.97 207.67 29.39
 440 −198.36 −106.38 209.04 29.48
 460 −202.55 −105.79 210.35 29.59
 480 −206.77 −105.20 211.61 29.70
 500 −211.01 −104.60 212.83 29.82
 520 −215.28 −104.00 214.00 29.94
 540 −219.57 −103.40 215.13 30.07
 560 −223.89 −102.80 216.23 30.20
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T(K) ĝ(T)(kJ/mol) ĥ(T)(kJ/mol) ŝ(T)(J/mol K) Cp(T)(J/mol K)

 580 −228.22 −102.19 217.29 30.34
 600 −232.58 −101.59 218.32 30.47
 620 −236.95 −100.98 219.32 30.61
 640 −241.35 −100.36 220.29 30.75
 660 −245.77  −99.75 221.24 30.89
 680 −250.20  −99.13 222.17 31.03
 700 −254.65  −98.50 223.07 31.17
 720 −259.12  −97.88 223.95 31.31
 740 −263.61  −97.25 224.81 31.46
 760 −268.12  −96.62 225.65 31.60
 780 −272.64  −95.99 226.47 31.74
 800 −277.17  −95.35 227.28 31.88
 820 −281.73  −94.71 228.07 32.01
 840 −286.30  −94.07 228.84 32.15
 860 −290.88  −93.43 229.60 32.29
 880 −295.48  −92.78 230.34 32.42
 900 −300.09  −92.13 231.07 32.55
 920 −304.72  −91.48 231.79 32.68
 940 −309.37  −90.82 232.49 32.81
 960 −314.02  −90.17 233.18 32.94
 980 −318.69  −89.51 233.86 33.06
1000 −323.38  −88.84 234.53 33.18

CO2 Thermodynamic Data 

T(K) ĝ(T)(kJ/mol) ĥ(T)(kJ/mol) ŝ(T)(J/mol K) Cp(T)(J/mol K)

 200 −436.93 −396.90 200.1 31.33
 220 −440.95 396.25 203.16 32.77
 240 −445.04 −395.59 206.07 34.04
 260 −449.19 −394.89 208.84 35.19
 280 −453.39 −394.18 211.48 36.24
 300 −457.65 −393.44 214.02 37.22
 320 −461.95 −392.69 216.45 38.13
 340 −466.31 −391.92 218.79 39
 360 −470.71 −391.13 221.04 39.81
 380 −475.15 −390.33 223.21 40.59
 400 −479.63 −389.51 225.31 41.34
 420 −484.16 −388.67 227.35 42.05
 440 −488.73 −387.83 229.32 42.73
 460 −493.33 −386.96 231.23 43.38
 480 −497.98 −386.09 233.09 44.01
 500 −502.66 −385.20 234.9 44.61
 520 −507.37 −384.31 236.66 45.2
 540  512.12 −383.40 238.38 45.76
 560 −516.91 −382.48 240.05 46.3
 580 −521.72 −381.54 241.69 46.82
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T(K) ĝ(T)(kJ/mol) ĥ(T)(kJ/mol) ŝ(T)(J/mol K) Cp(T)(J/mol K)

 600  526.59 −380.60 243.28 47.32
 620 −531.46 −379.65 244.84 47.8
 640 −536.37 −378.69 246.37 48.27
 660 −541.31 −377.72 247.86 48.72
 680 −546.28 −376.74 249.32 49.15
 700 −551.29 −375.76 250.75 49.57
 720 −556.31 −374.76 252.15 49.97
 740 −561.37 −373.76 253.53 50.36
 760 −566.45 −372.75 254.88 50.73
 780 −571.56 −371.73 256.2 51.09
 800 −576.71 −370.70 257.5 51.44
 820  581.86 −369.67 258.77 51.78
 840 −587.05 −368.63 260.02 52.1
 860 −592.26 −367.59 261.25 52.41
 880 −597.50 −366.54 262.46 52.71
 900 −602.76 365.48 263.65 53
 920 −608.05 −364.42 264.82 53.28
 940 −613.35 −363.35 265.97 53.55
 960 −618.68 −362.27 267.1 53.81
 980  624.04 −361.19 268.21 54.06
1000 −629.41 −360.11 269.3 54.3

CH4 Thermodynamic Data

T(K) ĝ(T)(kJ/mol) ĥ(T)(kJ/mol) ŝ(T)(J/mol K) Cp(T)(J/mol K)

 200 −112.69 −78.25 172.23 36.30
 220 −116.17 −77.53 175.63 35.19
 240 −119.71 −76.83 178.67 34.74
 260 −123.32 −76.14 181.45 34.77
 280 −126.97 −75.44 184.03 35.12
 298.15 −130.33 −74.80 186.25 35.65
 300 −130.68 −74.73 186.48 35.71
 320 −134.43 −74.01 188.80 36.47
 340 −138.23 −73.27 191.04 37.36
 360 −142.07 −72.52 193.20 38.35
 380 −145.95 −71.74 195.31 39.40
 400 −149.88 −70.94 197.35 40.50
 420 −153.85 −70.12 199.36 41.64
 440 −157.86 −69.27 201.32 42.80
 460 −161.90 −68.41 203.25 43.98
 480 −165.99 −67.51 205.15 45.16
 500 −170.11 −66.60 207.01 46.35
 520 −174.27 −65.66 208.86 47.54
 540 −178.46 −64.70 210.67 48.73
 560 −182.69 −63.71 212.47 49.90
 580 −186.96 −62.70 214.24 51.07
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T(K) ĝ(T)(kJ/mol) ĥ(T)(kJ/mol) ŝ(T)(J/mol K) Cp(T)(J/mol K)

 600 −191.26 −61.67 215.99 52.23
 620 −195.60 −60.61 217.72 53.37
 640 −199.97 −59.53 219.43 54.50
 660 −204.38 −58.43 221.13 55.61
 680 −208.82 −57.31 222.80 56.71
 700 −213.29 −56.16 224.46 57.79
 720 −217.79 −55.00 226.10 58.85
 740 −222.33 −53.81 227.73 59.90
 760 −226.90 −52.60 229.34 60.93
 780 −231.51 −51.37 230.94 61.94
 800 −236.14 −50.13 232.52 62.93
 820 −240.81 −48.86 234.08 63.90
 840 −245.50 −47.57 235.64 64.85
 860 −250.23 −46.26 237.17 65.79
 880 −254.99 −44.94 238.70 66.70
 900 −259.78 −43.60 240.20 67.60
 920 −264.60 −42.23 241.70 68.47
 940 −269.45 −40.86 243.18 69.33
 960 −274.33 −39.46 244.65 70.17
 980 −279.23 −38.05 246.11 70.99
1000 −284.17 −36.62 247.55 71.79

N2 Thermodynamic Data

T(K) ĝ(T)(kJ/mol) ĥ(T)(kJ/mol) ŝ(T)(J/mol K) Cp(T)(J/mol K)

 200  −38.85 −2.83 180.08 28.77
 220  −42.48 −2.26 182.82 28.72
 240  −46.16 −1.68 185.31 28.72
 260  −49.89 −1.11 187.61 28.76
 280  −53.66 −0.53 189.75 28.81
 298.15  −57.11  0 191.56 28.87
 300  −57.48  0.04 191.74 28.88
 320  −61.33  0.62 193.6 28.96
 340  −65.22  1.2 195.36 29.05
 360  −69.15  1.78 197.02 29.14
 380  −73.10  2.37 198.6 29.25
 400  −77.09  2.95 200.11 29.35
 420  −81.11  3.54 201.54 29.46
 440  −85.15  4.13 202.91 29.57
 460  −89.22  4.72 204.23 29.68
 480  −93.32  5.32 205.5 29.79
 500  −97.44  5.92 206.71 29.91
 520 −101.59  6.51 207.89 30.02
 540 −105.76  7.12 209.02 30.13
 560 −109.95  7.72 210.12 30.24
 580 −114.16  8.33 211.19 30.36
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T(K) ĝ(T)(kJ/mol) ĥ(T)(kJ/mol) ŝ(T)(J/mol K) Cp(T)(J/mol K)

 600 −118.40  8.93 212.22 30.47
 620 −122.65  9.54 213.22 30.58
 640 −126.92 10.16 214.19 30.69
 660 −131.22 10.77 215.14 30.8
 680 −135.53 11.39 216.06 30.91
 700 −139.86 12.01 216.96 31.02
 720 −144.21 12.63 217.83 31.13
 740 −148.57 13.25 218.69 31.24
 760 −152.96 13.88 219.52 31.34
 780 −157.35 14.51 220.34 31.45
 800 −161.77 15.14 221.13 31.55
 820 −166.20 15.77 221.91 31.66
 840 −170.64 16.4 222.68 31.76
 860 −175.11 17.04 223.43 31.86
 880 −179.58 17.68 224.16 31.96
 900 −184.07 18.32 224.88 32.06
 920 −188.58 18.96 225.58 32.16
 940 −193.10 19.61 226.28 32.25
 960  −19.63 20.25 226.96 32.35
 980 −202.1 20.9 227.63 32.44
1000 −206.3 21.55 228.28 32.54



APPENDIX G

The following table lists binary diffusion coeffi cients for relevant fuel cell 
substances at 1 atmosphere.

Substance A Substance B T(K) DAB(m2/s)

Acetone Air 298 0.11 × 10−4

Acetone H2O 298 0.13 × 10−8

Ar N2 293 0.19 × 10−4

Benzene Air 298 0.88 × 10−5

CO2 Air 298 0.16 × 10−4

CO2 N2 293 0.16 × 10−4

CO2 O2 273 0.14 × 10−4

CO2 H2O 298 0.20 × 10−8

Ethanol H2O 298 0.12 × 10−8

G H2O 298 0.94 × 10−9

Glucose H2O 298 0.69 × 10−9

H2 Air 273 0.41 × 10−4

H2 O2 273 0.70 × 10−4

H2 N2 273 0.68 × 10−4

H2 CO2 273 0.55 × 10−4

H2 H2O 298 0.63 × 10−8

H2O Air 298 0.26 × 10−4

N2 H2O 298 0.26 × 10−8

Naphthalene Air 300 0.62 × 10−5

NH3 Air 298 0.28 × 10−4

O2 Air 298 0.21 × 10−4

O2 N2 273 0.18 × 10−4

O2 H2O 298 0.24 × 10−8
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Properties of Saturated Water (Liquid–Vapor): Temperature Table

Temp. 
°C

Press. 
Bars

Specifi c Volume 
m3/kg

Internal Energy 
kJ/kg

Enthalpy kJ/kg Entropy 
kJ/kg · K

Temp. 
°C

Sat. 
Liquid 
vf × 103

Sat. 
Vapor 

vg

Sat. 
Liquid 

uf

Sat. 
Vapor 

ug

Sat. 
Liquid 

ht

Evap. 
hfg

Sat. 
Vapor 

hg

Sat. 
Liquid 

sf

Sat. 
Vapor 

sg

 .01 0.00611 1.0002 206.136  0.00 2375.3  0.01 2501.3 2501.4 0.0000 9.1562   .01
 4 0.00813 1.0001 157.232  16.77 2380.9  16.78 2491.9 2508.7 0.0610 9.0514  4
 5 0.00872 1.0001 147.120  20.97 2382.3  20.98 2489.6 2510.6 0.0761 9.0257  5
 6 0.00935 1.0001 137.734  25.19 2383.6  25.20 2487.2 2512.4 0.0912 9.0003  6
 8 0.01072 1.0002 120.917  33.59 2386.4  33.60 2482.5 2516.1 0.1212 8.9501  8
 10 0.01228 1.0004 106.379  42.00 2389.2  42.01 2477.7 2519.8 0.1510 8.9008  10
 11 0.01312 1.0004 99.857  46.20 2390.5  46.20 2475.4 2521.6 0.1658 8.8765  11
 12 0.01402 1.0005 93.784  50.41 2391.9  50.41 2473.0 2523.4 0.1806 8.8524  12
 13 0.01497 1.0007 88.124  54.60 2393.3  54.60 2470.7 2525.3 0.1953 8.8285  13
 14 0.01598 1.0008 82.848  58.79 2394.7  58.80 2468.3 2527.1 0.2099 8.8048  14
 15 0.01705 1.0009 77.926  62.99 2396.1  62.99 2465.9 2528.9 0.2245 8.7814  15
 16 0.01818 1.0011 73.333  67.18 2397.4  67.19 2463.6 2530.8 0.2390 8.7582  16
 17 0.01938 1.0012 69.044  71.38 2398.8  71.38 2461.2 2532.6 0.2535 8.7351  17
 18 0.02064 1.0014 65.038  75.57 2400.2  75.58 2458.8 2534.4 0.2679 8.7123  18
 19 0.02198 1.0016 61.293  79.76 2401.6  79.77 2456.5 2536.2 0.2823 8.6897  19
 20 0.02339 1.0018 57.791  83.95 2402.9  83.96 2454.1 2538.1 0.2966 8.6672  20
 21 0.02487 1.0020 54.514  88.14 2404.3  88.14 2451.8 2539.9 0.3109 8.6450  21
 22 0.02645 1.0022 51.447  92.32 2405.7  92.33 2449.4 2541.7 0.3251 8.6229  22
 23 0.02810 1.0024 48.574  96.51 2407.0  96.52 2447.0 2543.5 0.3393 8.6011  23
 24 0.02985 1.0027 45.883 100.70 2408.4 100.70 2444.7 2545.4 0.3534 8.5794  24
 25 0.03169 1.0029 43.360 104.88 2409.8 104.89 2442.3 2547.2 0.3674 8.5580  25
 26 0.03363 1.0032 40.994 109.06 2411.1 109.07 2439.9 2549.0 0.3814 8.5367  26
 27 0.03567 1.0035 38.774 113.25 2412.5 113.25 2437.6 2550.8 0.3954 8.5156  27
 28 0.03782 1.0037 36.690 117.42 2413.9 117.43 2435.2 2552.6 0.4093 8.4946  28
 29 0.04008 1.0040 34.733 121.60 2415.2 121.61 2432.8 2554.5 0.4231 8.4739  29
 30 0.04246 1.0043 32.894 125.78 2416.6 125.79 2430.5 2556.3 0.4369 4.4533  30
 31 0.04496 1.0046 31.165 129.96 2418.0 129.97 2428.1 2558.1 0.4507 8.4329  31
 32 0.04759 1.0050 29.540 134.14 2419.3 134.15 2425.7 2559.9 0.4644 8.4127  32
 33 0.05034 1.0053 28.011 138.32 2420.7 138.33 2423.4 2561.7 0.4781 8.3927  33
 34 0.05324 1.0056 26.571 142.50 2422.0 142.50 2421.0 2563.5 0.4917 8.3728  34
 35 0.05628 1.0060 25.216 146.67 2423.4 146.68 2418.6 2565.3 0.5053 8.3531  35
 36 0.05947 1.0063 23.940 150.85 2424.7 150.86 2416.2 2567.1 0.5188 8.3336  36
 38 0.06632 1.0071 21.602 159.20 2427.4 159.21 2411.5 2570.7 0.5458 8.2950  38
 40 0.07384 1.0078 19.523 167.56 2430.1 167.57 2406.7 2574.3 0.5725 8.2570  40
 45 0.09593 1.0099 15.258 188.44 2436.8 188.45 2394.8 2583.2 0.6387 8.1648  45
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Temp. 
°C

Press. 
Bars

Specifi c Volume 
m3/kg

Internal Energy 
kJ/kg

Enthalpy kJ/kg Entropy 
kJ/kg · K

Temp. 
°C

Sat. 
Liquid 
vf × 103

Sat. 
Vapor 

vg

Sat. 
Liquid 

uf

Sat. 
Vapor 

ug

Sat. 
Liquid 

ht

Evap. 
hfg

Sat. 
Vapor 

hg

Sat. 
Liquid 

sf

Sat. 
Vapor 

sg

 50  .1235 1.0121 12.032 209.32 2443.5 209.33 2382.7 2592.1  .7038 8.0763  50
 55  .1576 1.0146  9.568 230.21 2450.1 230.23 2370.7 2600.9  .7679 7.9913  55
 60  .1994 1.0172  7.671 251.11 2456.6 251.13 2358.5 2609.6  .8312 7.9096  60
 65  .2503 1.0199  6.197 272.02 2463.1 272.06 2346.2 2618.3  .8935 7.8310  65
 70  .3119 1.0228  5.042 292.95 2469.6 292.98 2333.8 2626.8  .9549 7.7553  70
 75  .3858 1.0259  4.131 313.90 2475.9 313.93 2321.4 2635.3 1.0155 7.6824  75
 80  .4739 1.0291  3.407 334.86 2482.2 334.91 2308.8 2643.7 1.0753 7.6122  80
 85  .5783 1.0325  2.828 355.84 2488.4 355.90 2296.0 2651.9 1.1343 7.5445  85
 90  .7014 1.0360  2.361 376.85 2494.5 376.92 2283.2 2660.1 1.1925 7.4791  90
 95  .8455 1.0397  1.982 397.88 2500.6 397.96 2270.2 2668.1 1.2500 7.4159  95
100 1.014 1.0435  1.673 418.94 2506.5 419.04 2257.0 2676.1 1.3069 7.3549 100
110 1.433 1.0516  1.210 461.14 2518.1 461.30 2230.2 2691.5 1.4185 7.2387 110
120 1.985 1.0603  0.8919 503.50 2529.3 503.71 2202.6 2706.3 1.5276 7.1296 120
130 2.701 1.0697  0.6685 546.02 2539.9 546.31 2174.2 2720.5 1.6344 7.0269 130
140 3.613 1.0797  0.5089 588.74 2550.0 589.13 2144.7 2733.9 1.7391 6.9299 140
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Properties of Saturated Water (Liquid–Vapor): Pressure Table

Press. 
Bars

Temp. 
°C

Specifi c Volume 
m3/kg

Internal 
Energy kJ/kg

Enthalpy kJ/kg Entropy 
kJ/kg · K

Press. 
Bars

Sat. 
Liquid 
vf × 103

Sat. 
Vapor 

vg

Sat. 
Liquid 

uf

Sat. 
Vapor 

ug

Sat. 
Liquid 

ht

Evap. 
hfg

Sat. 
Vapor 

hg

Sat. 
Liquid 

sf

Sat. 
Vapor 

sg

 0.04  28.96 1.0040 34.800 121.45 2415.2 121.46 2432.9 2554.4 0.4226 8.4746  0.04
 0.06  36.16 1.0064 23.739 151.53 2425.0 151.53 2415.9 2567.4 0.5210 8.3304  0.06
 0.08  41.51 1.0084 18.103 173.87 2432.2 173.88 2403.1 2577.0 0.5926 8.2287  0.08
 0.10  45.81 1.0102 14.674 191.82 2437.9 191.83 2392.8 2584.7 0.6493 8.1502  0.10
 0.20  60.06 1.0172  7.649 251.38 2456.7 251.40 2358.3 2609.7 0.8320 7.9085  0.20
 0.30  69.10 1.0223  5.229 289.20 2468.4 289.23 2336.1 2625.3 0.9439 7.7686  0.30
 0.40  75.87 1.0265  3.993 317.53 2477.0 317.58 2319.2 2636.8 1.0259 7.6700  0.40
 0.50  81.33 1.0300  3.240 340.44 2483.9 340.49 2305.4 2645.9 1.0910 7.5939  0.50
 0.60  85.94 1.0331  2.732 359.79 2489.6 359.86 2293.6 2653.5 1.1453 7.5320  0.60
 0.70  89.95 1.0360  2.365 376.63 2494.5 376.70 2283.3 2660.0 1.1919 7.4797  0.70
 0.80  93.50 1.0380  2.087 391.58 2498.8 391.66 2274.1 2665.8 1.2329 7.4346  0.80
 0.90  96.71 1.0410  1.869 405.06 2502.6 405.15 2265.7 2670.9 1.2695 7.3949  0.90
 1.00  99.63 1.0432  1.694 417.36 2506.1 417.46 2258.0 2675.5 1.3026 7.3594  1.00
 1.50 111.4 1.0528  1.159 466.94 2519.7 467.11 2226.5 2693.6 1.4336 7.2233  1.50
 2.00 120.2 1.0605  0.8857 504.49 2529.5 504.70 2201.9 2706.7 1.5301 7.1271  2.00
 2.50 127.4 1.0672  0.7187 535.10 2537.2 535.37 2181.5 2716.9 1.6072 7.0527  2.50
 3.00 133.6 1.0732  0.6058 561.15 2543.6 561.47 2163.8 2725.3 1.6718 6.9919  3.00
 3.50 138.9 1.0786  0.5243 583.95 2546.9 584.33 2148.1 2732.4 1.7275 6.9405  3.50
 4.00 143.6 1.0836  0.4625 604.31 2553.6 604.74 2133.8 2738.6 1.7766 6.8959  4.00
 4.50 147.9 1.0882  0.4140 622.25 2557.6 623.25 2120.7 2743.9 1.8207 6.8565  4.50
 5.00 151.9 1.0926  0.3749 639.68 2561.2 640.23 2108.5 2748.7 1.8607 6.8212  5.00
 6.00 158.9 1.1006  0.3157 669.90 2567.4 670.56 2086.3 2756.8 1.9312 6.7600  6.00
 7.00 165.0 1.1080  0.2729 696.44 2572.5 697.22 2066.3 2763.5 1.9922 6.7080  7.00
 8.00 170.4 1.1148  0.2404 720.22 2576.8 721.11 2048.0 2769.1 2.0462 6.6628  8.00
 9.00 175.4 1.1212  0.2150 741.83 2580.5 742.83 2031.1 2773.9 2.0946 6.6226  9.00
10.0 179.9 1.1273  0.1944 761.68 2583.6 762.81 2015.3 2778.1 2.1387 6.5863 10.0
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APPENDIX J

Properties of Superheated Water Vapor

T °C vm3/kg ukJ/kg hkJ/kg skJ/kg · K vm3/kg ukJ/kg hkJ/kg skJ/kg · K

p = 0.06 bar = 0.006 MPa p = 0.35 bar = 0.035 MPa

(Tsat = 36.16 °C) (Tsat = 72.69 °C)

Sat. 23.739 2425.0 2567.4  8.3304  4.526 2473.0 2631.4 7.7158
 80 27.132 2487.3 2650.1  8.5804  4.625 2483.7 2645.6 7.7564
120 30.219 2544.7 2726.0  8.7840  5.163 2542.4 2723.1 7.9644
160 33.302 2602.7 2802.5  8.9693  5.696 2601.2 2800.6 8.1519
200 36.383 2661.4 2879.7  9.1398  6.228 2660.4 2878.4 8.3237
240 39.462 2721.0 2957.8  9.2982  6.758 2720.3 2956.8 8.4828
280 42.540 2781.5 3036.8  9.4464  7.287 2780.9 3036.0 8.6314
320 45.618 2843.0 3116.7  9.5859  7.815 2842.5 3116.1 8.7712
360 48.696 2905.5 3197.7  9.7180  8.344 2905.1 3197.1 8.9034
400 51.774 2969.0 3279.6  9.8435  8.872 2968.6 3279.2 9.0291
440 54.851 3033.5 3362.6  9.9633  9.400 3033.2 3362.2 9.1490
500 59.467 3132.3 3489.1 10.1336 10.192 3132.1 3488.8 9.3194

T °C vm3/kg ukJ/kg hkJ/kg skJ/kg · K vm3/kg ukJ/kg hkJ/kg skJ/kg · K

p = 0.70 bar = 0.07 MPa p = 1.0 bar = 0.10 MPa

(Tsat = 89.95 °C) (Tsat = 99.63 °C)

Sat. 2.365 2494.5 2660.0 7.4797 1.694 2506.1 2675.5 7.3594
100 2.434 2509.7 2680.0 7.5341 1.696 2506.7 2676.2 7.3614
120 2.571 2539.7 2719.6 7.6375 1.793 2537.3 2716.6 7.4668
160 2.841 2599.4 2798.2 7.8279 1.984 2597.8 2796.2 7.6597
200 3.108 2659.1 2876.7 8.0012 2.172 2658.1 2875.3 7.8343
240 3.374 2719.3 2955.5 8.1611 2.359 2718.5 2954.5 7.9949
280 3.640 2780.2 3035.0 8.3162 2.546 2779.6 3034.2 8.1445
320 3.905 2842.0 3115.3 8.4504 2.732 2841.5 3114.6 8.2849
360 4.170 2904.6 3196.5 8.5828 2.917 2904.2 3195.9 8.4175
400 4.434 2968.2 3278.6 8.7086 3.103 2967.9 3278.2 8.5435
440 4.698 3032.9 3361.8 8.8286 3.288 3032.6 3361.4 8.6636
500 5.095 3131.8 3488.5 8.9991 3.565 3131.6 3488.1 8.8342



T °C vm3/kg ukJ/kg hkJ/kg skJ/kg · K vm3/kg ukJ/kg hkJ/kg skJ/kg · K

p = 1.5 bars = 0.15 MPa p = 3.0 bars = 0.30 MPa

(Tsat = 111.37 °C) (Tsat = 133.55 °C)

Sat. 1.159 2519.7 2693.6 7.2233 0.606 2543.6 2725.3 6.9919
120 1.188 2533.3 2711.4 7.2693
160 1.317 2595.2 2792.8 7.4665 0.651 2587.1 2782.3 7.1276
200 1.444 2656.2 2872.9 7.6433 0.716 2650.7 2865.5 7.3115
240 1.570 2717.2 2952.7 7.8052 0.781 2713.1 2947.3 7.4774
280 1.695 2778.6 3032.8 7.9555 0.844 2775.4 3028.6 7.6299
320 1.819 2840.6 3113.5 8.0964 0.907 2838.1 3110.1 7.7722
360 1.943 2903.5 3195.0 8.2293 0.969 2901.4 3192.2 7.9061
400 2.067 2967.3 3277.4 8.3555 1.032 2965.6 3275.0 8.0330
440 2.191 3032.1 3360.7 8.4757 1.094 3030.6 3358.7 8.1538
500 2.376 3131.2 3487.6 8.6466 1.187 3130.0 3486.0 8.3251
600 2.685 3301.7 3704.3 8.9101 1.341 3300.8 3703.2 8.5892

434 Appendix J
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A
Activation energy, 55–6
Activation losses, 65–6, 249–50, 263

activation overpotential equation, 
65–7

current density and, 69
exchange current density and, 62
temperature and, 68
transfer coeffi cient and, 63

Activation polarization, 53–4, 65–6
Adiabatic compression, 374
Agglomerate models, catalyst layers, 

253–4
fl ooded agglomerate models, 251–2
spherical agglomerate models, 252

Air compressors, See Compressors
Air cooling, 159–61
Air mass fl ow rate, 100, 101
Analysis of variance (ANOVA), 405–7
Annular fl ow model, 317
Anode, 243

catalyst layer, 151–2
diffusion media, 150–1
See also Catalyst layers; Electrodes

Axial fan, 371

B
Back diffusion, 91
Baur, Emil, 7
Bernoulli equation, 340–1
Binary diffusion coeffi cients, 14ap
Bipolar plates, 269–70

energy balance, 147–50

micro fuel cells, 302–3
fl ow channels, 302–3

See also Flow fi eld plates
Black Pearls BP 2000, 245
Blowers, 369–72

power, 372
Bolts, 347, 354

stiffness of bolted layers, 349–52, 354
See also Clamping

Boltzmann’s constant, 1ap, 56
Boundary conditions, micro fuel cells, 

310–12
Boxplot, 404
Brinkman number, 284
Bubbles, 314–15
Butler-Volmer equation, 9, 57–64, 113, 

246, 250

C
Cailleteton, Louis Paul, 7
Capillary effects, 201

micro fuel cells, 315–16
Carbon dioxide thermodynamic data, 

10–11ap
Carbon layer, 199, 245

micro fuel cells, 301–2
Carbon monoxide thermodynamic 

data, 9–10ap
Carlisle, Anthony, 6
Carman-Kozeny equation, 215
Catalyst layers, 243–5

energy balance, 151–2
equations used in modeling, 244

Page numbers in the form 1ap refer to the appendices
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general equations, 246–8
heat transport, 255
model types, 248–55

agglomerate models, 253–5
interface models, 249–51
microscopic and single-pore 

models, 251–2
porous electrode models, 252–3

modeling example, 256–62
physical description, 245–6
transport phenomena, 244
variables, 253
See also Electrodes

Cathode, 243
catalyst layer, 151–2
diffusion media, 150–1
See also Catalyst layers; Electrodes

Centrifugal compressor, 374
Channels, See Flow channels
Charge transfer, 51–2, 77

activation polarization, 53–4
electron conductivity of metals, 88–9
ionic conductivity of polymer 

electrolytes, 89–91
voltage loss, 77–88

Chemical reactions:
free energy change, 33–40

distance from interface and, 55
in fuel cell, 2

Chevron Shawinigan, 245
Clamping, 346–59

force required for optimal 
compression of GDL, 347–9

stiffness of bolted layers, 349–52, 
354

tightening torque calculation, 352–3, 
355–8

torque relation to total clamping 
pressure, 353–4

using bolts, 347
Colardeau, Louis Joseph, 7
Combination models, membrane 

system, 176–7
Composite systems, 130
Compressors, 374–80

design, 376–80
effi ciency, 374–6
power, 376

Concentrated solution theory, 174

Concentration losses, 97
Concentration polarization, 65
Condensation, gas diffusion layer, 211–

12, 217–18
Conduction, 128

transient, in a plate, 138–43, 144–5
Conductivity, 78–9, 271

as function of GDL compressed 
thickness, 350

gas diffusion layer (GDL) models, 211
metals, 88–9
polymer electrolytes, 89–91

Nafi on, 90
thermal, 129–31

Confi dence intervals, 406–7
Conservation of energy equation, 180–1

See also Energy balance
Contact energy balance, 143–7
Convection, 97

mass transport from fl ow channels to 
electrode, 108–10

mass transport in fl ow fi eld plates, 
114–17

Coolant mass fl ow rate, 161–3
Cooling, 156–64

air, 159–61
edge, 163–4

Crossover current, 74–5
Curies theorem, 208
Current, 52–3

crossover, 74–5
density, 74, 78

activation losses and, 69
distribution determination, 118–20
electrolyte thickness and, 82
land to channel and, 81
limiting, 112

effectiveness factor and, 263
internal, 74–5

Current-overpotential equation, 61

D
Darcy fl ow, 204–6
Darcy’s law, 9, 176, 204, 212, 213–14, 

215, 219
Dewpoint humidifi cation, 368
Diffusion:

back diffusion, 91
binary diffusion coeffi cients, 14ap
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diffusive models of membrane 
system, 173

Fick models, 9, 110–11, 121
in porous media, 202, 203–10
Knudsen, 122, 202, 203–4, 207–10, 

212
mass fl ux calculation, 122–4

through membrane, 123–4
mass transport in electrodes, 110–14
See also Gas diffusion layer (GDL)

Dilute solution theory, 173–4
Drifts in the measurement process, 394
Dusty Gas Model, 122, 212–13

E
Edge cooling, 163–4
Effi ciency, 44–7

compressors, 374–6
energy effi ciency, 46–7
fans, 372, 373–4
pumps, 383
turbines, 380

Electrochemistry:
charge transfer, 51–2

activation polarization, 53–4
currents, 74–5
electrode kinetics, 54–64
electrokinetics concepts, 49–51
voltage losses, 64–73

Electrodes, 243
diffusive mass transport, 110–14
kinetics, 54–64
micro fuel cells, 301–2
porous electrode models, 252–3
See also Anode; Catalyst layers; 

Cathode
Electrolyte, 167

ionic conductivity, 89–91
thickness, 81–2

cell current and, 82
ohmic loss and, 85
voltage and, 82

See also Membrane; Nafi on
Electron charge, 1ap
Electron mass, 1ap
Electron transport, 79, 81

metals, 88–9
modeling, 181–2

Electroosmotic drag, 91

End plate energy balance, 143–7
Energy balance, 132–56

fuel cell layers, 143–56
anode/cathode catalyst layer, 151–2
anode/cathode diffusion media, 

150–1
bipolar plate, 147–50
end plates, contacts and gasket 

materials, 143–7
membrane, 152, 180–1

fuel cell stack, 133–4, 153–6
nodal network, 138–40
transient conduction in a plate, 138–

43
Enthalpy, 16–18, 27

of formation, 2ap
of hydrogen, 22–6, 27
of oxygen, 22–6, 27
of water, 16–17, 22–6

Entropy, 2ap, 27–32, 32
of hydrogen, 30–2
of oxygen, 30–2
of water, 28, 30–2

Euler equations, 309
Evaporation:

gas diffusion layer, 211–12, 217–18
humidifi cation, 368

Exchange current density, 60–2, 250–1
activation losses and, 62

F
Fans, 369–74

discharge coeffi cient, 371
effi ciency calculation, 373–4
isentropic effi ciency, 372
power, 372
pressure coeffi cient, 371
specifi c speed, 372

Faraday’s constant, 1ap
Faraday’s law, 115, 249, 250
Fick diffusion models, 9, 110–11, 121, 

207, 210, 218
Flash evaporation humidifi cation, 368
Flooded agglomerate models, catalyst 

layers, 251–2
Flow channels, 114

design, 275–6, 302–3
interdigitated, 275, 302–3

spiral, 275, 303
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mass transport in, 114–17
micro fuel cells, 302–3

velocity in, 318–23
parallel, 272, 274, 302
pressure drop in, 276–82

calculation, 280–2
micro fuel cells, 316–18, 323–9
modeling, 323–9

serpentine, 272–4, 302–3
Flow fi eld plates:

energy balance, 147–50
fl ow fi eld design, 272–5

channel shape, dimensions and 
spacing, 275–6, 302–3

heat transfer from plate channels to 
gas, 283–8

mass transport, 114–17
materials, 271–2
micro fuel cells, 302–3
See also Flow channels

Flow rates:
calculation, 104–8
coolant, 161–3
inlet, 99–100
into fuel cell layers, 289–95
micro fuel cells, 313–14
outlet, 100–1

Flowcharts, 98, 132–3
Fossil fuels, 1, 4
Fourier’s law, 128
Free energy change of reaction, 33–40

distance from interface and, 55
Free molecule fl ow, 202, 203–4
Friction coeffi cient, 317, 341
Fuel cell stacks, 269–71, 335–60, 365

clamping, 346–59
force required for optimal 

compression of GDL, 347–9
stiffness of bolted layers, 349–52, 

354
tightening torque calculation, 352–

3, 355–8
torque relation to total clamping 

pressure, 353–4
using bolts, 347

energy balance, 133–4, 153–6
fuel and oxidant distribution to cells, 

340–1
micro fuel cells, 299–300, 303–7

number of cells, 337
sizing, 335–7
stack confi guration, 338–9
transient pressure drop model, 

342–6
See also System design

Fuel cells, 2–4
advantages of, 3
components, 4
energy balance, 133–4, 153–6
heat management, 156–64

See also Cooling
history of, 6–8
limitations, 3–4
markets for, 4–5

portable sector, 5
stationary sector, 5
transportation market, 5

models, See Modeling
reactions, 2
theoretical effi ciency, 44–7

energy effi ciency, 46–7
See also Fuel cell stacks; Micro fuel 

cells; System design

G
Gas diffusion layer (GDL), 97, 110–12, 

197–8
energy balance, 146, 150–1
force required for optimal 

compression, 347–9
micro fuel cells, 301–2
model types, 210–15

conductivity, 211
evaporation/condensation, 211–12
gas-phase transport, 212–13
liquid water treatment, 213–14
rigorous two-phase fl ow models, 

214–15
modeling example, 215–36

no liquid governing equations, 
219–20

no liquid, no convection, constant 
fl ux, 220–9

temperature modeling, 224–5
physical description, 198–9
treatments, 199
variables, 211
See also Porous media
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Gas pore model, catalyst layers, 251
Gas-phase transport, 212–13
Gasket material energy balance, 143–7
General Electric (GE), 7–8
Generators, 5
Gibbs free energy, 33, 55–8

See also Free energy change of 
reaction

Gibbs function of formation, 2ap
Graphite-carbon plates, 271
Grove, William, 6
Grubb, Thomas, 7

H
Hagen-Poiseuille law, 313
Heat transfer, 127–31

catalyst layers, 255
from plate channels to gas, 283–8
heat loss, 131
material properties and, 153
See also Conduction; Convection; 

Cooling; Energy balance; 
Radiative heat transfer

Henry’s constant, 254
Histograms, 398–401, 403
Humidifi cation process, 370
Humidifi cation systems, 367–9
Hydration, membrane, 90–1, 95, 172, 

174–5
Hydraulic models, 175–6
Hydrogen, 52

consumption, 52–3
humidifi cation system, 367
mass fl ow rate, 99

into fuel cell layers, 295–6
unused hydrogen, 100

superfi cial fl ux density, 264
thermodynamic data, 6–7ap

enthalpy, 22–6, 27
entropy, 30–2

I
Ideal Gas Law, 207
Incompressible fl ow, 309
Initial conditions, micro fuel cells, 

310–12
Interdigitated fl ow channels, 275

micro fuel cells, 302–3
spiral, 275, 303

Interface models, catalyst layers, 249–
51

Internal current, 74–5
Ionic transport, 79–80, 81

modeling, 181–2
polymer electrolytes, 89–91

Isothermal compression, 374

J
Jacques, William W., 7

K
Ketjen Black International, 245
Kinematic condition, 311
Knudsen diffusion, 122, 202, 203–4, 

207–10, 212
Knudsen fl ow parameter, 205

microfl uidics, 307, 311–12

L
Lack-of-fi t tests, 402–3
Lag plot, 400
Laminar fl ow, 307, 318, 341
Land area, 80
Langer, Carl, 7
Laplace’s equation, 201, 311

M
Martinelli parameter, 317
Mass balances, 98–101
Mass transport, 97–8

calculation, 104–8
convective:

from fl ow channels to electrode, 
108–10

in fl ow fi eld plates, 114–17
coolant mass fl ow rate, 161–3
diffusive, 202, 203–10

calculation, 122–4
in electrodes, 110–14
through membrane, 123–4

Dusty Gas Model, 122
Fick’s law, 121
fl ow rates into fuel cell layers, 289–

95
in porous media, 202–10
inlet fl ow rates, 99–100
models, 9–11
outlet fl ow rates, 100–1
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Stefan-Maxwell equation, 121
surface fl ow, 202, 208
viscous fl ow, 202, 204–6

Mathematical models, See Modeling
Maxwell-Stefan equation, See Stefan-

Maxwell equation
Membrane, 167–8

conductivity, 90, 95
energy balance, 152
hydration, 90–1, 95, 172, 174–5
mass diffusive fl ux through, 123–4
model types, 171–7

combination models, 176–7
concentrated solution theory, 174
diffusive models, 173
dilute solution theory, 173–4
hydraulic models, 175–6
membrane water content, 174–5
microscopic and physical models, 

171–2
modeling example, 177–93

conservation of energy equation, 
180–1

interface water activity relation, 
183

ion/electron transport, 181–2
mass and species conservation, 

178–9
membrane water activity relation, 

183
mixture pressure relation, 182–3
momentum equation, 180

ohmic loss due to, 91–4
physical description, 168–70
thickness, 95
variables, 177
See also Electrolyte; Nafi on

Membrane electrode assembly (MEA), 
197

micro fuel cells, 300
Metals, electron conductivity, 88–9
Methane thermodynamic data, 11–12ap
Micro fuel cells, 299–330

bipolar plates, 302–3
fl ow channels, 302–3

bubbles, 314–15
capillary effects, 315–16
electrodes, 301–2

diffusion layer, 301–2

fl ow rates and pressures, 313–14
microfl uidics, 307–13

boundary and initial conditions, 
310–12

Euler equations, 309
incompressible fl ow, 309
Navier-Stokes equation, 307–8
Poiseuille fl ow, 312–13
Poiseuille fl ow with slip, 313
Stokes equations, 309–10

particles, 315
pressure drop, 316–18

modeling, 323–9
stack design and confi gurations, 299–

300, 303–7
velocity in microchannels, 318–20

plotting the 3-D velocity fi eld, 
320–3

Micro-electro mechanical systems 
(MEMS) technology, 301

See also Micro fuel cells
Microchannel classifi cation, 299, 300
Microscopic models:

catalyst layers, 251–2
membrane system, 171–2

Military equipment, 5
Missing terms in functional part of 

model, 401–5
Mixture pressure relation, 182–3
Model validation, 393

missing terms in functional part of 
model, 401–5

normal distribution of random errors, 
398–401

residuals, 393–8
drifts in measurement process, 

394
independent random errors, 394
plotting, 394–8

unnecessary terms in model, 405–7
Modeling, 8–13

common assumptions, 11
mathematical model development, 

12–13
See also Catalyst layers; Gas 

diffusion layer (GDL); 
Membrane; Micro fuel cells

Momentum equation, 180
Mond, Ludwig, 7
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N
Nafi on, 89–91, 168–7

chemical structure, 89
conductivity, 90
energy balance, 152
hydration, 90–1, 172, 175
ohmic loss due to, 91–4
See also Electrolyte; Membrane

NASA, 7–8
Navier-Stokes equation, 307–8, 309, 

312, 313
Nernst equation, 35–7, 112, 249
Nernst voltage calculation, 69–70
Nernst-Planck equation, 9, 110, 173–4, 

178
Net output voltage, 44
Nicholson, William, 6
Niedrach, Leonard, 7
Nitrogen mass fl ow rate, 100
Nitrogen thermodynamic data, 12–

13ap
Nodal network, 138–40
Normal probability plots, 398–401, 

402
Nusselt number, 159, 160

O
Ohmic losses, 78, 79–81

calculation, 83–7
due to membrane, 91–4
electrolyte thickness and, 85
fuel cell area and, 88

Ohmic polarization, 65
Ohm’s law, 182
Ostwald, Friedrich Wilhelm, 7
Overfi tting of data, 405
Oxidant distribution to cells, 340–1
Oxygen:

concentration, contour plot, 237
mass fl ow rate, 100
thermodynamic data, 7–8ap

enthalpy, 22–6, 27
entropy, 30–2

P
Parallel fl ow channels, 272, 274, 302
Particles, micro fuel cells, 315
Peclet number, 220, 284
Percent humidity, 367

Permeability, 201–2
as function of GDL compressed 

thickness, 350
Physical constants, 1ap
Physical models, membrane system, 

171–2
Planck’s constant, 1ap, 56
Poiseuille fl ow, 312–13

with slip, 313
Poisson’s ratio, 347–8, 349, 352, 354
Polarization:

activation, 53–4, 65
concentration, 65
ohmic, 65

Polarization curve, 64, 65, 249, 264
micro fuel cells, 304
voltage loss calculation, 68–73

Polymer electrolyte membrane (PEM) 
fuel cells, 1, 2

See also Fuel cells; Membrane
Polytetrafl uoroethylene (PTFE) 

membranes, 89
See also Nafi on

Porous media:
modeling, 199–202

capillarity, 201
fl uid properties, 200
permeability, 201–2
pore structure, 200
types of models, 210–15

transport modes, 202–10
binary mixtures, 207–10
free molecule or Knudsen fl ow, 

202, 203–4, 207–10
ordinary (continuum) diffusion, 

202, 206–7
surface fl ow, 202, 208
viscous fl ow, 202, 204–6

See also Gas diffusion layer (GDL)
Portable market sector, 5
Power:

available power calculation, 381–2
blowers, 372
compressors, 376
fans, 372
turbines, 380

Power curve, 74
micro fuel cells, 304

Prandtl number, 284
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Pressure drop, 276–82
calculation, 280–2
micro fuel cells, 316–18, 323–9
transient pressure drop model, 342–6
two-phase, 318

modeling, 323–9
Proton exchange, See Membrane
Proton transport, 170
Psychrometric chart, 369, 370
Pumps, 382–5

design, 383–5
effi ciency, 383

R
Radiative heat transfer, 255
Random errors, 394

normal distribution of, 398–401
Residuals, 393–8

drifts in measurement process, 394
independent random errors, 394
plotting, 394–8

Resistance, 77–9, 271–2
Reversible cell potential, 44

calculation, 39–43
Reynolds number, 118, 159–60, 284, 

310, 314
Richard’s equation, 217
Run order plot, 399

S
Saturated water properties, 15–17ap
Saturation, 214

contour plot, 238
Saturation humidity, 367
Scaling, 299
Scatterplots of residuals, 394–8
Schlogl’s equation, 9–11, 175–6
Schroeder’s paradox, 172, 174, 176
Serpentine fl ow channels, 272–4

micro fuel cells, 302–3
Sherwood number, 108
Signifi cance level, 405
Silicon, 305
Single-pore models, catalyst layers, 

251–2
Specifi c heat, 3ap, 18–26

as function of temperature, 4ap, 19
water, 5ap

Spherical agglomerate models, catalyst 
layers, 252

Spiral interdigitated fl ow channels, 
275, 303

Standard deviation, 403
Standard internal energy, 55
Stationary market sector, 5
Steam injection humidifi cation, 368
Stefan-Maxwell equation, 11, 121, 206–

7, 210, 212–13
Stokes equations, 309–10
Superheated water vapor properties, 

18–19ap
Surface fl ow, 202, 208
System design, 365, 386–90

compressors, 374–80
fans and blowers, 369–74
fuel subsystem, 366
humidifi cation systems, 367–9
pumps, 382–5
turbines, 380–1

T
Tafel equation, 66, 70
Tafel reaction, 50
Tefl on, 211
Temperature, 127

activation losses and, 68
axial position and, 288
contour plot, 237
control, 156

See also Cooling
enthalpy and, 27
entropy and, 32
modeling, 218, 224–5
Nernst voltage and, 37
specifi c heat and, 19
See also Heat transfer

Thermal conductivity, 129–31
Thermodynamics, 15–16

enthalpy, 16–18
entropy, 27–32
free energy change of reaction, 

33–40
net output voltage, 44
reversible cell potential, 44
specifi c heats, 18–26
theoretical fuel cell effi ciency, 44–6
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Thiele modulus, 254
Thompson, C., 7
Three-phase interphase, 245
Torque:

tightening torque calculation, 352–3, 
355–8

total clamping pressure relation, 
353–4

Transfer coeffi cient, 57–9, 60
activation losses and, 63

Transition State Theory, 54–5
Transportation market, 5
Turbines, 380–1

effi ciency, 380
power, 380

Two-phase fl ow models, 214–15
Two-phase pressure drop, 318

modeling, 323–9

U
Universal gas constant, 1ap
Unnecessary terms in model, 405–7

V
Validation, See Model validation
Vapor, See Water vapor
Vehicles, 5
Viscous fl ow, 202, 204–6
Viscous fl ow parameter, 205
Volmer reaction, 50
Voltage:

electrolyte thickness and, 82
land to channel and, 81

Voltage losses, 64–73
calculation, 68–73, 83–7

due to charge transport, 77–88
due to membrane, 91–4

Vulcan XC72R, 245

W
Water:

back diffusion, 91
fl ow rates into fuel cell layers, 295–6
gas diffusion layer, 211–12

liquid water modeling, 213–14
humidifi cation process, 370
humidifi cation systems, 367–9
membrane hydration, 90–1, 95, 172, 

174–5
membrane water activity relation, 183
saturated water properties, 15–17ap
superheated water vapor properties, 

18–19ap
thermodynamic data, 8–9ap

enthalpy, 16–17, 22–6
entropy, 28, 30–2

Water channels, 172
Water injection fl ow rate, 102–4
Water vapor, 100, 101

contour plot, 238
membrane interface water activity 

relation, 183
superheated water vapor properties, 

18–19ap
Wet bulb temperature, 369
Wright, Charles R. Alder, 7

Y
Young’s modulus, 347–8, 349, 351–2, 

354


	Front cover
	PEM Fuel Cell Modeling and Simulation Using MATLAB®
	Copyright page
	Table of contents
	Acknowledgments
	CHAPTER 1: An Introduction to Fuel Cells
	1.1 Introduction
	1.2 What Is a Fuel Cell?
	1.3 Why Do We Need Fuel Cells?
	1.4 History of Fuel Cells
	1.5 Mathematical Models in the Literature
	1.6 Creating Mathematical Models
	Chapter Summary
	Problems
	Bibliography

	CHAPTER 2: Fuel Cell Thermodynamics
	2.1 Introduction
	2.2 Enthalpy
	2.3 Specific Heats
	2.4 Entropy
	2.5 Free Energy Change of a Chemical Reaction
	2.6 Fuel Cell Reversible and Net Output Voltage
	2.7 Theoretical Fuel Cell Efficiency
	Chapter Summary
	Problems
	Bibliography

	CHAPTER 3: Fuel Cell Electrochemistry
	3.1 Introduction
	3.2 Basic Electrokinetics Concepts
	3.3 Charge Transfer
	3.4 Activation Polarization for Charge Transfer Reactions
	3.5 Electrode Kinetics
	3.6 Voltage Losses
	3.7 Internal Currents and Crossover Currents
	Chapter Summary
	Problems
	Bibliography

	CHAPTER 4: Fuel Cell Charge Transport
	4.1 Introduction
	4.2 Voltage Loss Due to Charge Transport
	4.3 Electron Conductivity of Metals
	4.4 Ionic Conductivity of Polymer Electrolytes
	Chapter Summary
	Problems
	Bibliography

	CHAPTER 5: Fuel Cell Mass Transport
	5.1 Introduction
	5.2 Fuel Cell Mass Balances
	5.3 Convective Mass Transport from Flow Channels to Electrode
	5.4 Diffusive Mass Transport in Electrodes
	5.5 Convective Mass Transport in Flow Field Plates
	5.6 Mass Transport Equations in the Literature
	Chapter Summary
	Problems
	Bibliography

	CHAPTER 6: Heat Transfer
	6.1 Introduction
	6.2 Basics of Heat Transfer
	6.3 Fuel Cell Energy Balances
	6.4 Fuel Cell Heat Management
	Chapter Summary
	Problems
	Bibliography

	CHAPTER 7: Modeling the Proton Exchange Structure
	7.1 Introduction
	7.2 Physical Description of the Proton Exchange Membrane
	7.3 Types of Models
	7.4 Proton Exchange Membrane Modeling Example
	Chapter Summary
	Problems
	Bibliography

	CHAPTER 8: Modeling the Gas Diffusion Layers
	8.1 Introduction
	8.2 Physical Description of the Gas Diffusion Layer
	8.3 Basics of Modeling Porous Media
	8.4 Modes of Transport in Porous Media
	8.5 Types of Models
	8.6 GDL Modeling Example
	Chapter Summary
	Problems
	Bibliography

	CHAPTER 9: Modeling the Catalyst Layers
	9.1 Introduction
	9.2 Physical Description of the PEM Fuel Cell Catalyst Layers
	9.3 General Equations
	9.4 Types of Models
	9.5 Heat Transport in the Catalyst Layers
	Chapter Summary
	Problems
	Bibliography

	CHAPTER 10: Modeling the Flow Field Plates
	10.1 Introduction
	10.2 Flow Field Plate Materials
	10.3 Flow Field Design
	10.4 Channel Shape, Dimensions, and Spacing
	10.5 Pressure Drop in Flow Channels
	10.6 Heat Transfer from the Plate Channels to the Gas
	Chapter Summary
	Problems
	Bibliography

	CHAPTER 11: Modeling Micro Fuel Cells
	11.1 Introduction
	11.2 Micro PEM Fuel Cells in the Literature
	11.3 Microfluidics
	11.4 Flow Rates and Pressures
	11.5 Bubbles and Particles
	11.6 Capillary Effects
	11.7 Single- and Two-Phase Pressure Drop
	11.8 Velocity in Microchannels
	Chapter Summary
	Problems
	Bibliography

	CHAPTER 12: Modeling Fuel Cell Stacks
	12.1 Introduction
	12.2 Fuel Cell Stack Sizing
	12.3 Number of Cells
	12.4 Stack Configuration
	12.5 Distribution of Fuel and Oxidants to the Cells
	12.6 Stack Clamping
	Chapter Summary
	Problems
	Bibliography

	CHAPTER 13: Fuel Cell System Design
	13.1 Introduction
	13.2 Fuel Subsystem
	Chapter Summary
	Problems
	Bibliography

	CHAPTER 14: Model Validation
	14.1 Introduction
	14.2 Residuals
	14.3 Normal Distribution of Normal Random Errors
	14.4 Missing Terms in the Functional Part of the Model
	14.5 Unnecessary Terms in the Model
	Chapter Summary
	Problems
	Bibliography

	APPENDIX A
	APPENDIX B
	APPENDIX C
	APPENDIX D
	APPENDIX E
	APPENDIX F
	APPENDIX G
	APPENDIX H
	APPENDIX I
	APPENDIX J
	Index



